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Preface

The dynamics of a rational function induces a subdivision of the Riemann
sphere into the two complementary sets which are called the Fatou set and
the Julia set. The behavior of iterations of the rational function on the Fatou
set is regular. The behavior of iterations of the rational function on the Julia
set is chaotic. The Julia sets are important objects in a sense of dynamics
of the rational functions, and almost all the Julia sets take very complicated
forms.

We are interested in topological structures of the Julia sets and the bound-
aries of Fatou components. Local connectivity can be an indicator of the
complexity of the topological structures. There exist rational functions whose
Julia sets are so complicate and not locally connected. The purpose of the
paper is to clarify the topology of such complicated Julia sets.

This paper is organized as follows.

In Chapter 1, we consider biaccessible points in the Julia sets of some
rational functions. Let €2 be a simply connected Fatou component and 2, €
0f). We are interested in knowing whether there exist at least two distinct
external rays in 2 landing at z;. We introduce a topological technique can
be applied to the local dynamics. So we investigate which points in the Julia
sets can be biaccessible by using the technique.

In Chapter 2, we consider periodic points on rotation domains under
some conditions. Let €2 be a Fatou component on which the dynamics cor-
responds to irrational rotation. When the boundary 0 fails to be locally
connected, we are interested in the dynamics of the boundary 02. We inves-
tigate whether there are periodic points on the boundary 0f2.

I would like to thank my research supervisors Hiroshige Shiga and Naoya
Sumi for making perceptive comments.
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Chapter 1

On biaccessible points in the
Julia sets of some rational
functions

1.1 Introduction and results

Let C = C U {oo} be the Riemann sphere, let f : C — C be a rational
function of degree d > 2. We define the Fatou set of f as the union of all
open sets U C C such that the family of iterates { f*"|y }n>o forms a normal
family, and the Julia set of f as the complement of the Fatou set of f. We
denote the Julia set of f by J; and the Fatou set of f by Fy. Clearly, the
Fatou set F is open and the Julia set J is closed. A connected component
of the Fatou set is called a Fatou component. Their fundamental properties
can be found in [Mi].

For each fixed point zg, the multiplier at z, is defined as A = f’(zy) when
zp # 00 and is defined as A = lim,_,o, 1/f'(2) when zy = o0.

A fixed point z is called superattracting if the multiplier A is equal to
zero, or equivalently zj is a critical point. Then the point zy is contained in
the Fatou set F'y. The Fatou component containing the superattracting fixed
point 2y is called the immediate basin of zy, and we denote by A, .

A fixed point zq is called irrationally indifferent if the multiplier A satisfies
|A| =1 but A is not a root of unity, or equivalently there exists an irrational
number 6 such that A = e?™. So we distinguish between two possibilities.

If an irrationally indifferent fixed point zj lies in the Fatou set, the point



2o is called a Siegel point. The Fatou component containing a Siegel point 2z
is called the Siegel disk with center zy, and we denote by S,,.

If an irrationally indifferent fixed point zg belongs to the Julia set, the
point zg is called a Cremer point. We say that a Cremer point zy has the small
cycles property if every neighborhood of zy contains infinitely many periodic
orbits. For quadratic polynomials, every Cremer point has the small cycles
property [Yol]. However, it is not known whether this is true for arbitrary
rational functions.

An invariant Fatou component H is called a Herman ring if H is confor-
mally isomorphic to some annulus. Then the dynamics of f on H corresponds
to the dynamics of an irrational rotation on this annulus.

Let Q C C be a simply connected domain. Assume that the boundary
0f contains at least two points. For the sake of convenience, we assume that
) contains infinity co, and consider a conformal isomorphism ® : C—D — Q
such that ®(0c0) = oo. For each angle t € R/Z, the external ray is defined as

Ry = {®(re®™) : r > 1}.
For each radius r > 1, the equipotential curve is defined as

E, = {®(re*™) .t ¢ R/Z}.
If there exists a point z € 9 such that lim,~; ®(re*™) = z, then we
say that the external ray R; lands at the point z. A point z € 0L is called
accessible from € if there exists a continuous curve 7 : [0,1) — Q such that
limg - v(s) = z. Then there exists an external ray landing at z (see for
example [Mc, Corollary 6.4]).

Definition 1.1.1 We say that a point z € 90 is biaccessible from €2 if there
exist at least two distinct external rays landing at z (see Figure 1.1).

In the above definition, the biaccessibility from 2 does not depend on
the choice of the Riemann maps ®. In fact, it depends only the topology of
the boundary 9. By a theorem of F. and M. Riesz (see [Mi]), 0 — {z} is
disconnected whenever z € 052 is biaccessible from 2. Moreover, the converse
is true (see [Mc, Theorem 6.6]). Therefore, z € 0 is biaccessible from € if
and only if z € 00 is a cut point of 0N, namely 0f2 — {z} is disconnected.

We are interested in the topological structures of the Julia sets and the
boundaries of Fatou components. There are some results about local con-
nectivity (see for example [Mi, Pe, R, Ra]) and (bi)accessibility (see for
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Figure 1.1

example [P, Sch, Smi, Zd|). As for Siegel disks, the location of biaccessible
points is well known as given in the following proposition.

Proposition 1.1.1 Let f be a rational function of degree d > 2. Assume
that infinity co is a Siegel point. Let So be the Siegel disk with center co. If
z 18 biaccessible from Sy, then it is a periodic point of f.

Proof. We take a conformal isomorphism ¢ : C-D — S such that
P(0c0) = 0o and @' o f o (w) = Mw, where A is the multiplier at co. So A
is written as > with an irrational number 6. We consider the dynamics of
external rays in the Siegel disk S. It is easy to see f"(R;) = Ry, for all
n > 0.

If 2z is biaccessible from S, then there exist two distinct external rays
R, and R; landing at z. Since 6 is irrational, we may suppose that

s<s+NO<t<t+NO<s+1,

where N is some number. Let U; and U, be two distinct components of
C—(Rs;U{z}URy). So we may assume that f°V(R,) C Uy and f°N(R;) C U,
(see Figure 1.2).

Both f°M(R,) and f°N(R;) land at f°V(z) by the continuity of fV.
Therefore, f°N(z) € U; N Us, and thus f°V(z) = 2.

We consider which points can be biaccessible from the immediate basins
of superattracting fixed points. For quadratic polynomials with irrationally



Figure 1.2

indifferent fixed points, S. Zakeri [Za] showed the following proposition which
is an improvement of [SZ, Theorem 3].

Proposition 1.1.2 Let f.(z) = 2% + ¢ be a quadratic polynomial with an
irrationally indifferent fized point a.. Assume that zy is biaccessible from the
immediate basin Ay of infinity. Then:

e if a is a Siegel point, the critical point 0 is contained in the forward
orbit { fo"(20) }n>0 of 2o

e if a is a Cremer point, then the point « is contained in the forward
orbit { £ (20) tn>0 of 20.

In the above proposition, if « is a Cremer point, we are interested in
whether the point « is accessible or not. In fact, this is an open problem. If
the point « is accessible, then it follows from the Snail Lemma that infinitely
many external rays land at the point.

In this paper, we shall extend Proposition 1.1.2 for more general poly-
nomials and some rational functions of degree 3. In fact, such functions are
well known and selected so as to have simple locations of critical points.
However, we deal with the biaccessibility of Fatou components of genuine
rational functions, which probably has not been studied as yet.

First, we will show the following which is a small extension of the propo-
sition for polynomials with only one critical point in C.



Theorem 1.1.1 Let f.(z) = 2% + ¢ be a polynomial of degree d > 2 with an
wrrationally indifferent fixed point a. Assume that zy is biaccessible from the
immediate basin A of infinity. Then:

o if a is a Siegel point, the critical point 0 is contained in the forward
orbit { f7"(20)}n>0 of 20;

e if a is a Cremer point, either the point o is contained in the forward or-
bit { f2"(20) }n>0 of zo or the critical point 0 is contained in the forward

orbit { £ (20) tn>0 of 20-

In the above theorem, if o is a Cremer point which has the small cycles
property, then the critical point 0 is not accessible from A,, [Ki, Theorem
1.1]. Then 0 ¢ {f>™(20) }n>0, and so we can conclude that o € {f™(z0) }n>o0-
According to [Yol], every Cremer point of quadratic polynomials has the
small cycles property, so the conclusion of the second part in Proposition
1.1.2 is just @ € {f2"(20) }n>o0-

The following theorem gives an extension for some polynomials having
more than one critical point in C. However, we can make use to the sym-
metrical locations of critical points.

Theorem 1.1.2 Let go(z) = ™2 + 2¢ be a polynomial of degree d > 2 so
that the origin 1s an irrationally indifferent fived point. Let co,c1,--+ ,Cq_o
be all critical points of go in C. Assume that zy is biaccessible from the
immediate basin Ay of infinity. Then:

o if the origin is a Siegel point, there exists a critical point c;, which is
contained in the forward orbit {gg"(20) }n>0 of zo;

e if the origin is a Cremer point, either the origin is contained in the
forward orbit {gg™ (20) tn>0 of 20 or there exists a critical point c;, which
is contained in the forward orbit {gg™(z0) tn>0 of 2o-

In the above theorem, if the origin is a Cremer point which has the small
cycles property, then there exists a critical point ¢;, which is not accessible
from A, [Ki, Theorem 1.1]. In addition, the symmetry of the Julia set
implies that every critical point ¢; is not accessible from A, (see Section
1.5). Therefore, ¢; ¢ {g§"(20)}n>0 for all j, and so we can conclude that

0 € {g5"(20) }n20-



Finally, we will consider some rational functions of degree 3 which are cor-
responding to quadratic polynomials with irrationally indifferent fixed points
in a sense. Indeed, the dynamics of analytic circle diffeomorphisms with ir-
rational rotation numbers and the local dynamics of irrationally indifferent
fixed points are similar in certain respects. So we will suggest a new appli-
cation of Herman compacta to the proof of the following theorem.

