GENERALIZED OBSTACLE PROBLEM

RIE SASAI

ABSTRACT. Fehlmann and Gardiner [3] considered the obstacle problem which asks what
embedding of a Riemann surface S of finite topological type minus an obstacle E into
another surface R of the same type which induces the isomorphisms 7 (S) — 1 (R)

of the fundamental groups does maximize the L'-norm of the holomorphic quadratic
differential on R corresponding to a given one on S under the heights mapping. In
this paper we consider obstacles with arbitrarily many connected components while they
considered the case where the obstacle has finitely many components. As an application

we give a slit mapping theorem of an open Riemann surface of finite genus.

1. INTRODUCTION.

Since early 20th century, through the works of Koebe and de Possel and others, it
has been turned out that a solution to an extremal problem often gives a conformal
mapping with distinguished properties, such as parallel slit mappings. In this regard, it
is important to find a good extremal problem for the investigations on complex analysis.
Fehlman and Gardiner [3] studied such an extremal problem, which is called the obstacle
problem. In this paper, we extend their results to the case where an obstacle may have
uncountably many connected component. In order to formulate the problem, we give
some explanations for necessary notions.

For a holomorphic quadratic differential ¢ = ¢(z)dz? on a Riemann surface S, we define

the L'-norm |[|¢||1(s) of it by

lellzis) = //5 lo(2)|dz dy.

If ¢l 11(sy < oo, the quadratic differential ¢ is called integrable. We denote by A(S) the

set of integrable holomorphic quadratic differentials on S.
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Suppose that S is a hyperbolic Riemann surface. Then there is a holomorphic universal

covering projection P of D = {z € C | |z| < 1} onto S. Then
'={y€eAutD | Poy= P}

is called a Fuchsian model of S. When I is of the second kind, namely, when the limit set

A(T) of T does not coincide with dD, the Riemann surface S¢ = (C\ A(T))/T is called

the (Schottky) double of S, and S = (0D \ A(T"))/T is called the border of S. When T is
of the first kind, we set S¢ =S and 95 = 0.

Let S be a Riemann surface of finite topological type (x,m,[), that is, S is obtained
by removing mutually disjoint [ topological compact disks and m points from a compact
Riemann surface of genus k. When [ = 0, R is called of finite analytic type (k, m). When
[ > 0, the double S? is of finite analytic type (2k+1—1,2m). We assume that the number
6K — 6 + 31 + 2m is positive in the sequel so that dime A(S?) = 6k — 6 + 31 + 2m > 0.

A quadratic differential ¢ = (z)dz* in A(S) is called symmetric in S if there is
a quadratic differential ¢ € A(S?) with ¢d|¢ = ¢ for which j*pd = ¢ holds. Here
j : 8% — S4is the canonical anti-conformal involution of S¢ induced by conjugation

1 _ 1. 1
z = —, in other words, the lift ¢ of ¢ to C\ A(T') is symmetric in 9D : §(=) - = = @(2).
z z

We denote by Aq(S) the set of quadratic differentials ¢ € A(S) symmetric in 0S. Note
that dimg Ag(S) = 6k — 6 + 31 + 2m.

z

For a Riemann surface S of finite analytic type let &(S) be the set of simple closed
curves v on S which are homotopic neither to a point in S nor to a puncture of S, and
let G[S] be the set of the free homotopy classes [y] of v € &(S5).

For a given ¢ € A(S) \ {0}, we set

height, () = /7 ‘Im (@dz)‘

and
height,,[7] := i%f height,, (3),

where the infimum is taken over all closed curves 3 € &(S) freely homotopic to . Con-

1] together with a conformal structure on S determines

versely, such a height vector h € R®
a quadratic differential ¢ € A(S) with height [7] = h[y] (see Section 2 or [5, Chap. 12]

for details).



We are now ready to state the obstacle problem in the sense of Fehlmann and Gardiner
[3]. They thought of a “simply connected” compact subset with finitely many connected

components as an obstacle. We will consider a more general set as an obstacle.

Definition 1.1. A subset E of a Riemann surface S is said to be allowable if E is compact
and contractible in S and if S\ E is connected. For an element ¢ € A(S), if each
component of an allowable subset F is either a horizontal arc of ¢ or the union of a finite
number of horizontal arcs and critical points of ¢, then E is called an allowable slit with

respect to .

Note that an allowable set £ may have uncountably many components. For detailed
properties of an allowable set, see Section 2.

