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Shota Kohara

For the formal mating f of two quadratic polynomials, the precise conditions for
the existence of the Thurston obstruction for f is given by the theorem of Tan. When
f satisfies these conditions, by the theorem of Thurston, there is no rational map
which is Thurston equivalent to f. On the other hand, by using a special Thurston
obstruction which is pinched under iteration of the Thurston pullback map, called
canonical obstruction, we obtain some rational maps as some kind of limits of slow
mating.

In this paper, for the formal mating f with Thurston obstruction, by a recursive
calculation method of Jung, we perform numerical verification of how the postcritical
set of f degenerates. By using the results, we estimate the canonical obstruction
for f and check the consistency with the theorem of Jung, and we calculate limit
rational maps. The organization of this thesis is as follows. In Section 1, we give
some definitions about Thurston map. Then, we define the Thurston obstruction,
which prevents a Thurston map from being Thurton equivalent to some rational
map, and give a statement of the theorem of Thurston. In Section 2, after explaining
polynomial dynamics, we define two types of matings, which are the methods to
obtain dynamics by pasting two polynomial dynamics. In Section 3, we define the
canonical obstruction. In Section 4, we present the theorem of Tan on the mating of
two quadratic polynomials, and the theorem of Jung on the canonical obstruction of
matings. In Section 5, we introduce Jung’s recursive calculation method. In Section 6,
we apply Jung’s method for numerical calculation of some quadratic formal matings
with Thurston obstruction. Then, we estimate the canonical obstruction and derive
rational maps that come from the pinching procedure. The program of Mathematica

used in Section 6 is written in Section 7.
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Introduction

BRI E DD I f TABROBE Py A7 D % Thurston map £\ 5. 2 DD
Thurston map DN IEAAHILE &\ S BHER R [FMEREFR £ 5 2 515 A3, Thurston 1%
NEHEAUFHWEAERF% L LT Thurston equivalence ZE# U7z, ZIZ T, XD &S %4
f PAEHEMRIZ Thurston equivalent 2> & W5 BIENE 2 55 A3, 23X LU Thurston
DEH ([4]) Ti%, Thurston map f 73 EARAHEGHIZE Thurston equivalent Tl 7
WZ & &, f A Thurston obstruction & X35 BRI _E DR R 22 BRI AREZ H D Z
EDEMETH B Z DRI N,

PA E®D Thurston OHGn 2 ER I FRMERICHEHATHI L2 F X 5. 2 DDLIHA P,
Q% LEFERE, ZD2 2% H5EERTH D &b THE LOEHZKET 5 mating
EWIFEEHWSZ LT, P, Q OWEZZIFMW7ZE 7 Thurston map % k9
BIENTED. R, 2 20D 2WEHA P(2) = 22 +p, Q(2) = 22 +q (p,g € C) D
formal mating P W @ %% Thurston obstruction % D72 D/XT A —X p, g DEMIX,
Tan O ([11]) L E D 5ABNTWE. XoTIDRMEERET LS p, q 215
&, Thurston DEME D PwQ IFEHE M L Thurston equivalent T\, LA L,
Teichmiiller Z2f#] | ® Thurston pullback map D KEEHKIZ L D BILT 2B Z2 L D,
canonical obstruction & FEIX# 5 F#57: Thurston obstruction % #|H 3 NIX, P, Q ®
slow mating (29 % » 2 FDOMR E U TEHBO A EGIFEONS.

Z Z TR TIE, 2 k% IHAD formal mating T Thurston obstruction %% 2% ®
IZXF U, Jung OFIREHRETFIE ([12]) ZFIH U T posteritical set 23E D & 5B/ L TV
< 2 BUEMIZHED &, T2 L D canonical obstruction Z#E 3 5. T L TZTOHEE L
Jung OEH ([12]) & DSV %GR L, canonical obstruction ZF|HL TR o5 HH
EHRzeiET 5.

PAF, AR ORI L TR S 2. 28 1 T, Thurston map ([ZBH#H T 538 € #K %
U, Thurston map 23EHEMIZ Thurston equivalent & 72 5 2 WEKTH %, Thurston
obstruction % & # U, Thurston O EHD FiR%Z B 5. 2 HTIX, —OLHA NP
ROMEIZOWTHAN, 2 DOLHANFRE2HDHERTHO TSI & TH LT
REMFDLFETH S, mating DEFHEZET 5. B3 FETI, 6 1 ZTEF L2 Thurston
obstruction ®#1TH, Teichmiiller Z2[#] LT % X 115 Thurston pullback map o D&
BERIZ & o> TRIBL TWL KAl 22 EE % £ D, canonical obstruction 2 €% 3 5. % 4
=T, 2 IREIAA D formal mating »* Thurston obstruction # & 27z D&M %2R LU 7=
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Tan OEH, X S5IZRERHI 25 % A 723 formal mating (2519 % canonical obstruction
ZDOWTHREST T2 U7z Jung DEMD ERZERS. 5 BT, 0o ODREEKIZLD
postcritical set DB ZFHET 5 Z LA TE 5, Jung DFEIFEHEFIEICOWTHHT 5.
X 512, canonical obstruction ZffH U7z AHEHROEHIZDOVWTHFHIHT L. 6 =T
&, B 5 ECHIA L 2 FiE 2 BARBNZN U T#E A U, canonical obstruction X A H G4 %
HET L. BT EIZIE, BB 6 ETHW Mathematica D 70275 4% .
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1 Thurston’s theory

ARETIX, branched covering (Z B3 % Thurston O ELGmIZ DWW THEE T 5. KT,
Thurston DEH D F5EEB & O Thurston obstruction DEHEZTHZ ENHMTH 5.
DAR, S? CHAHINZ: 2 IRCERE 2 KT 2 & & T 5.

Definition 1 (Thurston map).
f:5% = S? ' branched map TH 2 &%, FED a € S2 1zt L, AT D 3 5%
B G2 DRFHEE o U - C, 0V > CBEUneNMHETBZ L &S,

(i) aeU, f(a) eV

(ii) ¢(a) =4¢(f(a)) =0

(i) ¥o f o (2) = 2 on (V)
LEDOn%, fDallBTE2RBREBEND, deg(f,a) TERT. £EH

Crits := {a € S? | deg(f,a) > 1}
Dit% f @D critical point &\,
Py = | J f(Crity)
neN

% f @ postcritical set £\5. #P; < oo &A7=9 & &, f IF postcritically finite
TH 5 &\, posteritically finite 72 branched map % Thurston map £\ 5.

Definition 2 (Thurston equivalent).
Thurston map f, g #* Thurston equivalent TH 3 & X, LAND 3 5fb% A7 5[
EERMBEORMES @, 0 1 S? = 82 BFEETEI L E VD,

(i) ¢lp, = ¢'|p;
(ii) g=¢ o fop™
(iii) @, ¢’ 1 Py 2EDTAY hEw 2

1

Definition 3 (F#iX).

B f OnEEAKE ffr TRTILLTS. o fORERTHD LI, f"(a) =a
EEZmMENDPMFETEIEE WV, ZOEXREAZT m DI BR/ANDEDE o DEHA
EWnD,



Remark 1.
}#1Z, branched map f @ critical point 2’2 T f DA TH 5 & &, f i Thurston
map TH 5.

Definition 4 (hyperbolic orbifold).