Theorem 1.1.3 Let h(z) = hgo(2) = e*™2%(z — a)/(1 — az) be a rational
function so that |a| > 3 and the rotation number Rot(h|s1) is irrational. Let ¢
be the critical point of h such that |c| > 1. Assume that zy is biaccessible from

the immediate basin A of infinity. Then the critical point c is contained in
the forward orbit {h°™(zo) }n>0 of 2o-

In the above theorem, we fix |a] > 3 and consider the one-parameter
family hgq(2) = €™22(2 — a)/(1 — az) with @ of rational functions. From
the continuity and the monotonous increasing of the rotation function 6 —
Rot(hgalst), we can adjust the rotation number to be any desired irrational
constant (see [MS, Section 1.4]).

1.2 Local dynamics

In this section, we suppose that f is a rational function of degree d > 2
and consider the local dynamics of f. We introduce Siegel compacta and
Herman compacta. They are essential for the proofs of the theorems. First,
we mention about the linearizability.

Definition 1.2.1 Let zy be an irrationally indifferent fixed point of f. Let
A be the multiplier at z, so it is written as e*™ with an irrational number
0. If there exists a local holomorphic change of coordinate z = ®(w), with
®(0) = 2, such that ®~! o f o @ is the irrational rotation w — e**%w near
the origin, then we say that f is linearizable at the point z.

An irrationally indifferent fixed point 2y of f is either a Siegel point or a
Cremer point, according to whether f is linearizable at the point zy or not.
There are some results about the linearizability of irrationally indifferent
fixed points (see for example [Mi, Section 11]).

Definition 1.2.2 Assume that f|si : S' — S! is an analytic circle diffeo-
morphism whose rotation number Rot(f|si1) is irrational. If there exists an
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analytic circle diffeomorphism ® : S' — S' such that ® ! o f o ® is the

irrational rotation w — >/ ls1)y then we say that f is linearizable on
St.

For a general theory on analytic circle diffeomorphisms, we refer to [MS].
There are some results about the linearizability for analytic circle diffeomor-
phisms with irrational rotation numbers (see for example [Yo2]). In addi-
tion, there are fine theorem correspondences between the linearizability of
irrationally indifferent fixed points and the linearizability for analytic circle
diffeomorphisms with irrational rotation numbers (see [PM, Theorem 1.4.1]).

The following two propositions will be used for the proofs of Theorem
1.1.1 and Theorem 1.1.2.

Proposition 1.2.1 Let zy be an irrationally indifferent fized point of f. Let
U be a bounded neighborhood of zy so that the boundary OU is a Jordan closed
curve. Assume that f is univalent on a neighborhood of U. Then there exists
a set S with the following properties:

e S is compact, connected, and C-—Sis connected;
e 2 €SCU,SNAU#WD, and f(S) = S.

Moreover, f is linearizable at zy if and only if the interior IntS of S contains
20-

We say that such a set S is a Siegel compactum for (f,U). Its applications
can be found in [PM, Section IV]. The above proposition is described in [PM,
Theorem 1], however, we do not assume that f~! is defined and univalent
on a neighborhood of U. In fact, the condition leaves no impression on the
results.

Proposition 1.2.2 Assuming the hypothesis in Proposition 1.2.1, let S be
a Siegel compactum for (f,U). Then:

e if zy is a Siegel point, there are no points which are biaccessible from

C-S;

e if 2o is a Cremer point, then the point zo 1s the only possible point which
is biaccessible from C — S.



Proof. This proof is referred from the explanations of [Za, Proposition 1]

and [SZ, Proposition 2]. We use proof by contradiction.
First, assume that zy is a Siegel point and there exists a point z which

is biaccessible from C — S. Let ® : C — D — C — S be a conformal isomor-
phism such that ®(co) = co. So g = @ ! o f o ® is univalent on an outer
neighborhood of S!. Then g is extended and univalent on a neighborhood of
S by the reflection principle. Furthermore, the rotation number Rot(gls:)
corresponds to the irrational number § which satisfies A = > where )\ is

the multiplier at zy [PM, Theorem 2].
Let R, and R; be two distinct external rays land at z. Let X be the

component of IntS which contains the Siegel point zy. Clearly, f(X) = X.
Let V' be the component of C— (R;U{z}UR;) which does not contain X. We
cut off V along an equipotential curve E,., and thus have the Jordan domain
W which is contained in V. Then D = ®~1(W — S) has the interval I C S*

as a part of its boundary (see Figure 1.3).

t
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Figure 1.3

Since the rotation number Rot(g|s:) is irrational, there exists N such that
Uj.vzo g% (I) = S'. We could take a more smaller r > 1, so that g, g°%,--- , g°V

are univalent on D, and furthermore, Uj.V:O g% (D) is an outer neighborhood

of S*.
Then f, f°2,---, f°N are univalent on W — S, and thus Uj.V:O fI(W = 9)
is an outer neighborhood of S. So any point of the boundary X C 0S can

be approximated by some sequence in Uj.\;o fo9(W — S). Now the injectivity
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of f implies that each Jordan domain f°/(1) does not intersect X, therefore,
foI(W)N X contains at most one point f°/(z). This contradicts that X has

infinitely many points.

Now, assume that zo is a Cremer point and there exists a point z # 2o
which is biaccessible from C — S. Let @ : (C D — C — S be a conformal
isomorphism such that ®(cc) = co. So g = &~ 'o fod is univalent on an outer
neighborhood of St. Then g is extended and univalent on a neighborhood of
S! by the reflection principle. Furthermore, the rotation number Rot(gls:)
corresponds to the irrational number # which satisfies A = e?™_ where )\ is
the multiplier at zy [PM, Theorem 2].

Let R, and R; be two distinct external rays land at z. Let V be the
component of C — (R U {z} U R;) which does not contain zy. We cut off V
along an equipotential curve E,., and thus have the Jordan domain W which
is contained in V. Then D = ®~}(W — S) has the interval I C S' as a part

of its boundary (see Figure 1.4).
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Figure 1.4

Since the rotation number Rot(g|s:) is irrational, there exists NV such that
Ué\fzo g% (I) = St. We could take a more smaller r > 1, so that g, g°2,--- , g°V

are univalent on D, and furthermore, U;V:o g% (D) is an outer neighborhood

of St.
Then f, f°2,---, f°N are univalent on W — S, and thus U;VZO foIW —
S) is an outer neighborhood of S. So the Cremer point 2y € 0S can be

approximated by some sequence in U;-V:o o9 (W —S). However, the injectivity

11



of f implies that each Jordan domain f° (W) does not contain 2z, and each

f°9(z) is not zg, therefore, fo1(W)N{z} = 0.

The following two propositions will be used for the proof of Theorem
1.1.3.

Proposition 1.2.3 Let U be a bounded annular neighborhood of S' such that
the boundary OU consists of two Jordan closed curvesy; C C—D and vy, C D.
Assume that f is univalent on a neighborhood of U and fls1 : St — St is an
analytic circle diffeomorphism whose rotation number Rot(f|s1) is irrational.
Assume that f(U) does not contain the bounded component of@ — 2. Then
there exists a set H with the following properties:

e H is compact, connected, and C—H has Just two connected components;
e S'CHCU HNy #0, HNyy #0, and f(H) = H.

Moreover, f is linearizable on S if and only if the interior IntH of H contains
St.

We say that such a set H is a Herman compactum for (f,U). The above
proposition is described in [PM, Theorem V.1.1]. We do not assume that
f~!is defined and univalent on a neighborhood of U, however, we add the
assumption that f(U) does not contain the bounded component of C — .

Proposition 1.2.4 Assuming the hypothesis in Proposition 1.2.3, let H be
a Herman compactum for (f,U). Then there are no points which are biac-
cessible from the unbounded component of C — H.

In the rest of this section, we shall show the above two propositions.

Lemma 1.2.1 Let U be a bounded annular neighborhood of S' such that the
boundary OU consists of two Jordan closed curves v, C C —D and v, C
D. Assume that f is univalent on a neighborhood of U and fls1 : S' —
S is an analytic circle diffeomorphism whose rotation number Rot(f|si) is
Diophantine. Then the Herman ring H intersects both v and ~s.

Proof. This proof is referred from the proof of [PM, Theorem I1.3.1]. Since
the rotation number Rot(f|s:) is Diophantine, f is linearizable on S' [Yo2,
Theorem 1.4]. So we have the Herman ring H such that S! C H.
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We use proof by contradiction. Assume that H N~y = 0. Let {K,}n>1
be a sequence of closed annuli in the Herman ring H such that f(K,) = K,,
K, C IntK,,; and :Z K, = H. So K, converges to H in the sense of
Hausdorff convergence. Let €2, be the unbounded component of C - K,,
let Q be the unbounded component of C — H. So 2, converges to ) with
respect to oo in the sense of Carathéodory kernel convergence. We consider
the following conformal isomorphisms

@n:@—ﬁéﬂn, »:C-D—=Q

so that @, (c0) = ®(00) = o0, lim, o Pp(2)/2z > 0 and lim, o, (2)/z > 0.
So ®,, converges locally uniformly to & by the Carathéodory kernel theorem
(see for example [Po, Theorem 1.8]).

Since f is univalent on a neighborhood of U and H N~ = 0, there exists
ro > 1 such that ¢ = ® 1o f o ® is univalent on {z : 1 < |z| < r}. So
gn = ® 1o fod, is also univalent on {z : 1 < |z| < 79}. By the reflection
principle, g, and g are extended and univalent on {z : 1/ry < |z| < ro}. We
fix r such that 1 < r < ry. Since ®,, converges locally uniformly to ®, g,
converges uniformly to g on rS!. So g, converges uniformly to g on S'/r. By
the maximum principle, g, converges uniformly to g on {z: 1/r < |z| < r},
particularly on S!.