Let E be an allowable subset of a Riemann surface S of finite topological type. We
denote by §(S5, E) the set of pairs (g, Sy), where S, is a Riemann surface of the same type
as S and ¢ is a conformal embedding of S\ E into S, such that ¢ maps the border 95 of
S to that of S, and the same applies to the punctures. We remark that £4 = E U j(E)
and E, = S, \ g(S \ E) are both allowable (see Lemma 2.3). For every (g,5,) € §(S, E),

the mapping g naturally extends to a conformal map g¢ from S\ E? into the double S
of S,. Then g induces an isomorphism ¢, of the fundamental group 7;(S?) of S onto
that of S (see Lemma 2.4). For each ¢ € A4(S) \ {0}, we assign the new height vector
[v] = height,a(e;'[7]), [7] € S[S§]. Thus there is the unique holomorphic quadratic
differential ¢§ € A(SJ)\ {0} such that

height,a[y] = height,,q (e, ')

for every [y] € S[S]]. Since ¢§ is symmetric in 9S,, ¢, = ¢§|s, belongs to Ay(S,). (See
the next section for a more detailed account.)

The obstacle problem for (S, E, ¢) is to find an element (g, S,) in (S, E) which maxi-

M, =gl = ([ le

We show existence and uniqueness of a solution to the problem and, as an application,

mizes the quantity

we deduce a slit mapping theorem (see Section 5). Our first main theorem is stated as in

the following, which is a generalization of a result of Fehlmann and Gardiner [3].



Theorem 1.2 (existence). Suppose that S is a Riemann surface of finite topological type
and that ¢ € Ag(S) \ {0}. Let E be an allowable subset of S. Then there is an element
(9,5,) € (S, E) with

M, = sup M,
(h:Sh)ES(S’E)

such that E; = Sy \ g(S\ E) is an allowable slit with respect to g, and Ey is of zero area.

We call such an element (g, S,) € (S, E) as in Theorem 1.2 ezxtremal for (S, E, ¢) and
g € A(Sy) \ {0} the extremal differential associated with (g,S,) € (S, E).

In [3], Fehlmann and Gardiner showed the above result under the additional assumption
that E consists of finitely many components. They also asserted in the paper that the
extremal pair (g,.S,) is unique in the sense that, if (u,S,) € §(S, E) is also extremal for
(S, E, ), then g o u™! extends to a conformal map from S, onto S,. The uniqueness,
however, does not necessarily hold in this sense (see [9]).

In this paper we show a uniqueness result for the obstacle problem in the following

form.

Theorem 1.3 (uniqueness). Under the same hypotheses as in Theorem 1.2, the extremal
differential ¢, € A(Sy) \ {0} is uniquely determined. Namely, if an element (u,S,) €
(S, E) is also extremal for (S, E,p), then the extremal differential ¢, associated with
(u,S,) satisfies

pu = (pg 0 w)(w')* on u(S\ E),

where w = gou~".

We remark that, if we consider the extremal problem of finding an element minimizing
lgllz1(s,) instead of maximizing, then the similar result can be obtained just by replacing

the term “horizontal” by “vertical”.
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2. PRELIMINARIES.

Let S be a Riemann surface of finite analytic type. The following variant of the second
minimal norm property will play an important role in this note. The assertion can be

seen by analyzing the proof of Theorem 9 in [4, p. 54].



Proposition 2.1. Let S be a Riemann surface of finite analytic type. Suppose that ¢ €
A(S) and v is an integrable quadratic differential on S such that

height,,[7] < height,;(7)

for almost every @-polygonal curve v € &(S). Then

el < [ e

and, in particular, [[¢||p1 sy < |[¥llLis). Moreover [l¢l|isy = [[¥lLi(s) only if ¢ =4 a.e.

We now recall a definition of the Teichmiiller space T'(S) of a Riemann surface S of
finite analytic type (see [6] for the compact case). Let (R, ¢) be a marked Riemann surface
of the same type as S, that is, a pair of a Riemann surface R of the same type as S and an
orientation-preserving isomorphism ¢ of the fundamental group m(S) onto 7 (R). (More
rigorously, we should consider the fundamental group with base point. Though we do
not refer to the base point to avoid complexity, the reader can formulate it in an obvious
way.) Two pairs (Ry,t1) and (R, t2) are called (Teichmiiller) equivalent if there exists a
conformal mapping u of R; onto Ry such that (u), oty = 15. The set of such equivalent
classes [R, (] is called the Teichmiiller space of S and denoted by T'(S). Every point in
T(S) is represented as [R, f.] by a (smooth) quasiconformal map f : S — R. For the
existence of such a quasiconformal map, see [7].