Thurston map f (Zx U, vy : S?2 5> NU{cc} ZUTFO LS IZEDS. £9 a ¢ Pyl
FU, vp(a) :=12F 5. E7z, Crity KBTS f ORMM D BE n e NHEELT
a=f"b) LFEIFDELE, vi(a) =00 T D, ZNSLSD a IZX LT,

= 1 deg(f*. b
vy(a) et () eg(f",b)

5L, Op:=(S%vy) & f D orbifold LW\, ZOF A Z—1ZH y %

op=2- % (1- 1)

a€S? vy (CL)

TE#TS. x(0Of) <0725 Oy %, hyperbolic orbifold £\ 5.

Thurston map #* hyperbolic orbifold % £ 2 Z &1, Thurston O EH % & L bk~ 72 5E
HOREELHR>TWS, Ko T, R HESRFEEZI ZTRLTEL.

Proposition 1.
#Pp > 57253 f & hyperbolic orbifold % % 2.

Proof. a ¢ P2 U Trp(a)=1THdIen6,1—-1/vi(a)ldae Pr D& EDAIE
DL 75, LT, a€e P DEE vs(a) >2F 1 vi(a) =00 THEI LMD,

ops2- 3 (1-5)=2-12

aGPf
LIRBDT, #Pr > 57561 x(Of) < 02D O

¢\ T Thurston obstruction 2 E&H T 5728, W D DHFEZ %M T 5. S2 I2B W
T, Py 2R FE R D & &% 5?2\ Py &, marked point £F X 5 & &L (S2, Py)
k95,

Definition 5 (essential curve).
S%\ Pp BB v 2% essential TH 5 & 1%, S\ v DWVWTNOHEFEEL T ICH
Py D2 fEEENDZ I 220D,



Definition 6 (f-stable multicurve).

5%\ Py EOHKEAEAROE T 2% (S2, Pr) E® multicurve Th % & i, (LD R
5 v,y e IZRU, v, Y IEEWIZEE MY 7 TIERL, 2D yNy =0 ThHhsZ &
0D, T 5T, (52, Pr) £ multicurve I' ¥ f-stable multicurve T 2 & i, 13
Dy el IZXU, f71(y) DILED essential ZEAEK D, T OB 55012 Py 2D THK
EPEYITHLEIEZWND.

Remark 2 ([4]).
#P; >30DL &, (5% Pr) 1O multicurve I’ DItid@E# (#Pf —3) . ko THZ, f
73 Thurston map D & &, #I' < oo.

Definition 7 (Thurston eigenvalue).
f % Thurston map & U, T' = {v1,72,...,Yn} % f-stable multicurve &9 %. BLFD
KXCTEE S n x n 175 (a;;)1<ij<n %, [ ® Thurston matrix &\ 5.

1
Qi =
=2 deg(fly :m — "))

72720, EROHNL ;12 P 2O THRE MY 27 f1(y,) OERERD n 127D,
deg(fl,) & v DERD fl, (Z XD WHEOMEEERL TWD. ZIUIIEEEIESHFTH7
5, Perron-Frobenius D EH ([4] Corollary C1.2) &k b i KEHE A\r BMFET S, ZD
Ar Z I' ® Thurston eigenvalue & 5.

Definition 8 (Thurston obstruction).
Ar > 1 & A7=9 f-stable multicurve I' %, f @ Thurston obstruction &\ 5.

M EDEFHZD F T, Thurston map & HEEHRDOBRIZDOWTLANOEHAE D LD,

Theorem 1 (Thurston, [4] Theorem 10.1.14).

hyperbolic orbifold % % 2 Thurston map f IZX L, f 3% 2 GHE M g iZ Thurston
equivalent TH 5 Z & & f »* Thurston obstruction 2 £ 72\ Z L IZFEMETH B, X5
2, g WHEET KA AZ B LB 2 RVWT—ETH 5.

Z OEHIZ L NIX, Thurston obstruction # % 2 Thurston map & HHE M & DIz
&, BEMEA WK DI RS, UL UES 3 ETEFT S canonical obstruction %\ %
¥, Thurston map DHZFEDLEL L U TCEHEGLENESND I L 2E 5 HTHHT S.



2 Mating

ARETIE, ZHANFZRHAOMEIZOWTHHT 2. 2 20 HANFRE2WD AD
BH5FEE UT, 2 FED mating 2 EHT A ZEHWHETH S.

C:=CU{oo},D:={z€C||z] <1} &HBL. KFHiXEBLT, AL LTS =C
LHE—HTBHI L, BINMHZHRAE UL TORED AR ZET 254512 5% %, V-~
VHE LTOMEETERT BRI CeEL LT 3.

FiCoCRIMA(>2) DE=Y 2 BSHRLT 5,

Remark 3 ([9] Theorem 2.1).
f 1% branched map DEFHEE A7/- 7.

Definition 9 (filled Julia set, Julia set).

K = Kpi= {2 € C | {/"(2)}nen 1545 }
% f @ filled Julia set £\ 5.

J=Jp:=0K;
Z f @ Julia set £\ 5.

basilica rabbit Cantor set

Q »ipe- ", S

~ —0.123 +0.745: ¢ = —0.765 + 0.120z

1 fo(2) = 2° + c @ filled Julia set

Remark 4 ([5] Lemma 4.3).
fTUEy) = Ky = f(Ky), 7 (Jp) = Jp = f(Jy) TH5.

Theorem 2 ([5] Theorem 9.5).



K WfEThdr e, »5%AE5H ¢ . CNK > C~D T, {FED we C~DIizx
ULTUREATZTEDPGFAET LI LILEHETH 5.

¢po foo™H(w)=w" (1)

ToU, dFFETNIEL D (d— 1) ERIZLDAEZRVWT—HTHD. (D9 %

Bottcher map £\ 5.) ;
CNK—C-\K

| oo s

— d —
CD¥2 c-D

Outline of the proof. THKEWV r I U, ¢n(2) = (fr)Y¥" 1F {|z] > r} Lk well-
defined R IEAIGHRTH D, n — 0o & U7z & & {|z| > r} BIAZ RT3 Z L HRE
5. WH k%

¢(z) := lim ¢n(2)

rull, 1
S(f(2) = lim {(f"' ()" 1 = p(2)°

n— o0
Lo TWVWADT, ¢ I3FEX (1) AT IEHERTHS. 612, K WiERTHEZ L
¥ Crity N {oo} C K BAETHZ I 2HND L, ¢ 13 C\ K EETEAICIES N,
¢p:CNK— C\DWEMEH{RTHD I LHRES. a

Remark 5.
FfZ d = 2 D & &, Bottcher map I3FET VX —RIZEE 5.

Definition 10 (external ray).
K MEfEn e &, &t e R/ZIZH L,

Ry = Ry(K) :={¢  (re*™) |1 <r < c0}(C C\K)
%% t O external ray £\ 9.

Definition 11 (landing point).
K »5EfED DR FrdEsE o & & Carathéodory OEH ([5] Theorem 17.14) (& b ¢~ 1
X oD Lz efhEciiiREIn s, Z0oL &Kt e R/ZITHL,

V() = s (t) = ¢~ (e*™)(€ J)

% R; ® landing point ¥\ 5.