Let L, be the outer boundary of K, let L be the outer boundary of the
Herman ring . We notice that the dynamics of g, on S! corresponds to
the dynamics of f on L,. Since L, is a Jordan closed curve in the Herman
ring ‘H such that f(L,) = L,, the dynamics of f on L, corresponds to the
dynamics of the irrational rotation z — e2™Rtls1) z  Therefore, the rotation
number Rot(g,|s1) corresponds to Rot(f|si). Then,

Rot(gls1) = nglfoo Rot(gn|st) = n1—1>I—&I-loo Rot(f|s1) = Rot(f]s1)-

Therefore, Rot(g|s1) is Diophantine, and thus g is linearizable on S!. So we
can take a Jordan closed curve 7 in an outer neighborhood of S! such that
g(n) = n, and thus ®(n) is a Jordan closed curve such that f(®(n)) = ®(n).
Let V be the Jordan annular domain which is surrounded by ®(n) and S*
(see Figure 1.5).

We notice f(V) = V. Moreover, the dynamics of f on V' corresponds to
the dynamics of the irrational rotation z — e2™R%/fls1)» by the classification
theorem of dynamics on hyperbolic surfaces (see for example [Mi, Theorem

13



Figure 1.5

5.2]). Then L C V C Fy. This contradicts that L is the outer boundary of
the Herman ring H. Therefore, we conclude H N~y # 0. It is possible to see
H N~y # D, as in the above argument.

Proof. (Proof of Proposition 1.2.3) This proof is referred from [PM,
Section I11.2]. Since the rotation number Rot(f|s:) is irrational, there exists
a sequence {ay, },>1 such that lim, s, a, = 0 and each f,(z) = e?™" f(2)
has the rotation number Rot(f,|s1) which is Diophantine (see also [MS,
Lemma 4.1]). So f, is univalent on a neighborhood of U.

From Lemma 1.2.1, we take the closed annulus H,, in the Herman ring
H,, of f, with the following properties:

e H, is compact, connected, and C — H,, has just two connected compo-
nents;

e S'CH,CU, H,Ny #0, HyNyp # 0, and f.(H,) = H,.

Every H, is contained in U, so there exists a subsequence {H,,};>1 and a
set H' such that H,, converges to H' in the sense of Hausdorff convergence.
Then H' has the following properties:

e H’is compact and connected;
e S'CH CcU,HNv #0and H Ny # 0.

Since f,, converges uniformly to f on U, it follows from [PM, Lemma
[11.1.2] that f,,(H,,) converges to f(H’) in the sense of Hausdorff conver-
gence. Then f,.(H,,) = H,, implies f(H') = H'. Let H be the union of H’
and all the components of C — H’ contained in U. So C — H has just two
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connected components. Since f(U) does not contain the bounded component
of C—,, it is not difficult to see f (H) = H, and thus H satisfies the required
properties.

Now, we show the last part of Proposition 1.2.3. If f is linearizable on S!,
it is obvious that S! C IntH. Conversely, assume that S! C IntH. Let V be
the component of Int H which contains S'. So V' is conformally isomorphic
to some annulus, and f(V') = V. The dynamics of f on V corresponds to
the dynamics of the irrational rotation z — e2™Rot{fls1) 2 by the classification

theorem of dynamics on hyperbolic surfaces. Therefore, f is linearizable on
St.

The following lemma corresponds to [PM, Theorem 2].

Lemma 1.2.2 Assuming the hypothesis in Proposition 1.2.3, let H be a Her-
man compactum for (f,U). Let Q be the unbounded component of C — H,
let ® : C—D — Q be a conformal isomorphism such that d(00) = 0.
So g =® 1o fod is univalent on an outer neighborhood of S'. Then g
is extended and univalent on a neighborhood of St by the reflection princi-
ple. Furthermore, the rotation number Rot(g|st) corresponds to the rotation
number Rot(flst).

Proof. First, we show that there exists a Herman compactum H for (f,U)
such that Rot(g|s:) = Rot(f|st). It is referred from the proof of [PM, Lemma
I11.3.3]. Since the rotation number Rot(f|s:) is irrational, there exists a
sequence {a,},>1 such that lim, . a, = 0 and each f,(z) = e*™ f(2)
has the rotation number Rot( f,|s:) which is Diophantine. So f,, is univalent
on a neighborhood of U.

From Lemma 1.2.1, we take the closed annulus H,, in the Herman ring
H,, of f, as the Herman compactum for (f,,U). Every H, is contained in U,
so there exists a subsequence {H,, };>1 and a set H' such that H,,, converges
to H' in the sense of Hausdorff convergence.

Since f,, converges uniformly to f on U, it follows from [PM, Lemma
I11.1.2] that f,,(H,,) converges to f(H’) in the sense of Hausdorff conver-
gence. Then f,,(H,,) = H,, implies f(H') = H'. Let H be the union of H’
and all the components of C — H' contained in U. It is not difficult to see
that H is a Herman compactum for (f,U).

Let €2,,, be the unbounded component of @—Hm, let @, : C-D— 2, be

a conformal isomorphism so that ®,, (c0) = co. For the sake of convenience,
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we assume that lim, ., ®,,(2)/z > 0 and lim,_,,, (z)/z > 0. We notice that
(2 is the unbounded component of C-H , and is the unbounded component
of C — H" as well. So Q,,, converges to {2 with respect to oo in the sense of
Carathéodory kernel convergence, and thus ®,,, converges locally uniformly
to ® by the Carathéodory kernel theorem.

Since f is univalent on a neighborhood of U, there exists ry > 1 such that
g=®"o fo®isunivalent on {z : 1 < [z| < ro}. So gn, = P! 0 fr, 0 Py,
is also univalent on {z : 1 < |z| < 19}. By the reflection principle, gy,
and g are extended and univalent on {z : 1/ry < |z] < ro}. We fix r such
that 1 < r < 7y. Since ®,, converges locally uniformly to ®, g,, converges
uniformly to g on rS'. So g,. converges uniformly to g on S'/r. By the
maximum principle, g,, converges uniformly to g on {z : 1/r < |z] < r},
particularly on S!.

Let L,, be the outer boundary of H,,. We notice that the dynamics
of g,, on S' corresponds to the dynamics of f, on L,,. Since L,, is a
Jordan closed curve in the Herman ring H,, such that f, (L,,) = Ly,, the
dynamics of f,, on L, corresponds to the dynamics of the irrational rotation
z 3 e2mRot(fnilst) 2 - Therefore, the rotation number Rot(g,,|s1) corresponds
to the rotation number Rot(f,,|s1). Then,

Rot(gls1) = lim Rot(gn[s1) = lim Rot(fnls1) = Rot(fls:).

Now, we show that such the rotation number Rot(g|s:) does not depend
on choosing the Herman compactum H for (f,U). It is referred from the
proof of [PM, Lemma I11.3.4]. We fix a Herman compactum H for (f,U). A
sequence {z, }nez is called a full orbit of zy if 2,11 = f(2,) for all n € Z, and
we denote by O(z). Let Hjps be the connected component of the set {z €
U : 30(z) C U} which contains S'. Clearly, f(Hy) = Hy and H C Hy. It
is not difficult to see that Hj, is the maximal Herman compactum for (f,U).

Let €25 be the unbounded component of C— Hy, let @y C D— Qu
be a conformal isomorphism such that ®,,(c0) = co. So g = ¢, ofo<PM is
univalent on an outer neighborhood of S*. Then g, is extended and univalent
on a neighborhood of S' by the reflection principle.

We fix a point z € H N~y C Hy Nyy. Since 7, is a Jordan closed curve,
the point z is accessible from the unbounded component of C — U, and is
accessible from €2, as well. Let n C Qy; C ) be a path converging to z. Then
®~1(n) converges to some point w € S* and ®,; (1) converges to some point
wyr € St (see [Mc, Corollary 6.4]). Now the conformal isomorphism ®~to®;,
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preserves the cyclic ordering between {g°™(®~1 (1)) }n>0 and {g5% (@17 (1)) hnso
(see Figure 1.6).

m

Figure 1.6

Therefore, the cyclic ordering of {g°"(w)},>0 corresponds to the cyclic
ordering of {¢5} (war) }n>0, and thus Rot(g|si) = Rot(gaslst).

Proof. (Proof of Proposition 1.2.4) The method of the proof is similar
to that of Proposition 1.2.2. We use proof by contradiction.

First, we consider the case where f is linearizable on S'. Assume that
there exists a point z which is biaccessible from the unbounded component
Qof C—H. Let ® : C—D — Q be a conformal isomorphism such that
P(c0) = 0. So g = P! o fod is univalent on an outer neighborhood of S'.
Then g is extended and univalent on a neighborhood of S! by the reflection
principle. From Lemma 1.2.2, the rotation number Rot(g|s1) corresponds to
the rotation number Rot(f|s1).

Let R; and R; be two distinct external rays land at z. Let X be the
component of IntH which contains S!, let L be the outer boundary of X.
Clearly, f(X) = X and f(L) = L. Let V be the component of C — (Rs U
{z} U R;) which does not contain L. We cut off V' along an equipotential
curve E,., and thus have the Jordan domain W which is contained in V.

17



Then D = &~ 1(W — H) has the interval I C S' as a part of its boundary
(see Figure 1.7).
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Figure 1.7

Since the rotation number Rot(g|s:) is irrational, there exists N such that
U;VZO g% (I) = St. We could take a more smaller r > 1, so that g, g°2,--- , g°¥
are univalent on D, and furthermore, U;-V:o g% (D) is an outer neighborhood
of S*.

Then f, f°2,---, f°V are univalent on W — H, and thus ij:o f9(W —H)
is an outer neighborhood of H. So any point of L C 02 can be approximated
by some sequence in U;.VZO (W — H). Now the injectivity of f implies that
each Jordan domain f°/(W) does not intersect L, therefore, f7(W) N L
contains at most one point f°(z). This contradicts that L has infinitely
many points.

Now, we consider the case where f is not linearizable on S!. Assume that
there exists a point z which is biaccessible from the unbounded component
Qof C— H. Let ® : C—D — Q be a conformal isomorphism such that
P(c0) = 00. So g =P 1o fod is univalent on an outer neighborhood of S!.
Then ¢ is extended and univalent on a neighborhood of S' by the reflection
principle. From Lemma 1.2.2, the rotation number Rot(g|s1) corresponds to
the rotation number Rot(f|s:).

Let Rs and R; be two distinct external rays land at z. Let V be the
component of C — (Ry U {z} U R;) which does not contain S'. We cut off V'
along an equipotential curve F,, and thus have the Jordan domain W which
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is contained in V. Then D = ®~'(W — H) has the interval I C S' as a part
of its boundary (see Figure 1.8).
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Figure 1.8

Since the rotation number Rot(g|s:) is irrational, there exists N such that
Uj.V:O g% (I) = S*. We could take a more smaller r > 1, so that g, g°%,--- , g°V
are univalent on D, and furthermore, Uj.V:O g% (D) is an outer neighborhood

of St.
Then f, f°2,---, f°V are univalent on W — H, and thus U;VZO f9(W —H)

is an outer neighborhood of H. So any point of S C 92 can be approximated
by some sequence in Uj-\[:o fo9(W — H). Now the injectivity of f implies that
each Jordan domain f*/(W) does not intersect S', therefore, f°i(W) N S!
contains at most one point f°/(z). This contradicts that S' has infinitely

many points.

1.3 Preliminaries for proofs

In this section, we shall see preparations for the proofs of the theorems. The

following notion will be often used later.

Definition 1.3.1 Let Q ¢ C be a simply connected domain which contains
00. Assume that the boundary J€2 contains at least two points. Let @ :
C — D — Q be a conformal isomorphism such that ®(c0) = co. Let Ry and
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R; be two distinct external rays land at z. Let U; and U; be two distinct
components of C — (R; U {2z} U R;). Then for each | = 1,2, angle of U, is

defined as | W@ (U1 E,)
engt - N Ly
AUy = 218 l .

2mr
It does not depend on r > 1, so it is well defined. Clearly, 0 < A(U;), A(Us) <
1 and A(U;) + A(Uz) = 1. The angle between Ry and R, is defined as
A(Rs, R;) = min{A(U;), A(Us)}. Clearly, A(Rs, R;) < 1/2 (see Figure 1.9).

t R.

—

Figure 1.9

The following two lemmas will be used for the proofs of the theorems.

Lemma 1.3.1 Let K be a compact subset of the complex plane C. Assume
that f is analytic on a neighborhood of K, there are no critical points of f in
K and f is injective on K. Then there exists € > 0 such that f is univalent
on N.(K), where N.(K) = {z € C: minyeg |z — w| < €}.

Proof. Assume that f is not univalent on N /,,(K) for alln € N. Then there
exist x, € N1/, (K) and y,, € Ny, (K) such that z,, # y, and f(z,) = f(yn).
Since {x,}n>1 is contained in N;(K'), we take a subsequence {z,,};>1 and
a point xy such that lim; ,,. x,, = z¢. Similarly, we take a subsequence
{ynij }i>1 of {yn, }i>1 and a point yo such that lim;_, Yni, = Yo- Then both
xo and o are belong to K, and

flwo) = lim flzn, )= lim fy., )= fy).

Jj—+oo J Jj—+oo
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Now f is injective on K, and thus o = yo. So f is not univalent on any
neighborhood of xy, and thus zg is a critical point of f. This contradicts that
there are no critical points of f in K.

Lemma 1.3.2 Let Q be a bounded domain by a cycle v C C which consists
of finite Jordan closed curves. Let f be a complez-valued function defined on
a neighborhood of Q. Assume that f is analytic on Q and injective on 0.
Assume that f preserves the orientation on each Jordan closed curve which
constructs a part of 2. Then €V is well defined as the bounded domain by
the cycle f(0Q2) C C, and f maps 2 conformally onto €.

Figure 1.10

Proof. From the open mapping theorem, it is easy to see that Q' is well
defined as the bounded domain by the cycle f(02) C C (see Figure 1.10).

Let wy be a point in €. Let I'(2) = f(2) — wy = w — wy. Then T'(z)
is analytic on Q and does not take the zeros on 9. From the argument
principle,

1 1
— [ dargl'(z) = —/ darg(w —wp) = N,
2w a0 2 F(69)

where NN is the number of the zeros in 2. We obtain N = 1, so there exists
the zero zg of T" in 2. Therefore, 2y is the point in 2 satisfies f(z) = wo.

Similarly, we can see that there are no points z € € such that f(z) = wy
when wy ¢ V.

1.4 Proof of Theorem 1.1.1

In this section, we consider a polynomial f.(z) = 2¢ + ¢ of degree d > 2. For
each 0 < j <d—1, let 0j(z) = e*/4z be a j/d-rotation. Then f. o0, = f.

21



implies 0,(J,) = Jy,. The origin is only one critical point of f. in C.

Assume that « is an irrationally indifferent fixed point of f.. Then the
origin is recurrent (see [Mal), so the superattracting fixed point oo is the only
critical point in the immediate basin A.. Therefore, there exists a conformal
isomorphism ® : C—D — A, such that ®(co) = oo and ®~ Lo f.o®(w) = w?.

We consider the dynamics of external rays and the equipotential curves
in the immediate basin A.,. It is easy to see that f.(R;) = Ra, fi'(Ry) =
U0 Rieasyjas fo(Br) = Epa and f7Y(E,) = Eg;. Moreover, 0j(Ax) = A
implies 0; 0 ® = ® 0 0}, so that 0;(R;) = Ryyj/q and 0,(E,) = E,.

Lemma 1.4.1 Let Ry and R; be two distinct external rays land at z # 0.
Let U be the component of C — (Rs U {z} U R;) such that A(U) = A(Rs, Ry).
Then A(U) < 1/d and 0;(U) N o, (U) =0 for j # k. Therefore, U does not
contain both two o;-symmetric points and C — U contains the origin.

Proof. Assume that A(U) > 1/d. Then A(C —U) > A(R,, R;) = A(U) >
1/d, so we may suppose that

1 1
< - <t<t+-< 1
S s+d_ +d_s—|—,

and furthermore, oy(R,) C U and o,(R;) C C — U (see Figure 1.11).

1 1
t+\T t /S+ T ,'/ Gl (Rt)

Figure 1.11

Then both Rs.1/4 and Ryy1/q land at o1(z), so o1(2) e UNC — U = dU,

and thus o1(z) = z. This implies z = 0, which contradicts the assumption

z # 0.
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Now assume that there are two distinct numbers j and & such that o;(U)N
o, (U) # 0. We have A(U) < 1/d, so we may suppose

s+l<t+l<s+ﬁ<t+ﬁ<s+l+1.
d d d d d
Two distinct external rays does not intersect, so we conclude that o;(z) =

0k(2z). This implies z = 0, which contradicts the assumption z # 0.

Lemma 1.4.2 Let R, and Ry be two distinct external rays land at z # 0. Let
U be a component of C— (R;U{z}URy;). Then the following three conditions
are equivalent to each other:

(a) A(U) < 1/d;
(b) f. is univalent on U;

(¢) U does not contain the origin.

Proof. (a)=-(b): Assume that A(U) < 1/d. So we cut off U along an
equipotential curve E,, and thus have the Jordan domain V' which is con-
tained in U. Then f. is injective on 0V and preserves the orientation, so
Lemma 1.3.2 implies that f. is univalent on V. We could take a more bigger
r > 1, so that f. is univalent on U. Moreover, f.(U) is the component of
C — f.(Rs U{z} U R;) such that A(f.(U)) = dA(U).

(b)=-(c): It is obvious.

(c)=(a): Assume that U does not contain the origin. If A(C —U) =
A(Rs, Ry), then Lemma 1.4.1 implies that U contains the origin. This con-
tradicts the assumption, and thus A(C—U) # A(Rs, R;). Therefore, A(U) =
A(Rs, R;) and thus Lemma 1.4.1 implies A(U) < 1/d.

Lemma 1.4.3 Assume that z is biaccessible from the immediate basin A,
such that o & {f"(2) }ns0 and 0 & {f2™(2) bn>o. Then there exist two distinct
external rays R, and R, with a common landing point w such that R, U{w}U
R, separates o from the origin.

Proof. Let R, and R; be two distinct external rays landing at z. Let U be
the component of C— (R;U{z}UR;) which does not contain the origin. Then
Lemma 1.4.2 implies that f. is univalent on U and thus A(f.(U)) = dA(U).
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If f.(U) does not contain the origin, then we have that f. is univalent
on f.(U) and thus A(f*(U)) = d*A(U) as the above argument. Otherwise,
fe(U) contains the origin.

By repeating the above step, we see that there exists N > 0 such that
f2N(U) does not contain the origin and foN+1(U) contains the origin. Then

c C

f. is univalent on foN(U) and thus A(fN(U)) = dVTLA(U).
If a € f2N(U), then put R, U{w} UR, = fN(R;U{z}URy).
Otherwise, if a ¢ foN(U), then we may consider the following two cases:

(1) foN(U) contains some o, (a);

(2) foN(U) does not contain any o;(c).