Proposition 2.
K ﬁ)ﬁ%:ntﬁlo)%ﬁﬁiﬁ_%ﬁo) b %, % te R/Z 6:5@"\/‘( f(Rt) = Rd~t7 f(’)/t) = Yd-t ﬁ‘ﬁjﬁﬁ
g5,

Proof. t e R/Z %#[EET 5. FXA 1 LD, EFRED1<r<oolZHLT
o fog (re?™) = re?md
THENS, MilE ¢! THEI &,
fo¢™ (re®™) = ¢! (re®™ )
MRS . X 5T f(R) = Ray OO, f OHESEME D, f(v,) = yae DHROLD. O

Remark 6 ([3] Theorem 9.1.6, [5] Theorem 18.3, 19.6, 19.7).
f 7Y posteritically finite D & &, Ky (38 #E 0 DfRTERE 1272 5.

{re2m(1/7)}1<r<oo {Jre2ﬁi(2/7)}1<r<oo

C~D C~D

2 rabbit @ external ray



i=1,21280, f; : C > CRRBA(>2) DE=y 7% EHAE U, Ky, 28I K, &
KT erdsb. K, WHiEDL X, f; IZX3 5 Bottcher map ¢; %

lim 9i2)

|z]| 500 %

=1

AT R DITES.

Definition 12 (formal mating).
2 ODFAMES 0o:C =D, poo : C > CD %

z 1
900(2) = /—|Z‘2 1 ) 9000(’2) T SOO(Z)

TEDD. & [i MEZV I THEIENS, LW f:C—>C %

@oo filcowpo™ onD
i fo=< oo falcope™! on C\D
2> 20 on 0D

LEFET HE, TN branched map 12725, 2D f1 W fo % f1, fo ® formal mating
WS,

oo © fo 0t

“ DOz 2

N
N ,/Xkﬁ%f Ry (K
: -Nc‘xf ¢ C
O
fi <
¥Yo © fl 0 g

3 Dbasilica & rabbit @ formal mating (d = 2)
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Remark 7 ([6]).

B K DEEOLE EED L € RIZIZH U, @old; (1e2™), woo(dy H(re?™)) @
r—oo & ULz EDMRELIE, EHI2e?™ THD. LoT, 51K K; BEANEEED &
&, 0o(Re(K1)) U oo (R-t(K2)) B 0(77, (1); $oo(vps(—1) ZIAUZHD C LD WA
HifR & 72 5.

Definition 13 (slow mating).

% K, 3FHEETHELTE. FEEDOR > 1 2EET S, & ¢ IZx L, B IR
{p7H(Re*™™) | t € R/Z} IZHlENT=, K; 2 &L/ OMIS%E Uj(R) £ BL. 7=, [EED
R € (R, R?) %[EEL, U :=Uj(R) 2 BL. z€U,w e Uy WRAMETH B Z & %

$1(2) p2(w)
R R

MDD Z LT LV ED, ZOFRERR ~ IZBET 5 g2

=1 (§4DB,|1(2)] - [$2(w)| = R 2D arg é1(2) = — arg ¢a(w))

SR = U1 |_|U2/ ~ (g 52)

EEXD. KL, % g Ui — Sp 282, {64 6ir(Ui) = C)licig 12
L DEEBEEAND I E TSR XY = VEHiE b (—ELEHE Y, Sp & C %M
FAMTH2). 22T, %X (1) &9 fi(Ui(R)) = Uy(RY) THEH5, MFDESIZLT
EHIEAR Fr : Sp — Spa WEE 5.

7o JRao fio ql_jg on q1,r(U1)
R = -1
G2,ra © f20qy p on g2 r(Uz)

JZOT,29@%ﬁigfg@h:6’3—>@,ﬁ:5’]{d%@’E}fﬁb\f Frp:=hoFroh™! 2B}
£, Fr: C — C ZEMEBRIZARS (AT ALHIZE BB E2BVT—EIZEE> TV
%). {Fr}r>1 % f1, fo ® slow mating &\5.

FEAWIZIE, R = oo DEE D slow mating ¥ formal mating (ZxfjiaLTHED, R % 1
ZEA T < EFEDY slow mating TH D EF A 65N 5. EEREE 5 =T, formal mating
& slow mating % ®» 5 BEK THEC DT 5 & 5 R FAMHEM 2 KT 5 Z & T, slow mating
DR—-1EULEEEDHDFEDMEE L LT formal mating & B U 7z GELEHR G 5 0
52 %Y 5.

11



qQ’R QQ,R(UQ) ¥ )qa2,r2 © fao QQ_:]}-%

<«—qi r({|#i(2)| = R})

a1 r(U)D @Rz o[04k

q1.R

1

~

n f
SREC

4 basilica & rabbit ® slow mating (d = 2)

3 Canonical obstruction

ARETIE, 8 1 ETEHE L 72 Thurston obstruction @ 5 %, Thurston pullback map
DKEE BN & DA TW L Rial7ZeEE % $ D, canonical obstruction ZE#9 5.

f % Thurston map &9 5.

Definition 14 (Teichmiiller Z£[#]).
2 DD E ZEOAMEL p, ' 0 (S%,P;) = CITHUTUTD 2 &M 2ALT AL

WAL m C— CHOFETREE, ¢ Lo BRAMBTHZ LS.

(i) moy|p, =4 |p,
(ii) moo ik o 12 Pp #HTAY hEY

ZOREBRIZET % ¢ ORfEREE [ TERTI L,
Tr = {[Y] | ¥ : (52, Py) — C ¥ & % HEoRMHEHE }
%, f ® Teichmiiller ZEfE &\ 5.

Definition 15 (Thurston pullback map).
& & EORMEE ¢ : (5%, Pf) - C 2EET 5. COBEMEE {(0i: U; — C)}

YET. ¢ BAMTEENS, (52, P) OMBEMEE 1= {(piov : v L(U;) — C)}

12



TEDD. INEMHWT, (S, Pp) ONOEFEME / 2L FOLSICEDS. £
a € S2\Crity IZXNU, f(a) ZEL p DIt pjo b 1 (U;) = C%, 71y 1 (U;)) Da
ZEOHFED V TN UT fly, PRIICRD X512 H/NE<HS. £ UT, a DR
JEfE % pjopof:V; - CEEDS. RIZ b eCrity 12X LTI, f A branched map TH
505, KRD 32T 2 DD : Vi, — C, ooy : = HU,) — C
DENS.

(i) be Vi, f(b) € ™' (Uk)
(i) &(b) = (¢x ozb)(f(b))
(iii) (prot)ofogy () = deg(f’b) on &(Vs)

DTS, bDREESE &V, - CLEDD. AETEH L u/ 2 ANz S? %
S2TRTILYT S ZorE, ~HAEME D EMEG Y (52, Pr) > CAEES
5. 05 Tp—Tr; [¥] = [¢'] Z Thurston pullback map &\5. (¢ [ZEAF D Af #
MAEAZTIIITEESTVS. )

/7

(52, Py) —2> (C, ¢/ (Py)
fl ©) l%éﬁﬂ@@
(52, Py) —2= (€, v(Py))

—fB1Z, 3 MU EADERES Z ITHL, S2N Z ICHHhEREANS. TibE, WiE
WEEH T D — S2NZ12k2 D EONHHEE pp = 2|dz|/(1 — |2]?) O LHL %
S22\ Z DFREEDS.

PAF, #Py > 3 %{ET 5.

Theorem 3 ([4] Proposition 3.3.8).
52\ Py ED essential curve y (23 L, y IZHRE MYy 274 S22\ Py EOMhEHEIZE
35 BHEAHIMAR D 7272 1 DFE(ET 5.

Definition 16 (canonical obstruction).