[

In the case (1), put R, U{w} U R, = 04—, ([N (Rs U {2} URy)).

In the case (2), if foNTH(U) contains «, then foV(U) contains one point
of inverse image of a.. Since f,!(a) = {0;(a)|0 < j < d — 1}, it follows that
foN(U) contains some o, (). However, this contradicts that foV(U) does

not contain any o;(«). Therefore, foN1(U) does not contain «, and thus we
put B, U{w} UR, = fN*H R, U {2} URy).

Proof. (Proof of Theorem 1.1.1) We use proof by contradiction. If « is
a Siegel point, assume that 0 ¢ {f2"(20) }rn>0. If @ is a Cremer point, assume
that o & {f2"(20) }n>0 and 0 & {f2"(20) }n>0. In both cases, it follows that
2p is biaccessible from A, such that a ¢ {f2"(20) }n>0 and 0 € {f2"(20) }rn>o0-

Lemma 1.4.3 implies that there exist two distinct external rays R, and
R, with a common landing point w such that R, U{w}U R, separates a from
the origin. Let U be the component of C — (R, U {w} U R,) which contains
o. Then f, is injective on U. We cut off U along an equipotential curve E,,
and thus have the Jordan domain V' which contains a.

Since V' contains no critical points of f,, it follows from Lemma 1.3.1 that
there exists a Jordan domain W such that V' C W and f. is univalent on a
neighborhood of W (see Figure 1.12).

Now we take a Siegel compactum S for (f.,W) by Proposition 1.2.1.
Then S meets the boundary dW but not 0V — {w}, so S must contain
w. Furthermore, 8(C — S) — {w} is disconnected, and thus the point w
is biaccessible from C — 3. However, the biaccessibility of w contradicts
Proposition 1.2.2.
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Figure 1.12

1.5 Proof of Theorem 1.1.2

In this section, we consider a polynomial gg(2) = €™z + 2¢ of degree d > 2.
Actually, we may consider the cases of d > 3 and thus assume that d > 3 in
the following arguments. For each 0 < j < d — 2, let 7;(z) = €*/(@=1) 7 be
a j/(d — 1)-rotation. Then gy o 7; = 7; 0 gy implies 7;(.Jy,) = J,,. So gy has
d — 1 symmetric critical points ¢; = 7;(c), where ¢ is one of the solutions of
627ri9 + dzdfl =0.

Assume that the origin is an irrationally indifferent fixed point of gg. Then
some critical point ¢, is recurrent (see [Mal), so gy o7; = 7; 0 gy implies that
every critical point ¢; is recurrent. Therefore, the superattracting fixed point
oo is the only critical point in the immediate basin A.,. Then there exists
a conformal isomorphism ® : C — D — A, such that ®(co) = oo and
P oggod(w)=w?

We consider the dynamics of external rays and the equipotential curves
in the immediate basin A,. It is easy to see that go(R;) = Ra, g;l(Rt) =
U?;é Rrjyar 9o(Er) = E,a and gy ' (E,) = Egz. Moreover, 7j(As) = Ax
implies 7; 0 ® = ® o 75, so that 7;(R;) = Riyj/a—1) and 7;(E,) = E,.

Lemma 1.5.1 Let Ry and R; be two distinct external rays land at z # 0.
Let U be the component of C — (RsU{z} U R;) such that A(U) = A(Rs, R;).
Then A(U) < 1/(d—1) and 7;(U) N 7(U) = 0 for j # k. Therefore, U does

not contain both two 7;-symmetric points and C — U contains the origin.
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The method of the proof is similar to that of Lemma 1.4.1.

Lemma 1.5.2 Let R, and R; be two distinct external rays land at z # 0. Let
U be a component of C—(RsU{z} UR;). Then the following three conditions
are equivalent to each other:

(a) A(U) < 1/d;
(b) g¢ is univalent on U;

(¢) U does not contain any c;.

Proof. The method of the proof of (a)=(b) is similar to that of Lemma
1.4.2. The proof of (b)=(c) is obvious. We give the proof of (c)=(a) here.
Assume that U does not contain any ¢;. If A(C —U) = A(R,, R;), then
Lemma 1.5.1 implies that C — U does not contain both two Tj-symmetric
points. Therefore, U contains at least one point of ¢;. This contradicts the
assumption, and thus we have A(C — U) # A(R,, R;). Therefore, A(U) =
A(Rs, R;) and we see from Lemma 1.5.1 that 7;(U) N7 (U) = 0 for j # k.
If A(U) > 1/d, then A(7;(U)) > 1/d and thus gy(7;(U)) = C. Then each
7;(U) contains at least one point of inverse image of some critical value v,,,

where v;, = go(cj,). Therefore, U;.l;g 7;(U) contains at least d — 1 points of

inverse image of v;,. However, this contradicts that C — U?;g 7;(U) contains
the critical point ¢;,. Therefore, we conclude A(U) < 1/d.

Lemma 1.5.3 Assume that z is biaccessible from the immediate basin A
such that 0 ¢ {g5"(2)}nz0 and ¢; ¢ {g5"(2)}nzo for all j. Then for each j,
there exist two distinct external rays R,, and R, with a common landing
point w; such that R,; U{w;} U R,, separates c; from the origin.

Proof. By 7j-symmetry, it is enough to show Lemma 1.5.3 for some jo.
Now let R; and R; be two distinct external rays landing at z. Let U be the
component of C — (Rs U {z} U R;) which does not contain the origin. If U
contains some c;,, put R, U{wj} UR,, = R;U{z}UR,;.

On the other hand, assume that U does not contain any ¢;. Then Lemma
1.5.2 implies gy is univalent on U and thus A(gy(U)) = dA(U).

If go(U) does not contain any c¢;, then we have that gy is univalent on
go(U) and thus A(gg*(U)) = d*A(U) as the above argument. Otherwise,
go(U) contains some c;,.
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By repeating the above step, we see that there exists N > 0 such that
95N (U) does not contain any c; and g3 *!(U) contains some c;,. Then gy is
univalent on g™ (U) and thus A(g ON“(U)) = dVTTA(U).

So we may consider the following three cases:

(1) ggN*H(U) contains only some one of c¢;;

(2) C — ggV*H(U) contains only some one of ¢;;
(3) gsNtHU) contains all ¢;.

In the case (1) and case (2), put R, U{w;,}UR = gV (R,U{z}UR,).

’UJO
Now, we consider the case (3). To simplify the notation, we set as the

following;:

Noa(riV) = M 73t0oV)

Then both W and W' are 7;-symmetrical domains, which contain the origin
as well as all ¢; (see Figure 1.13).

c:®

Co
W?
g,(L)

Figure 1.13

If W’ contains some critical value vj, = gg(c;,), then each 7;(V) contains
one point of inverse image of v;,, and thus U?;(Q) 7;(V') contains d — 1 points
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of inverse image of vj,. However, this contradicts that W = C — U;l;g 7;(V)

contains the critical point ¢;,. Therefore, W’ does not contain any v; = go(cy).

Now we may suppose that C — go(V') contains some v;, = go(cj,). For
each 0 < 7 < d — 2, we consider the following bijection:

9ol=ry - T (V) = go(m3 (V).

Then the image go(7;(V')) contains gg(L). Therefore, deggy = d implies
W N g, (ge(L)) # 0. Now we set L' =W N g, (go(L)).

If L' does not separate cj, from the origin, then there exists a continuous
curve y in W —L' between ¢;, and the origin. Then gy(7) is a continuous curve
between v;, and the origin. So go(y)Nge(L) # 0 and thus yNg, ' (ge(L)) # 0.
However, this contradicts v C W — L.

Therefore, it is concluded that L’ separates c;, from the origin, and thus
we put R, U{wj} UR,, =L

ij

Proof. (Proof of Theorem 1.1.2) We use proof by contradiction. If the
origin is a Siegel point, assume that ¢; ¢ {gg"(20) }n>o for all j. If the origin
is a Cremer point, assume that 0 ¢ {g§"(20) }n>0 and ¢; & {g5™(20) bn>o for
all j.

In both cases, it follows that z, is biaccessible from A, so that 0 ¢
{957 (20) }nz0 and ¢; ¢ {gg"(20) }n>o for all j. Lemma 1.5.3 implies that for
each j, there exist two distinct external rays R, and R, with a common
landing point w; such that R,, U {w;} U R, separates c; from the origin.
Then we may suppose that all R, U{w;} U R, are 7;-symmetrical.

Let U be the component of C — U?;g (R., U{w;} U R,,) which contains
the origin. We cut off U along an equipotential curve E,. and thus have
the 7;-symmetric Jordan domain V' which contains the origin. Then gy is
injective on dV and preserves the orientation, so Lemma 1.3.2 implies that
gp is injective on V.

Since V' contains no critical points of gy, it follows from Lemma 1.3.1 that
there exists a Jordan domain W such that V C W and gy is univalent on a
neighborhood of W (see Figure 1.14).

Now we take a Siegel compactum S for (gg, W) by Proposition 1.2.1.
Then S meets the boundary W but not 0V — U?;g{wj}, so S must contain

some wj,. Furthermore, 8(@ —5) —{wj, } is disconnected, and thus the point

w, is biaccessible from C —S. However, the biaccessibility of wj, contradicts
Proposition 1.2.2.
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Figure 1.14

1.6 Proof of Theorem 1.1.3

In this section, we consider a rational function h(z) = €*2%(z —a) /(1 —az).
Let v(z) = 1/Z be an inversion. Then howv = v o h implies v(J,) = J,. The
zeros are the origin and a, and the poles are infinity and v(a). We suppose
la| > 3 such that h|s: is an analytic circle diffeomorphism. Then both of
infinity and the origin are superattracting fixed points with local degree 2,
and thus hov = v o h implies v(A) = Ap. Let ¢ be the critical point of h
such that |c¢| > 1, and thus v(c) is also a critical point of h.

Assume that the rotation number Rot(h|s:) is irrational. If & is lineariz-
able on S!, then there exists a Herman ring H and thus S € H C Fj,. On the
other hand, if h is not linearizable on S!, then St C .J,,. In either case, some
critical point is recurrent (see [Mal), so that both ¢ and v(c) are recurrent
by howv = v o h. Therefore, each of superattracting fixed points infinity and
the origin is the only critical point in each immediate basin. We may con-
sider only the immediate basin A.. So there exists a conformal isomorphism
®:C—D — A, such that ®(co) = oo and &' o ho ®(w) = w?

We consider the dynamics of external rays and the equipotential curves in
the immediate basin A.,. Tt is easy to see that h(R;) = Ros, h™ 1 (Ry) N A =
Rt/g U R(t+1)/27 h(ET) = F. and h_l(ET) NAs = E\/;.

Lemma 1.6.1 There are no points in S* which are biaccessible from As.
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Proof. This proof is referred from the last part of the proof of [Za, Theorem
5]. We use proof by contradiction. Assume that there exists a point zy € S
which is biaccessible from A.,. Let R, and R; be two distinct external rays
landing at zg, let Uy be the component of C — (Rs U {20} U R;) which does
not contain S'. Let z, = h°*(2) and U, be the component of C — h°" (R, U
{2} U R;) which does not contain S* (see Figure 1.15).

=

Z "

Zy
|

Figure 1.15

There are no critical points in S', and so we notice that A(U,) # 1/2
for all n > 0. First, we show that A(U,) > 1/2 for some U,. Assume that
A(Uy) < 1/2. By the similar method of the proof of (a)=-(b) in Lemma
1.4.2, we see h is injective on Uy. Since 2 is not a critical point, S' ¢ h(U,),
therefore, h(Ug) = U, and A(U;) = 24(Uy). If A(U;) < 1/2, then we
similarly have that h(U;) = U, and A(Uy) = 2A(U;). By repeating the
above step, we conclude there exists Uy such that A(Uy) > 1/2.

We shall see contradiction. Let V = C — Uy. Then A(V) < 1/2 by
A(Uy) > 1/2. Since the rotation number Rot(h|si) is irrational, the orbit
{#n}n>0 is infinite. So U,, C V for all n > N 41 (see Figure 1.16).

By the above argument, we obtain that h(U,) = U, and A(U,;1) =
2A(U,) for all n > N + 1. This monotonous increasing contradicts A(U,,) <
A(V)<1/2foralln> N+ 1.

In the rest of this section, we shall use the above lemma without any
explanation.

Lemma 1.6.2 Let R, and R; be two distinct external rays land at z # c. Let
U be a component of C— (Rs;U{z}URy). Then the following two conditions
are equivalent to each other:
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Figure 1.16

(o) A(U) < 1/2;
(b) U does not contain c.

Proof. (a)=-(b): Assume that A(U) < 1/2. Then we cut off U along
an equipotential curve E,, and thus have the Jordan domain V' which is
contained in U. Then h is injective on OV and preserves the orientation. We
may consider the following two cases:

(1) S'NV = 0;
(2) St cV.

In the case (1), Lemma 1.3.2 implies that A is injective on V. We could
take a more bigger » > 1, so that h is univalent on U. Therefore, U does not
contain c.

In the case (2), we set W =V — D (see Figure 1.17).

Then h is injective on OW and preserves the orientation. So Lemma 1.3.2
implies that h is injective on W, and thus ¢ ¢ W. Since ¢ ¢ D, the domain
V' does not contain c. We could take a more bigger r > 1, so that U does
not contain c.

(b)=>(a): Assume that U does not contain c. Then C — U contains c. It
follows from the contraposition of (a)=-(b) that A(C — U) > 1/2, and thus
AU) < 1/2.
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Lemma 1.6.3 Assume that z is biaccessible from the immediate basin A,
such that ¢ ¢ {h°"(2)}n>0. Then there exist two distinct external rays R,
and R, with a common landing point w such that R, U {w} U R, separates
St from c.

Proof. Let R, and R; be two distinct external rays landing at z. Let U be
the component of C — (R; U {z} U R;) which does not contain ¢. Then U
satisfies A(U) < 1/2 by Lemma 1.6.2. If S' € U, we put R, U{w} UR, =
R,U{z} UR;. On the other hand, if S'NU = (), then we see h is univalent on
U and thus A(h(U)) = 2A(U) by the similar method of the proof of (a)=(b)
in Lemma 1.4.2.

We consider h(U) instead of U. If h(U) contains neither ¢ nor S', then
we similarly have that / is univalent on h(U) and thus A(h?(U)) = 22A(U).
Otherwise, h(U) contains ¢ or S'.

By repeating the above step, we see that there exists N > 0 such that
RN (U) does not contain ¢ nor S' and h°N*(U) contains ¢ or S'. Then
h is univalent on h°N(U) and thus A(h°NTH(U)) = 2N A(U). So we may
consider the following three cases:

(1) h°N+L(U) contains S! but not c¢;

(2) h°NFL(U) contains ¢ but not S!;
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(3) h°NFL(U) contains both ¢ and S*.

In the case (1) and case (2), put R, U{w}U R, = h°N*(R,U{z} U Ry).

Now, we consider the case (3). Since hlgengy © hN(U) — heNTHU) is
bijective, h°N(U) contains the Jordan closed curve v such that h(y) = S
So hov =wv o h implies that h~}(S) = S' U~y U v(7y) (see Figure 1.18).

oN+ °N+1
hN(R) hN 1(Rs) h (R:)

Figure 1.18

To simplify the notation, we set h°N(R,) = Ry and h°V(R;) = Ry. Let
R, = Ryi1/2, Ry = Ryy1/2, and w be their landing point. Then h(R, U
{w}UR,) = h°MTY(R,U{z} UR;). We shall see that R, U{w}UR, separates
St from c as following.

Assume that R, U {w} U R, does not separate S! from c. Let V be the
component of C— (R, U{w}UR,) which does not contain ¢, and thus it does
not contain S'. Then A(V) = A(h°N(U)) by A(V) < 1/2. So h is univalent
on V and thus A(h(V)) = 2A(V). Then A(h(V)) = 2A(V) = 2A(h°N(U)) =
A(h°NFL(U)) implies that h(V) = h°NT1(U) D S'. So V contains a preimage
of S'. This is impossible, for h=1(S!) = St U~ Uv(y).

Proof. (Proof of Theorem 1.1.3) We use proof by contradiction, and
thus assume that ¢ ¢ {h°"(zp)}n>0. Then there exist two distinct external
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rays R, and R, with a common landing point w such that R, U {w} U R,
separates S! from ¢ by Lemma 1.6.3. Let U be the component of C — (R, U
{w} U R,) which contains S'. We cut off U along an equipotential curve E,,
and thus have the Jordan closed curve v C C — . Then h is injective on
and preserves the orientation. Let V’ be the Jordan annular domain which is
surrounded by v and S'. Since V' does not contain the pole v(a), it follows
from Lemma 1.3.2 that h is injective on V’. Then h(V’) C C — D implies
that V’ does not contain the zero a.

We put V = V'US'Uv(V’). So V does not contain any of the pole v(a),
the zero a, two critical points ¢ and v(c) (see Figure 1.19).

'Ye!

&

Figure 1.19

Moreover, h is injective on V by howv = v o h. It follows from Lemma
1.3.1 that there exists a Jordan annular domain W such that V' Cc W and
h is univalent on a neighborhood of W. We may suppose that both W and
h(W) do not contain the origin.

Now we take a Herman compactum H for (h, W) by Proposition 1.2.3.
Then H meets the outer component of the boundary W but not v — {w},
so H must contain w. Let 2 be the unbounded component of C — H. Then
0 — {w} is disconnected, and thus the point w is biaccessible from (.
However, the biaccessibility of w contradicts Proposition 1.2.4.
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Chapter 2

Periodic points on the
boundaries of rotation domains
of some rational functions

2.1 Introduction and the main theorem

The dynamics on a periodic Fatou component is well understood, actually
there are three possibilities. They are the attracting case, the parabolic case
or the irrational rotation case. However, it is difficult to see the dynamics
on the boundary of a periodic Fatou component. A positive answer to the
question of local connectivity of the boundary sometimes gives a model of
the dynamics. Even when the boundary fails to be locally connected, we are
interested in the dynamics of the boundary. Especially, we may ask can the
boundary have a dense orbit or a periodic orbit?

It is interesting that the periodic points on the boundary 0 of an im-
mediate attracting or parabolic basin €2 are dense in 052 [PrZ, Theorem A].
According to [RY, Theorem 1], if Q is a bounded Fatou component of a
polynomial that is not eventually a Siegel disk, then the boundary 92 is a
Jordan curve. For a geometrically finite rational function with connected
Julia set, the Julia set is locally connected [TY, Theorem A, and thus every
Fatou component is locally connected.

We are interested in the topological structures of the boundaries of rota-
tion domains and the dynamics on the boundaries. There are some results
about the Julia sets which contain the boundaries of Siegel disks (see for
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example [ABC, He, Pe, PZ, R, Ro]).

If the boundary 02 of a Siegel disk €2 is locally connected, then it follow
from the Carathéodory’s theorem in conformal mapping theory that OS2 is
a Jordan closed curve and the dynamics on 0f) is topologically conjugate
to an irrational rotation. In particular, there are no periodic points on the
boundary 0f).

According to R. Pérez-Marco, the injectivity on a simply connected neigh-
borhood of the closure of a Siegel disk implies that no periodic points on the

boundary of the Siegel disk. More precisely, we have the following proposition
[PM, Theorem 1V.4.2].