T =[] € Ty, S? \ Py E® essential curve v (ZXF L, Theorem 3 & 0, ¢(y) IZHE k
w27 C o(Py) LOBMEHRIC BT 2 BAEIRIHGA - 72 1 DT 5. 2 Offifi
DOMEFHRIZET 2R & I (v) £BL. &, ni=o0h(1) (i € N) LEDD. DL F,
EED T e T ITHUTI,(y) — X0 DL G2 P; E® essential curve v 7*5
7% 5 B K® multicurve I', %, f @ canonical obstruction & \»95.

13



Remark 8.

P #7714V PE—IZLBETHWIB O AEDLLRWT, D 2 DDJG v, v PILEER
REFRFDLIRET SH. ZD L Z collaring theorem([3] Theorem 3.8.3) & 0, v DX HHFEH
BIZETEORIN01TEDLS L E, v OBHEIEICETHIRIIBFERTLSDT, v €T,
WZFE. BAEXD, T 3 Py 2871V PE—ICE SRR ZIRVT—RIZEXS.

PAF, f 1% hyperbolic orbifold # % 2& 9 5.

Theorem 4 ([7] Theorem 1.1).
()T, =07%513, f13d 2 HFHEH/ICT Thurston equivalent TH 5.
(2)T. # 0 7 51F, T, 1% f @ Thurston obstruction T# 5.

Theorem 5 ([7] Theorem 1.2).
FEED 7€ T IZHL, EOEH E; B—FRIZIINT,

vy¢ .%ol (v) > E;

PMERED i € NIZXHUTHILT 5.

Lo TRIZ, 7, DRETLE ¢, L LTZEE, i ZRESLTWL ZEIT o;(Pr) DILHE
FLTWL Z eI, i(y) WENSDILEFHE LSy e T BWEIET 2 LHE R
SND. TDHOE 5 BT, & i 1T UT o (Pr) DILDEREEFIET DI ENTE D,
Jung DFEIZOVWTHER S,

%7z, Theorem 4 (1) DXHHB & U Theorem 1 £ 0, LRDKLT 5.

Theorem 6.

f 7% obstruction 2 & D7 5 1F, f 1£48T72\\ canonical obstruction % £ .

4 Quadratic mating

ARETI, 2IRZIEKX fo(2) = 2% +c(c € C) IR EK D, formal mating #¥ Thurston
obstruction & ¥ D5ff% /R U 7z Tan OEH, Hubbard tree % A\ 7z formal mating O
canonical obstruction O 1T 2 /R U 7z Jung DEH 2B 5.

Ky ZBIZK, bRTIL LT 5.

Definition 17 (Mandelbrot #£4).
M := {c € C | K, (&% } # Mandelbrot £& &\ 5. M OEfEKS OHTO0 25

14



Loz W, &6X<.

5 Mandelbrot £4&

INzHWS Z & T, 2 k%ZIHAD formal mating »* Thurston obstruction % H 27>
EODEHET HMIL 725, Tan DEMZ FIRTEZ 5.

Theorem 7 (Tan, [11] Theorem 1.1).
fers feo P¥E BT posteritically finite T, 532 €7, co ¥ M\ Wy D[ USRI

NBRHIE, fo, W fo, 1FEABREMEBRIZE Thurston equivalent TIE7R\.

TR, 00 f. DM n ORMRTHELGEE2FEZHI LT 5. Remark 6 £ 0, K, 1%
HAEDNDRATEAE TH B .

Theorem 8 ([4] Proposition 10.4.3).
K, DEFERSDOHFT, 026080 %2 V) &BL. ZOLE, ITD 2 D0 LT 5.

(i) D EERIDD nyt o £ o gy, (2) = 22 (2 € D) (FHIZ ny, (0) = 0) & 7z 3 G

15



e : D — Vo I—TUAHET 5.

ﬁvol @) lnvo
L v

(il) K. QEEERD VISHU, 7V Vo BS54 L 2 2500 m € N B3,

Carathéodory DEH L D, FEMGH (fM|y) Lony : D— VIE oD kX CTHHMIC
kT E 5. HERBOFRMESEE ny: D — V TXRT.

Definition 18 (internal ray).
K. OEfER S VIR U, {ny(re?™)}oc,<1 2 V OAE t O internal ray &\ 5.

Definition 19 (regulated path).
X [0,1] 2 K, IZHDIAALZLDT, K. DFEKEKS L OB S Em~% 2 D0
internal ray U272 \WH D%, K. LD regulated path £\ 5.

Definition 20 (Hubbard tree).

P, = {fk0)}1<ken DO B, 2 SAENMIZE D K. LD regulated path £ TORIES
T. %, f. ® Hubbard tree &\»5. £7z, (T. N I?c) N\ Py, O&ERER D %2, TNEN
Hubbard tree ® edge LIERZ & & T 5.

6 /c:basilica f4:rabbit ® Hubbard tree.

16



G A0EUFD2 9% H5T &5 125,

(i) fe, \& posteritically finite TdH 5.
(i) cg:=7c1 &BL &, fo, W fe, & hyperbolic orbifold % % 2.

Z D& & Theorem 1, 6, 7 £ 0, fo, W f., & canonical obstruction I 2% 2. F 7z,
o =CL CTHBEZLIZHIGLT, T, Dedge E ZEMIZEAL TCRIES T2 E, T, DD
%edge L—HT B ehbhd. INE ELXRTILLTS. UEDKED FT, IO
Jung OEHAALK D LD,

Theorem 9 (Jung, [12] Proposition 3.8).
EED vy eTIZHU, Ty, D edge E T 5 po(E) BEY poo(E) EXD2EH DA
1 DFET 5.

Jung OEHIX, 2 6 FTFF D canonical obstruction DH#EFE % HfF 1) 5 4% E 2 R /-7

5 Jung's method

ARFETIX, formal mating @ postcritical set 7% Thurston pullback map D X & ik
WZEDEDEISIZBEL TV DEIRETE %, Jung DFIRIZOWTHHT 5. DI,
canonical obstruction Z F|fi9 % Z & T, slow mating ® » 3 FEDOMGIK & U THEE G %
BT 5 HEICDOVTERRS

p,q € C%, P(2) := 22 +p, Q(2) := 2 + q M postcritically finite £ 75 & 5
WHLA. fi=PuwQ &BL. %ie NU{0}IZHL, p; := PY0), ¢ := QY(0) £ B,
Np = #{P"(0)}nen, N :=#{Q"(0)}nen LEDD.

Remark 9.
EHED, 05 P ORM N, ORMETHEZ LY, py =0 TH5Z L EFAMTHS.
[ERRIZ, 0 DY Q D N, DR THEIZ L L, qgn, =0 ThHHZ EIIFEMETH 5.

R>5%MEEL, 0<t<1IHNLTR =R? ' LEDD. ZOLE, & tIZHLU R, =
R, BEOR ZF1eR5TWBIEHS, P, Q D slow mating {Fg, }o<icoo % ¥
IZ {Fi}o<t<oo £79. Thurston pullback map or DRKEAEIZ LS f D posteritical
set DX % H 5720, % 2 EDAMEERDME {1 - (5% Pf) = Clo<icoo TUFOW
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PR E AT DR L 72\,

S2 wt—}—l @
| o e
S22 C
B2 0 UT op(]) = ] EHETOZ 2D, op((dh]) = ] AT
{i}o<i<1 MR T NIX+ATHB. £7,

Fo(z) = LT @/ R) 2+ (p/ ?)
’ 1+ (p/R?) 1+ (q/R?)z2
CIERMET B, F LT |2| <41THLT,

1+ (¢/R*)(1—1) z/Ry

Vel = TR ) T @ RY( - 00— )
L (/B -1+ /RY(1 - (=~ q)
A e [ /)
LEDD L, Ry =R ITHERTNE, 2| <40r &
_n (2 _ 1+ (/R (2* +p)/R? VRO
Fyoiopo(z) = Foy <E> =1 (/R T+ (/B2 +p) —p} Yy 0 g o P(z)

g (B _ 1+ @/R) 1+ /RN +9)—ah _ o
Footropus) = Fo (1) = T HERIONEA D=0 000 (e)

Lo TWBDT, oo({lz] <41) BET oo ({|2] < 4}) ETE Fyoty = g o f Bk
INTVS.