Proposition 2.1.1 Let Q) be an invariant Siegel disk of a rational function
R, and let U be a neighborhood of Q so that the boundary OU consists of a
Jordan closed curve . If R is injective on a neighborhood of U, and both of
v and R(v) are contained in a component of C — Q, then the boundary 09
contains no periodic points.

In general, it may be hard to find a Jordan domain where the function
is injective. The following theorem implies that there are still no periodic
points except for the Cremer points on the boundary of invariant rotation
domains even when the injective neighborhood is not a Jordan domain.

Theorem 2.1.1 Let Q be an invariant rotation domain of a rational func-
tion R, and let U be a neighborhood of ). If R is injective on U, then the
boundary 0S) contains no periodic points except Cremer points.

In the last section, we will discuss some related topics.

2.2 Basic definitions

Let C = CU {o0} be the Riemann sphere, and let R : C — C be a rational
function of degree at least two. We define the Fatou set of R as the union of
all open sets U C C such that the family of iterates { R"} is equicontinuous
on U, and the Julia set of R as the complement of the Fatou set of R. We
denote the Julia set of R by J(R) and the Fatou set of R by F(R). The
Fatou set F(R) is a completely invariant open set and the Julia set J(R)
is a completely invariant compact set. Their fundamental properties can be
found in [Be, Mi].
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For each periodic point 2z, with period k, the multiplier is defined as
(R*)(20) and we denote by A. A connected component of the Fatou set
F(R) is called a Fatou component.

A periodic point zy with period k is called attracting if |[A\| < 1. Then
the point z is contained in the Fatou set F/(R). The Fatou component {2
containing the point zy is called the immediate attracting basin of zy. Then
{(RF)"} converges locally uniformly to 2, on €.

A periodic point zg with period k is called parabolic if A is a root of unity,
or equivalently there exists an rational number p/q such that A = e2™/q,
Then the point z is contained in the Julia set J(R). A Fatou component {2
whose boundary contains the point zj is called an immediate parabolic basin
of z if {(R**)"} converges locally uniformly to zy on Q.

A periodic point zo with period k is called irrationally indifferent if |\| = 1
but A is not a root of unity, or equivalently there exists an irrational number
6 such that A = €™ Then we distinguish between two possibilities. If the
point zy lies in the Fatou set F'(R), we say that a Siegel point. The Fatou
component {2 containing the Siegel point zy is called the Siegel disk with
center zy. Then €2 is conformally isomorphic to the unit disk D, and the
dynamics of R* on € corresponds to the dynamics of the irrational rotation
Az on D. Otherwise, if the point zy belongs to the Julia set J(R), we say
that a Cremer point.

A periodic point zy is called weakly repelling if A = 1 or |[A\| > 1, in
particular, is called repelling if |[A\| > 1. It well known that the repelling
periodic points are dense in the Julia set J(R) and the non-repelling periodic
points are finite.

A periodic Fatou component 2 with period k is called a Herman ring
if 2 is conformally isomorphic to some annulus A, = {2z : 1/r < |z] < r}.
Then the dynamics of RF on € corresponds to the dynamics of an irrational
rotation on A,. We say that a Siegel disk or a Herman ring is a rotation
domain. It well known that every Fatou component is eventually periodic,
and a periodic Fatou component is either an immediate attracting basin or
an immediate parabolic basin or a Siegel disk or a Herman ring.

2.3 Local surjectivity

In this section, we shall see local surjectivity of rational function R of degree
at least two. The notion of local surjectivity is referred from [Sch].
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Definition 2.3.1 Let € be a Fatou component, and let zg € 0€). We say R
is locally surjective for (zp,€2), if there exists € > 0 such that R(N N Q) =
R(N) N R(R2) for any neighborhood N C B.(z) = {z : d(z, z0) < €} of 2.

Lemma 2.3.1 Let 2 be a Fatou component, and let zog € 0. Assume that R
is locally surjective for (29,), (R(20), R(2)), -+, (R"'(29), R"Y(Q)). Then
R™ is locally surjective for (zo,$2).

Proof. It follows from the assumption that there exists € > 0 such that
R(NNQ)=R(N)NR(Q),

R(R(N) N R()) = R(R(N)) N R(R(Q)),

R(R"(N) N R"(Q)) = R(R"'(N)) N R(R""1Q)),
for any neighborhood N C B.(z) of zp. So R*(N N Q) = R*(N) N R"(Q).

The following two propositions are described in [Sch]. Since the proofs
are not given in [Sch], we will give proofs for the sake of completeness.

Proposition 2.3.1 Let 2 be a Fatou component, and let zg € OS). Assume
that zy is not a critical point, and there exists a Fatou component € #
such that zo € 092 and R(Y) = R(Q). Then R is not locally surjective for
(Z(), Q) .

Proof. Since zj is not a critical point, for any € > 0 there is a sufficiently
small neighborhood N C B.(zp) of zy such that R|y : N — R(N) is a
homeomorphism. Then R(NNQ)NR(NNQ) =0 and R(NNQ) C R(N)N
R(Y) = R(N)N R(Q2). Therefore, RGN NQ) C R(N)NR(Q) —R(NNY) C
R(N) N R(R).

Proposition 2.3.2 Let Q be a Fatou component, and let zy € 0S). Assume
that R is not locally surjective for (2q,€)). Then there exists a Fatou compo-

nent ' # Q such that zy € 0 and R(Q2') = R().
Proof. From the assumption, for each n € N there exists a neighborhood

Ny, C Bi/n(20) of zg such that R(V,, N Q) € R(N,) N R(2). Hence, there is a
point z, € N,, —Q so that R(z,) € R(N,)NR(2) — R(NNQ). Let £, be the
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Fatou component contains z,. Then, €, # Q and R(€2,) = R(Q2). Thus, we
can set ' = ), for a subsequence {n;}. Then z,, € Q" and lim;_, » z,, = 2o,
therefore, zy € 0€Y'.

As it has been pointed out in [Sch], the above proposition implies that if
Q2 is a completely invariant Fatou component and z, € 0€2, then R is locally
surjective for (zo, ().

Lemma 2.3.2 Let Q be a Fatou component, and let zg € 0N). If R is injective
on a neighborhood V' of the boundary OS2, then R is locally surjective for
(Z(), Q) .

Proof. Since R is injective on the neighborhood V' of 02, there are no
Fatou components of R~!(R(€)) which contain z; on their boundaries. By
the contraposition of Proposition 2.3.2; the proof is finished.

For a Fatou component whose boundary contains no critical point, the
injectivity on the closure implies local surjectivity.

Theorem 2.3.1 Let Q) be a Fatou component. Assume that R is injective
on 2 and the boundary OS2 contains no critical points. Then, either R is
injective on the boundary OS2 or there exists zg € OS) such that R is not
locally surjective for (zg,(2).

Proof. Suppose that R is injective on 0f) and let zy € 0f). Then, R is
injective on a neighborhood V' of the boundary 02 (see also [Im1, Lemma
3.1]). Therefore, R is locally surjective for (zq,2) by Lemma 2.3.2.

Now suppose that R is not injective on 0f2. Then, there are two distinct
points zg € 02 and wy € 02 such that R(zp) = R(wp). Since the boundary
02 contains no critical points, there exists € > 0 such that B.(z9)NB.(wg) = ()
and R|p,(z) @ Be(20) = R(Be(29)) is a homeomorphism. Let w, € € be a
sequence so that lim, ., w, = wy. For any neighborhood N C B.(z) of
29, the image R(N) is a neighborhood of R(zp). Since lim, o R(w,) =
R(wg) = R(zp), there is some point R(w,) in R(N). From the injectivity of
R|q, there is no point in N N Q whose image is equal to the point R(wy,).
Then, R(w,) € R(N)NR(2) — R(NNQ), and thus R(NNQ) C R(N)NR(N).
Therefore, R is not locally surjective for (2, 2).

Since R is injective on a rotation domain, the following corollary argues
that the injectivity on the boundary implies local surjectivity.
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Corollary 2.3.1 Let Q2 be an invariant rotation domain. Assume that the
boundary OS2 contains no critical points. Then, either R is injective on the
boundary OS2 or there exists zy € OS) such that R is not locally surjective for
(Z(), Q) .

2.4 The proof of the main theorem

Definition 2.4.1 Let Q C C be a Fatou component. A point z € 09 is
called accessible from € if there exists a continuous curve v : [0,1) —
such that lim, » y(s) = z. We say that such a curve v is a periodic curve if
RF(vy) C 7y or R¥(v) D v for some k.

We show Theorem 2.1.1 by using the following key proposition [Sch,
Theorem 1].

Proposition 2.4.1 Let Q) be an invariant Fatou component, and let zy € OS)
be a weakly repelling fixed point. If R is locally surjective for (zq,€2), then zo
is accessible from Q by a periodic curve.

So we have the following lemma.

Lemma 2.4.1 Let Q) be an invariant Fatou component, and let zg € 0S) be a
parabolic fixed point. If R is locally surjective for (2o,$2), then zo is accessible
from € by a periodic curve.

Proof. Let A = e?™/9 be the multiplier at z,. It is clear that Q is an
invariant Fatou component for R?. So (R?)'(zp) = A\ = 1 and thus z, is a
weakly repelling fixed point of R?. Since R"(zp) = zp and R™"(2) = Q for
0 <n < ¢, Lemma 2.3.1 implies that R? is locally surjective for (zg,2). From
Proposition 2.4.1, 2, is accessible from {2 by a periodic curve for RY. This
curve is periodic for R.

Proof. (Proof of Theorem 2.1.1) We give the proof by contradiction.
Suppose that the boundary 02 contains a periodic point zy with period k
which is not a Cremer point. So the point z, is a parabolic or repelling
fixed point of R¥. It is clear that R"(Q) = Q and R"(z) € 99 for 0 <
n < k, and thus  is an invariant Fatou component for R*. Since R is
injective on U, it follows from Lemma 2.3.2 that R is locally surjective for

20,2, (R(20),9), -+, (RF"(2), Q). Lemma 2.3.1 implies that R* is locally
(
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surjective for (zg,(2). By Proposition 2.4.1 and Lemma 2.4.1, the point 2 is
accessible from € by a periodic curve for R¥. This contradicts that € is a
rotation domain.

2.5 Some related topics

In this section, we shall give some results on related topics. First, similarly to
Proposition 2.1.1, we formulate the following proposition related to Herman
rings and give the proof.

Proposition 2.5.1 Let Q2 be an invariant Herman ring of a rational function
R, and let U be a neighborhood of 0 so that the boundary OU consists of two
Jordan closed curves v and ' which are separated by invariant curves in the
Herman ring ). If R 1is injective on a neighborhood of U, and both of v and
R(v) are contained in a component V of C—Q, and both of v' and R(Y') are
contained in a component V' of C — Q, then the boundary 090 contains no
periodic points.

Proof. This proof is referred from the proof of [PM, Theorem 1V.4.2]. We
give the proof by contradiction. Suppose that the boundary 92 contains a
periodic point with period k. Then, the periodic orbit O = {z1, 29, -+ , 21}
is contained in a component L of the boundary 0. Let {K,} be a sequence
of invariant closed annuli in the Herman ring €2 such that K, C IntK,
and J2) K,, = Q. Then {K,} converges to Q in the sense of Hausdorff
convergence. Let € be the filled set of Q) such that Q = C — (VuV’). By
the assumption, we note that R|g : Q- Qisa homeomorphism.

The component L contains either 9V or dV’. For the sake of convenience,
we may assume that L contains V', and furthermore, V' contains infinity oo.
Let V,, be the component of C — K,, which contains co. Since { K, } converges
to Q in the sense of Hausdorff convergence, {V,,} converges to V with respect
to oo in the sense of Carathéodory kernel convergence. We consider the
following conformal isomorphisms

$,:C-D—>V, &:C-D—V

so that ®,(c0) = ®(00) = 00, lim, 0o Pn(z)/z > 0 and lim, o P(2)/2 >
0. So {®,} converges locally uniformly to ® by the Carathéodory kernel
theorem (see for example [Po, Theorem 1.8]). There exists r > 1 such that
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gn =P 1oRo®, and g = ® ' o Ro® are injective on {z : 1 < |z| < r}. By
the reflection principle, g, and g are extended and injective on A,. We fix
r’ such that 1 < " < r. Since {®,} converges locally uniformly to ®, {g,}
converges uniformly to g on ’S'. Thus, {g,} converges uniformly to g on
(1/7)S'. By the maximum principle, {g,} converges uniformly to g on A,
particularly on the unit circle S*.

Let L, be the component of 0K, which is close to L. We notice that the
dynamics of g, on S' corresponds to the dynamics of R on L,,. Since L, is an
invariant curve in the Herman ring €2, the dynamics of R on L,, corresponds
to the dynamics of an irrational rotation z — e?™ 2. Therefore, the rotation
number Rot(g|s:) is calculated as follows:

Rot(gls:) = lim Rot(gy|si) = lim 6 =6.
n—-+oo n—-+oo

Now let O/, = ®1(0), so O/, is a periodic orbit of g, with period k. Since
{K,} converges to  in the sense of Hausdorff convergence, we see that O/,
get close to S' as n — 400. More precisely, there are subsequence {0}, }
and a set O’ C S' so that {O), } converges to O in the sense of Hausdorff
convergence. Since O), = ®,1(0) are finite sets, so the limit set O’ is a
finite set. Moreover, g,,(0,, ) = O, implies that g(O') = O’ (see also [PM,
Lemma I11.1.2]), and thus ¢ has a periodic point on S'. This contradicts that
the rotation number Rot(g|s:) = € is irrational.

We consider the topology of the boundary of a Siegel disk.

Definition 2.5.1 Let K C C be a non-degenerate continuum. We say zp €
K is a cut point of K if K — {2} is disconnected.

Theorem 2.1.1 implies the following corollary, which asserts that the
finiteness of cut points on the boundary of a Siegel disk follows from the
injectivity of a neighborhood of the boundary.

Corollary 2.5.1 Let §) be an invariant Siegel disk of a rational function R,
and let U be a neighborhood of Q). If R is injective on U, then there are at
most finitely many cut points of the boundary 0S2.

Proof. Assume that zg € 02 is a cut point of the boundary 0€2. Then, z
is biaccessible from €2, and thus 2, is a periodic point (see [Im1, Definition
1.1 and Proposition 1.1]). It follows from Theorem 2.1.1 that z, must be
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a Cremer point. Since there are at most finitely many Cremer points, the
proof is finished.

Now we consider the following two functions. Let P(z) = >z + 2% be
a quadratic polynomial with § € R — Q. Let B(z) = e 22(z —a)/(1 —
az) be a cubic Blaschke product so that |a| > 3 and the rotation number
Rot(B|s:) = 0 € R — Q. We compare the dynamics of P and the Julia set
J(P) with the dynamics of B and the Julia set J(B).

Definition 2.5.2 If there exists a local holomorphic change of coordinate
z = ®(w), with ®(0) = 0, such that ®=' o P o ® is the irrational rotation
w — e?™w near the origin, then we say that P is linearizable at the origin.

The origin is either a Siegel point or a Cremer point, according to whether
P is linearizable at the origin or not.

Definition 2.5.3 If there exists an analytic circle diffeomorphism ® : S —
S! such that ®~! o B o ® is the irrational rotation w — e*™%w, then we say
that B is linearizable on the unit circle.

The unit circle is contained in either the Fatou set F/(B) or the Julia set
J(B), according to whether B is linearizable on the unit circle or not.

Suppose that P is not linearizable at the origin and B is not linearizable
on the unit circle. It follows from [PM, Theorem 1 and Theorem V.1.1] that
there are Siegel compacta in J(P) and Herman compacta in J(B). There is
a recurrent critical point c¢p € J(P) whose forward orbit {P"(cp)},n>0 accu-
mulates the origin, and there is a recurrent critical point cg € J(B) whose
forward orbit {B"(cg)}n>0 accumulates the unit circle (see [Ma, Theorem
1)).

Let Q2p be the immediate attracting basin of infinity with respect to the
dynamics of P, and let Qg be the immediate attracting basin of infinity
with respect to the dynamics of B. A. Douady and D. Sullivan [Su, Theo-
rem 8] has shown that 0Qp = J(P) is not locally connected (see also [Mi,
Corollary 18.6]). It follows from [R, Lemma 1.7 and Proposition 1.6] that
the unit circle is contained in the boundary 0€2g, and the boundary 0)p is
not locally connected. In particularly, the Julia set J(B) is not locally con-
nected. Therefore, we conclude that both of the Julia sets J(P) and J(B)
are connected but not locally connected.
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It is well known that every repelling periodic point on the boundary
0Qp = J(P) is accessible from Qp by a periodic curve. Furthermore, we
have the following proposition.

Proposition 2.5.2 Let B(z) = > 22(z—a)/(1—az) be a cubic Blaschke
product so that |a| > 3 and the rotation number Rot(B|s:) = 0, let Qp be
the immediate attracting basin of infinity. Assume that 0 is irrational and B
1s not linearizable on the unit circle. Then, every repelling periodic point on
the boundary 02 is accessible from Qp by a periodic curve.

Proof. Let zy be a repelling periodic point on the boundary 025 with
period k. It is clear that B"(2p) = Q2 and B™(zy) € 0Qp for 0 < n < k,
and thus Qg is an invariant Fatou component for B*. Let €’ be the Fatou
component containing the pole 1/a. Then, B~'(Qg) = Q' U Qp. Since the
unit circle S! is contained in the Julia set J(B), the Fatou component €
is contained in the unit disk D and g is contained in C - D. Therefore,
injectivity of Blg: implies 9Q' N oQp = (.

It follows from the contraposition of Proposition 2.3.2 that B is locally
surjective for (29, Qg), (B(20), 2B), -+, (B*(20),p). Lemma 2.3.1 implies
that B is locally surjective for (zq,€5). By Proposition 2.4.1, the point 2
is accessible from €2 by a periodic curve for R*.

From the results [SZ, Theorem 3] and [Im1, Theorem 1.3] of biaccessi-
bility, we note that each of the repelling periodic points on 0Qp = J(P) or
01 has only one external ray landing at the point.

Finally, we consider buried points in the Julia sets. It follows from 0Q2p =
J(P) that the Julia set J(P) has no buried points, however, we see that the
Julia set J(B) has buried points.

Definition 2.5.4 Let R : C — C be a rational function of degree at least
two. A point z in the Julia set J(R) is called buried if z is not lying in the
boundary of any Fatou component.

Interestingly, we have the following (see [CMTT, Proposition 1.4] and
[CMMR, Lemma 1]).

Proposition 2.5.3 Let R : C — C be a rational function of degree at least
two. Then there exists a buried point iff there is no periodic Fatou component
U such that OU = J(R).
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So we have the following proposition.

Proposition 2.5.4 Let B(z) = e>"™922(z—a)/(1—az) be a cubic Blaschke
product so that |a] > 3 and the rotation number Rot(B|s:) = 0. Assume that
0 is irrational and B is not linearizable on the unit circle. Then there exists
a buried point.

Proof. The unit circle S! is contained in the Julia set J(B). There exist two
points in J(B) which are separated by S! (for example, the recurrent critical
points cg and 1/¢g). Consequently, there is no periodic Fatou component U
such that OU = J(B), and there exists a buried point by Proposition 2.5.3.
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