ZZTRemark 6 £V pge MTHBZ & &, MC {|z| <2}(Hubbard 2 Proposition
and Definition 10.5.4) £ 0, |p|,|¢g| <2 TH5. ZNE& R>5 L&D, 2| <4D&Z
o] < 1, [e(pm(2))] > 1 EBSTVEDS, @o({]2] < 4)), poel{l2] < 4) B
DL A% : (S, P;) — CHAEEMEORAMERIZRS &S ICHRETS. 0L
&, 2] £ 4T Pilpo(2)) = 2/ Re, Yi(poc(2)) & Rt/z THDH I LITHERTNUE, by 13K
fiff 2 EHOEIZF L, 2] = 1 D THEEGHIES B LD ICHNE 6. 51T
Foopy =pgo f AT LD ¢y, 1 Z2HRT 5 Z & T, o¢([¢0]) = [¥1] 2155.

PLED {¢i}o<i<1 & of THLTW Z & T, HHD {¢t}o<t<oo "EoNDE. 7Z04&
t > 1T, op([1r]) = [ra1] DRETTE ¢y DESIZ, 9Pr41(0) = 0, Ypy1(00) = 00,
F(1)=1t52b08RR22T5. £0<t<ocoBETie NIZHLT

zi(t) == Ye(wo(pi)) 5 wi(t) = Yi(poo(as))

18



Fi(zi(t+1)) = zi01(t) , F(y(t+1)) = yira1(t) (2)
A,

c-2p ¢ c—fx¢c.p¥is¢

Pl O lf O lFt QL O lf O \LFt

c2.p_¥.¢ C—3¢ DX ¢

CZZTC,FZi=00 EaFZANE F: 0~ 21(t), 1= 1,00 = y1(t) Lo TWV3.
—J, P B XU Q D critical point (£ 0 DAZZD 5, 1)y110p0(0) =0, 410 9s0(0) = 00
& Fy 7272 2 DO critical point TH 5. &> TUTFOMEZ FHVNIX,

(1 =z ()1 (B)2* = (1 = g1 (8))za (1)
(1—21()2? = (1 =1 (1))

Fi(z) =
ERDBIEMTES.

Lemma 1.
RE 2 ODFEMEM h 5 Crity, = {0,00} 2A72F26IK, 5 a,b,c,d € CPFHELT
h(z) = (az? +b)/(cz®> +d) £FEIT 5.

Proof. h(z) = (a2z®+a1z+ag)/(baz?+b12+bg) (a;, b; € C,as #0 F721d by #0) &F
7%, a1 =by =0 Z5REIXE\. 0€Crity, &0 W (0)=0%< &, arbg—aghy =0 & 72
%. h(z):=1/h(1/z) LBV L &, 0o € Crity, £ h/(0) =0 &< &, asb; —a1bs =0
L85,

a1 #0 2 KETS. 2O E h(z2)/ar = (ax2? + a1z +ag)/(a1baz? +arb1z+aiby) =
(22 + a1z + ag)/(asb12? + arbiz +aghy) = 1/by £V, deg h =0 &R VFfE. by #0
ERELZEE, EEERZUTEHET LD -h(z)=a; £2DT,degh=027%0
FE. Ulzhi>Ta; =b =0. [l

FA(2)ITBWT FIZL3WigaBEA5Z 8T, LTORBAZES.

zi(t+1) = j:\/i :ziig Zii((g :zi((g (z=uxzory) (3)

U £, () Rt e NIEBWTHEIZ RS &5 IEATW Z L 2T 5.
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ZZETH Jung DFHETHS. IRIZ, canonical obstruction % FIfH U 7= H G K F;
DEHSFIEIZDOWTHRRS,
BT, 0% P BECQ ODRAMAT, Ny=N, = N ThEHBAEERS.

Remark 10.
Remark 9 &0, zn(t) =0, yv(t) =00 (0<t <1) THB. The, FAX(2) &b

F(an(t+1) =z:(t) = F2(0) , Fiyn(t+1) =y(t) = Fi(oo) (0<t<o00)
ThdI L, BLU Critp, = {0,00} 225,

an(t)=0 , yn()=o0 (0<t<o0)
DI D LD,

Definition 21 (zoom).

MED F A, RO 0 <t <oo X UTay(t) 0, yv(t) & oo, 11X 1 ICEEX
N2E2IZ8DNTWVWSE. ZORKRT, LEDERKILE N-zoom & L&, ZZTH
j=12.. NIZXU,

z—x;(t))(1 -y,
i £
ERED, Ti(t) = ni(xi(t), it) = nie(yi(t) (@ = 1,2,...,N) &BL. TDLE,
Fji = njp 0 Fpon !y, 1 I€2WT Remark 10 & ARk Oz $ 0, (1) = 0,
gi(t) =00 (0 <t <o0), BLUF; (1) =102, ZOIERLE j-zoom & K5,
(Fy=Fny &8> TW5.)

(0<t< )

Notation.

f % Thurston map & U, 7 := [¢)] € Ty, 73 1= 0}(7) £ T 5. jzoom 25X 5% 7
DRFILZE ¢, THRITZ L E&F 5. f A canonical obstruction {yx}i<p<n ZH DL &,
(W); €ECEUTFTOESITEETS. £3 () ICHE Y 278 C~ ohy(Py) Lo
FIERIZEE S 2 BMPH AR & (vy,),; TRI Z & &9 % &, canonical obstruction DxE#
ED,i 500U E (); ORHMEHEIZETHEI X 0ITPERT 5. & o THIZ,
C~ (V)i D 0,00 ZE XN OMEFERNE, i — 00 & L& & C LOBREEHEIZH
LT 1AUGEET 5. ZDRE (1) LEDD.

Theorem 10 ([8] Proposition 6.2).
F; . 7" canonical obstruction I'; 26 2&95%. ZD& & Fj, 13t —>o00 & LEE,
C~ U {(w);} ECFRIEE F; (ZJh#H—RIURS 5.
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51T, V=~ rorErak R AER ([9) Theorem 1.8) 12X 0 F; 2 [J {(w);} E
ECIEANCHREST 528 T, Fj DMRE UTHME[R F; 2852 LN TE 5.

6 Application

ARETIK, FEHEDOFEEZ 2 DOEMBUZHEH L, ZDR5HE N SHEE XI5 canonical
obstruction & Jung OEM & OBEMZHRT 5. £z, TNEZAAL TRONS FHE
% F; BELT 5. 4B, T I THW Mathematica 12 X 23EMEHRE TR 7T L%, B 7
BIZHEELTHD.

(1)basilica W basilica

P(z)=Q(z) :=2>-1(p=q=—1) ® formal mating f = PUQ 2%2%. PB&
O Q 1X7-72 1 DD A7 critical point 0 2HDZ oA A 7 —1EHEFET 5 &,
x(Of) =-2<0&7%5%. &> T fiF hyperbolic orbifold 2b 5, Zhe p=—-1=g»
5, Theorem 1, 6, 7 & D f I& canonical obstruction 2% 2. Yo7 . 1 Z#HATH
I, MR=VDE1DES%, 1 £2F -1 IDEMVTWLEHRESNS. MTIE, 20D
R & BALERE B2 7By FLZEDERLTWVS.

1-zoom 2-zoom
00 : 00
L J i

o

e
O

T teNIZBYB% xi(t), yi(t) DI
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1 TurIL10ERINE YA FOHE

\ 1-zoom 2-zoom

t ] wa(t) ya(t) 1 (t) y(t)
2 0.01 100 -0.01 -100

3 0.1 10 -0.1 -10

4 1 0.316228 | 3.16228 | -0.316228 | -3.16228
5 1 0.562341 | 1.77828 | -0.562341 | -1.77828
6 | 0.749894 | 1.33352 | -0.749894 | -1.33352
7 1 0.865964 | 1.15478 | -0.865964 | -1.15478
8 | 0.930572 | 1.07461 | -0.930572 | -1.07461
9 | 0.964662 | 1.03663 | -0.964662 | -1.03663
10 | 0.982172 | 1.01815 | -0.982172 | -1.01815
11 | 0.991046 | 1.00904 | -0.991046 | -1.00904
12 | 0.995513 | 1.00451 | -0.995513 | -1.00451
13 | 0.997754 | 1.00225 | -0.997754 | -1.00225
14 | 0.998876 | 1.00112 | -0.998876 | -1.00112
15 | 0.999438 | 1.00056 | -0.999438 | -1.00056
16 | 0.999719 | 1.00028 | -0.999719 | -1.00028
17 1 0.999859 | 1.00014 | -0.999859 | -1.00014
18 | 0.99993 | 1.00007 | -0.99993 | -1.00007
19 | 0.999965 | 1.00004 | -0.999965 | -1.00004
20 | 0.999982 | 1.00002 | -0.999982 | -1.00002
21 1 0.999991 | 1.00001 | -0.999991 | -1.00001
22 | 0.999996 1. -0.999996 -1.

23 | 0.999998 -0.999998 -1.

24 1 0.999999 1. -0.999999 -1.

25 | 0.999999 1. -0.999999 -1.

26 1. 1. -1. -1.
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oT, FROL S LIRMIHE TIN5,

\ w0, () | wa(t),pe(t) =S
1-zoom 0, 0 1
2-zoom -1 0,00

U 72 % - T, canonical obstruction % #§ & 9 % 121, {@o(p1), voo(q1)} &
{00(p2), Poo(q2),1} % 53 El T % essential curve Z DO NIX I WVWEFE R LN 5.
BIZIE, Kp, Ko ZNZUTH LA 1/3, 2/3 @ external ray &% X,

I'={v:= wo(R1/3(Kp)) Upo(R2/3(Kp)) Upe(R1/3(Kq)) Upe(Ra/3(Kq))}

LEDDH L, T X f O canonical obstruction 12725 L HiE I N 5.

[ % obstruction TH 2 Z LIFLAFD KD TR TE 2. £, 1/3 = -2/3,2/3 =
—1/3 (mod Z) TH 5 Z &Hh 5, Remark 7 & 0 v IZHAMEAMMRTHS. T LT, M8
TEEED Pridx v 12k 0 {00(0), po(0)} & {po(—1), poo(—1)} D 2 T DIZH3NT
W5 728, v I essential TH 2. £oT, I'id (5%, Pr) ED multicurve TH 5. XIZ,
Proposition 2 &V P(R;) = Ry (t e R/Z) THHZ &h 5,

P (Ry3(Kp) U Ryy3(Kp)) = Ry/3(Kp) U Ryy3(Kp) U Ry 6(Kp) U Rs6(Kp)

Thb. £oT,

7 = wo(R1/6(Kp)) Upo(Rs/6(Kp)) Upoo(R1/6(KQ)) U poo(Rs/6(Kq))

EBWEE TN y) =y UFTHB. 2T, 2 A DEHEERDIDIBE 1 2E5DHITIX
Pr DG ENL0D 5, 7 1d essential TIEZRW. L72A > T, I IE f-stable multicurve
THhd. £72Z Difamn 5, Thurston matrix 1 1 x 1175] (1) &KED, Ar =1>1T
HBHZEMo T f D obstruction TH 5 Z AN H 5. £ LT, Remark 8 K0 Py %
B4V =2k v 2 » L T canonial obstruction (ZARZ 4D T, #il 2 1XX
8L TDESIZ§ WK, T, D7=72 1 2D edge E := (—1,7(1/3)) {28 LT ¢o(F),
Poo(E) 126 Do TH D, EOHEIE Theorem 9 L HAHTH 5.

RIZEAF D Theorem % FAWT, 1-zoom B &L U 2-zoom 2555 N HHEHERD 5.

Theorem 11 ([5] Theorem 7.2).
B d DETIRVAHEMROD critical point 1%, BEEZIAD T (2d — 2) HFET 5.

23



8 basilica £ 5 U D formal mating @ canonical obstruction

BT 2-zoom DGEDHMEM Fy 2Rk D. Fu @ critical point 1% 0,00(W\ TN H
simple) 727* 5, Theorem 11 &9 deg Fo =2 TH 5. o T Lemma 1 £V, Fa(z) =
(az2 +0)/(cz2+d) L& T B, £9, f(0)=072h5 F(0)=0&Y b=0, f(co) =0
20 Fa(oo) =00 &0 e=08KED. 72, f(7) =~ &0 Fa((7)2) = (y)1 24, 7
077 LOERED (7)1 =—1, (7)2=1%8DT,a=d tRFE3. koT, Fa(z) = 22
ERFES.

[ k12 U T 1-zoom DEEDEMEMR F, 2#kdD 5. 3 F; D critical point &
pinching IZ X D {HEL TWB 728, Theorem 11 £ D deg F; = 1 TH5B. LT
F1(0) =0, F1((7)1) = (7)2, Fi(0) =00 TH B D6, Fi(2) = —2 &KE 5.
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1-zoom
m(y1(t)) = oo

9 1-zoom, 2-zoom M 515 5 15 A H G4

(2)rabbit W anti-rabbit

P3(0) =022 Im(p) > 0 2A=TH—D p ZHD, ¢:=p &BL. K,, K, l¥Zh
Z 11, rabbit, anti-rabbit LIFIXNTWS (K, 2FEHICEL TKESES L K, & —87
%). WDT f=PwQ &BL. #P;=6>57H5, Proposition 1 & b f I& hyperbolic
orbifold #&£ 2. T & p=g» 5, Theorem 1, 6, 7 £ O f I& canonical obstruction %
£O. RS IA2EREHTNE, Tu T4 1 LEBRKZ T 20 -1 IZMENEA VT
{BAIPRoNS. K10 1E, ZOfREZBEAKRT EIZ7oy FLEEDEZRLTVS.
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1-zoom . 2-zoom 3-zoom
00 00 00
.. : ° °
L Y3 - Y3
1 41—l
i) S 1 - R
"3 L3 L2
o ° ®
0 0 0
10 teNIZEIT D% xi(t), yi(t) DFE.
o T, FRDO LS RIPCREIHEIND.
\ [ ®m@) TF | @a(t),ge() T | @s(t),ys(t) T3
1-zoom 0,0 1 1
2-zoom 1 0,00 1
3-zoom —1 —1 0, 0
U 7z 2% o T, canonical obstruction % # i 4 % 121, {po(p1),pec(q1)} &

{po(p2), Poo(q2)} & {@o(P3), Poo(qs),1} % 43 El3 % essential curves % H D IF 1
FEweEZ26Nn5. LA2L, (1) &S ITERE external ray % I\ % T,
vr(1/7) = v§(2/7) = v5(4/7) THIFRE 5 U > TU £ 5 72 multicurve D E
#IINT D, 727U Remark 8 &0 Py 2874 Y P —IZXDI3BFHEIFHFI LTV
%72®, external ray M H5R/B S NIHIEZH AL TRDLBRVWE I ITTNIX, HHWOD
essential curves MG 5N 5. Lo THIZIEX 11 D K 512 3 DD curve 61, 02, 03 ZHLD ,
Y1 = ©0(61) U oo (67)s 72 1= 90(02) U 000 (03), 73 := 90(03) U oo (d3) (FHT & XHIT
5720, TITRRAFFCHELZZRTILLTE) 2BWEEE T = {y,7,73}
& f @D canonical obstruction (2725 & HE XN 5.

I’ %% obstruction TH 2 Z L IXLAFD XS ICHERTE S, £3, [EED 2 € CIizH
U T arg(po(2)) =arg(pec(2*)) £moTWA I N6, i =1,2,3 18 LT po(d;)
& Poo(0F) D2 DOMMRAIE OD ET—ET 5DT, &~ (FHEMEAHMRTH 5. £z,
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1 Py & {po(p* + 1), poc(@® + 0), 00(0), 950 (0)} & {0(p), poo(q)} IZAHFT 2D T,
essential TH 5. [FBRIZL T 2, 73 & essential THB. AT Py D THE MY
TR IBEBA 272 VI L ER 11 KOS DT, T iE (5% Pr) E® multicurve
TH5.

WIZT A f-stable THBZ L %2mR7. K11 T, & 5 L 20N P~1(6;) 2 U I
LTWa., ZOZEIZERETIE, 71 () 1&, 93 1 Pr 28O THE by 778 essential
curve &, essential T\ curve DFIEEG L7425, FRIZ LT f71(72) D essential 72
HEAEEAE 1 12, [ (y3) D essential ZEAEEL D 1E 12 12 Py ZHDTHRE MY 7720
5, I' & f-stable TH 5.

11 rabbit, anti-rabbit @ external ray % ¥ & U 7221
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¥ 72 Z DA 5, Thurston matrix (&

e

ERFD AN =1>1THBZ 05T IE f D obstruction THBZ R 5. T L
T, T, D3 DD edge ZXNTH 0y, 09, 03 DB L TWBH 28, EDOHEE X Theorem 9
ERENTH .

B2, 1-zoom, 2-zoom, 3-zoom N HESNEHHEHERD L. FTIBUZEL T
&, (1) OGE L HBRIZU T deg(Fr) =deg(Fo) = 1, deg(F3) =2 &kFEB. & F, »0,
o ZEET 2SI EHRAMKIIRES. LT, FUOK 11 OO IMIER T WL, f(n)
F 2 12, f(y2) E 312, f(y3) B 1T P 2EOTHREIEY I THDZ EDRDND,
Fi((r)1) = (12)2, F2((12)2) = (3)3, F3((13)3) = (vi)1 &%, THT T LDRER &K
D (y)1= ()2 =1, (13)3 = —1E0n5, Fi(z) = 2, Fa(z) = —z, F3(z) = 22 &K
5.

(3) T oGS

4 B X O 5 OBEIZOVWTHREBRKIZLT T B T L2 UEH LR, £
DFER D S HEE X5 canonical obstruction & Jung OEH & DEEAVENHER TS 72,
L ORELAPMIT U THEEGENFOND ZEDVHIfFIN5.

72, KX Tl Tan OFEHX Jung OEHZ H\W 272012 2 IREGHNXITHERZRK - 72
A, 5 ETHPAL 72 Jung DFEIE 3R EOZIHAICH U THILETE 5. Ko TA
FSCDHEE FIEDIGH L LT, —# D formal mating IZxf3 % Thurston obstruction ®
FAEEZBMERIIHGEET 2 Z e EBEFEZ6N5.

—_ o O
o O =
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7 Appendix

7073 L 1(basilica W basilica IZi#)

2
-1//N
= -1//N
r := 10000
Plz_] := z"2+p
Qlz_]1 := z"2+q
R[t_] := r~(27(1-t))
postp[n_] := Nest[P,0,Mod[n,k,1]]
postqln_] := Nest[Q,0,Mod[n,k,1]]
Np :=k
Ng :=k
xpull[i_,t_,0] :=
((R[0]+(1-t)qg)postp[i]R[0] ~2)
/((RIOJ+(1-t)p)R[t]I (R[O] "2 + (1-t)q(postplil-p)))
ypulll[i_,t_,0] :=
((RLOJ+(1-t)R[t] (R[O]"2+(1-t)p(postqlil-q)))
/ C((R[0]J+(1-t)p)postq[i]lR[0]"2)
xbranch([i_,t_,j_] :=
Sqrt [((1-ypull[l,t,j-1]) (xpull [Mod[i,k]+1,t,j-1]-xpull[l,t,j-11))
/((1-xpull[l,t,j-11) (xpull [Mod[i,k]+1,t,j-1]1-ypullll,t,j-11))]

Qo TR
i

ybranch([i_,t_,j_] :=

Sqrt [((1-ypull[l,t,j-1]) (ypull [Mod[i,k]+1,t,j-1]-xpull([l,t,j-11))

/((1-xpull[l,t,j-11) (ypull[Mod[i,k]+1,t,j-1]-ypullll,t,j-11))]
xbranch([k,t_,j_] := 0
ybranch([k-1,t_,j_] := Sqrt[(1-ypull[l,t,j-11)/(1-xpullll,t,j-11)]
gllz_,t_,j_] :=
((z-xpull[1l,t,jl) (1-ypullll,t,jl))
/((z-ypullll,t,jl) (1-xpull[l,t,jl))
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glinfty[t_,j_] := (1-ypullll,t,jl)/(1-xpullll,t,jl)
pulltimes := 25

listx12 := {}
listy12 := {}
listx21 := {}
listy21 := {}

For[j = 1, j <= pulltimes, j++,
For[i = 1, i <= Np, i++,

If [Abs[xbranch[i,0,j]l-xpull[i,1,j-1]1]1<
Abs[-xbranch[i,0,j]l-xpull[i,1,j-1]],
xpull[i,O, jl=xbranchl[i,0,j],
xpull[i,O0, jl=-xbranch[i,O0, j]

]

If[Abs[xpull[i,O0,j]l-xbranch[i,1,jl]l<

Abs[-xpull[i,O0, jl-xbranch[i,1,j]l],

xpullli,1,j] xbranchl[i,1,j],

xpull[i,1,j] = -xbranchl[i,1,]j]

]
For[i =1, i <= Nq - 1, i++,

If [Abs[ybranch[i,0,j]l-ypull[i,1,j-1]1]<
Abs[-ybranch[i,0,j]l-ypullli,1,j-111,
ypull[i,O, jl=ybranch([i,O0,j],
ypull[i,0, jl=-ybranch[i,O0,j]

]

If [Abs[ypull[i,0,j]l-ybranchl[i,1,j]]<
Abs[-ypull[i,0,j]l-ybranch([i,1,j]],
ypull[i,1,j] = ybranch[i,1,j],
ypull[i,1,j] = -ybranchli,1,j]

]
AppendTo[listx12,xpull[1,1,j]]
AppendTo[listyl12,ypull[1l,1,j]]
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AppendTo[1listx21,g1[xpull[2,1,j],1,j]]

AppendTo[listy21,glinfty[1,j]]

]

proj[{x_,y_}] :=
{2x)/(1+x~2+y"2) , (2y) / (1+x~2+y~2) , (-1+x"2+y~2) / (1+x"2 +y~2)}

gx12 := ListPointPlot3D[Map[proj,ReIm[listx12]],PlotStyle -> Red]
gyl2 := ListPointPlot3D[Map[proj,ReIm[listy12]],PlotStyle -> Blue]
gx21 := ListPointPlot3D[Map[proj,ReIm[listx21]],PlotStyle -> Orange]
gy21 := ListPointPlot3D[Map[proj,ReIm[listy21]],PlotStyle -> Green]

gsp := Graphics3D[{GrayLevel[0.9,0.1], Sphere[{0,0,0}]1},Boxed -> False]
Show[gsp,gx21,gy21,ViewPoint -> Front]
Show[gsp,gx12,gyl2,ViewPoint -> Front]

7’074 % L 2(rabbit W anti-rabbit (Z#E)

k :=3

flz_] := z"2+c

Solve[Nest[f,0,k] == 0 && Im[c] > 0, c]
{{c -> Root[1 + #1 + 2 #1°2 + #1°3 &, 3]1}}

p := Root[1 + #1 + 2 #1°2 + #1°3 &, 3]//N
q := Conjugate[p]

r := 10000

Plz_] :=z"2 +p

Qlz_] :=z"2 + q

R[t_] := r"(2°(1 - t))

postpln_] := Nest[P,0,Mod[n,k,1]]
postq[n_] := Nest[Q,0,Mod[n,k,1]]
postpl[k] := 0

postql[k] := 0

Np :=k

Ng :=k

xpull[i_,t_,0] :=
((RLO]J+(1-t)g)postp[i]lR[0]"2)
/((RIOJ+(1-t)p)R[t](R[O]"2 + (1-t) q (postplil-p)))
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ypull[i_,t_,0] :=
((RI0OJ+(1-t))R[t] (R[0] "2+ (1-t)p(postqlil-q)))
/ C(R[0J+(1-t)p)postq[i]R[0]~2)
xbranch[i_,t_,j_] :=
Sqrt [((1-ypullll,t,j-11) (xpull [Mod[i,k]+1,t,j-1]1-xpull[1,t,j-11))
/((1-xpull[1,t,j-1]) (xpull [Mod[i,k]+1,t,j-1]-ypull[l,t,j-11))]
ybranch([i_,t_,j_] :=
Sqrt [((1-ypull[1l,t,j-11) (ypull [Mod[i,k]+1,t,j-1]-xpull([l,t,j-11))
/((1-xpull[1,t,j-1]) (ypull[Mod[i,k]+1,t,j-1]-ypull[l,t,j-11))]
xbranch([k,t_,j_] := 0
ybranch[k-1,t_,j_] := Sqrt[(1-ypullll,t,j-11)/(1-xpullll,t,j-11)]
gllz_,t_,j_]1 :=
((z-xpull[1,t,jl) (1-ypull[l,t,jl))
/((z-ypull[1l,t,j]) (1-xpullll,t,jl))
g2lz_,t_,j_]1 :=
((z-xpull[2,t,j]) (1-ypull[2,t,j]))
/((z-ypull[2,t,j]) (1-xpull[2,t,j]))
glinfty[t_,j_] := (1-ypulll1,t,jl)/(1-xpulll1,t,jl)
g2inftyl[t_,j_1 := (1-ypulll2,t,jl)/(1-xpulll2,t,j1)
pulltimes := 50
listx12 := {}
listyl2 := {}
listx13 := {}
listy13 := {}
listx21 := {}
listy21 := {}
listx23 := {}
listy23 := {}
listx31 := {}
listy31 := {}
listx32 := {}
listy32 := {}
For[j = 1, j <= pulltimes, j++,
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For[i = 1, i <= Np, i++,

If [Abs[xbranch[i,0,j]l-xpull[i,1,j-1]1]1<

Abs[-xbranch[i,0,j]l-xpull[i,1,j-1]],

xpull[i,O, jl=xbranchl[i,0,j],
xpull[i,0,jl=-xbranch[i,O0,j]
]
If[Abs[xpull[i,O0,j]-xbranch[i,1,jl]<
Abs[-xpull[i,0,j]l-xbranch([i,1,j]],
xpull[i,1,j] = xbranchl[i,1,j],

xpulll[i,1,j] -xbranch[i, 1, j]

]
For[i =1, i <= Nq - 1, i++,

If [Abs[ybranch[i,0,jl-ypulll[i,1,j-111<

Abs[-ybranch[i,0,j]l-ypull[i,1,j-11],

ypull[i,O, jl=ybranch([i,O0,j],
ypull[i,O0, jl=-ybranch[i,0,j]

]

If [Abs[ypull[i,0,jl-ybranch([i,1,j]]1<
Abs[-ypull[i,0,j]l-ybranch([i,1,j]],
ypulll[i,1,j] = ybranchl[i,1,j],
ypull[i,1,j] = -ybranchli,1,j]

]
AppendTo[listx12,g1[xpull[2,1,j],1,j]1]
AppendTo[listy12,gi[ypull[2,1,j],1,3j]1]
AppendTo[listx13,gl[xpull[3,1,j],1,j]]
AppendTo[listy13,glinftyl[1,j]]
AppendTo[listx21,g2[xpullll,1,3j],1,3]1]
AppendTo[listy21,g2[ypullll,1,3j],1,3]1]
AppendTo[1istx23,g2[xpull[3,1,j],1,j]]
AppendTo[listy23,g2infty[1,j]]
AppendTo[listx31,xpull([1l,1,j]]
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AppendTo[listy31,ypull[1,1, ;1]
AppendTo[1listx32,xpull[2,1,j]]
AppendTo[listy32,ypull[2,1,]]]

]

proj[{x_,y_}] :=
{(2x)/(1+x72+y~2), (2y) / (1+x72+y"2) , (-1+x72+y~2) / (1+x72 +y~2)}

gxl12 :

gyl2 :
gx13 :

gyl3 :

gx21
gy21

gx23 :
gy23 :

gx31
gy31

gx32 :

gy32 :
:= Graphics3D[{GrayLevel[0.9,0.1],Sphere[{0,0,0}]},Boxed

gsp

ListPointPlot3D[Map[proj,ReIm[1listx12]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[listy12]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1istx13]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1listy13]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1istx21]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1listy21]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1istx23]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1listy23]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[listx31]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1listy31]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[1istx32]],PlotStyle
ListPointPlot3D[Map[proj,ReIm[listy32]],PlotStyle

Show[gsp,gx12,gy12,gx13,gy13,ViewPoint -> Front]

Show[gsp,gx21,gy21,gx23,gy23,ViewPoint -> Front]

Show[gsp,gx31,gy31,gx32,gy32,ViewPoint -> Front]
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