We next recall heights mappings (cf. [4, §11.7], [5, §12.6]). Let |dv| be a measured
foliation on a Riemann surface S of finite analytic type, namely, there are finitely many
singuralities py,...,p, in S, where S is the completion of S and an open cover {U;} of
S\ {p1,...,p:} and real-valued continuous funtions v; on U; with locally L? derivatives
in such a way that v; = +wv; + const. on U; N Uy and |dv| behaves around each p, like
the pull-back of [Im (2"/?dz)| under a quasiconformal map with certain restriction on the
integer n.

Let ¢ be a non-zero integrable holomorphic quadratic differential on a Riemann surface
S of finite analytic type. We say that a curve v € &(S5) is p-polygonal if -y is an union
of finitely many horizontal and vertical arcs of ¢. For a measured foliation |dv| on S, by

abuse of language, we define the height of v relative to |dv| by

height, (+) = / .
Y



Note that the height is defined for almost every @-polygonal curves in G(S). We denote
by height, [v] the essential infimum of height,(y') over 4" € [vy]. Measured foliations |dv;|
and |dvy| on S are called measure equivalent if height, [y] = height, [7y] holds for all
[7] € S[S]. Let MF(S) be the set of measure equivalence classes of measured foliations

on S. Every measure equivalence class [|dv|] € MMF(S) induces a real-valued function
height, : &[S] — R ([y] — height,[7]).
In this way, we obtain an embedding
MF(S) — RO ([|dv|] — height,).
Then the product topology of RSl induces a topology of 9MMF(S). It is known that the
mapping
U A(S)\ {0} — MI(S) (¢ = [Im(Vp(2)dz)))

is a homeomorphism (see, for example, [5, p. 227)).

For a given ¢ € A(S)\{0} and a quasiconformal map f : S — R, the measured foliation
|dv| = |Im (y/¢(2)dz)| on S induces a measured foliation f,(|dv|) = |d(vo f~')| on R.

The relation
height, [y] = height; 4, [f<(V)], [V] € 6[S],

implies that the measure equivalent class [f.(|dv|)] € MF(R) depends only on the Te-
ichmiiller equivalence class 7 = [R, f.]. Then we obtain the unique holomorphic quadratic

differential 7, € A(R) \ {0} as ~![f.(|dv])], namely,
height, ,[y] = height (4[]
= height,[f *(7)]

for every [y] € G[R]. The mapping 7, : A(S) \ {0} — A(R) \ {0} is called the heights
mapping.
We collect here basic properties of allowable subsets of a Riemann surface. First we

give another characterization of allowable sets.

Lemma 2.2. Let E be a compact subset of a Riemann surface S. Then E is contractible

in S if and only if E is contained in a compact topological disk.

Proof. The “if” part is trivial. We show the “only if” part when S is hyperbolic. The

other cases can be treated similarly. Suppose that E is contractible in S, namely, there



is a continuous map H : E x [0,1] — S such that H(p,1) = p for all p € F and that
H(p,0) = po is independent of p € E. Let P be the universal covering projection of D onto
S such that P(0) = py and T be the covering transformation group of P. Let H be a lift of
the homotopy H via P such that H(p,0) = 0 forall p € E. The set £ = {H(p,1) : p € E}

is compact. For every p € E we can take a positive number r with the property that a

closed disk Vj; centered at p with radius r; satisfies
dist(A(V}), F) > 2r; for every A € T, A # id.

By compactness of FE we may assume that there exist finitely many of points py,... ,px €
E so that E is contained in the interior of the closed set V = UF_,Vs.. We may assume
that by replacing radii for every 7 # j, V; is not tangent to V3. We can see that
AVYNV =0 for every A € T', A # id. Indeed, if A(V)NV # 0 for some A € ', A # id,
there exist 4,5 € {1,... ,k} and ¢ € Vj, and ¢; € Vj, such that A(g;) = ¢;. Because of
dist(A(V,), E) > 275, we have rp, > dist(q;, pj) > dist(q;, ) > dist(A(Vj,), E) > 2r;,
holds. On the other hand by considering A~' we have r;, > 2r5.. This cannot occur.
Hence A(V) NV = () for every A € I, A # id. Let W be a convex hall of V, that is
W C D is the closure of the set of point p such that there exist a Jordan curve v in Vv
whoes interior contains p. Then W is a disjoint union of finitely many closed topological
disks whose boundaries are contained in V. Then we can see that for every components
Wi, Wy of W and for every A € T', A # id intersection A(Wl) NW, is empty or contained in
either A(TW;) or Wy, because by the above argument A(9W,) N oW, = ¢ holds. Therefore

the projection P(WW) also consists of mutually disjoint closed topological disks in S whose
union contains E in its interior. Consequently, by joining these disks with suitable canals

we obtain a topological closed disk in S containing F. O
By using the above lemma, we can also show the following.

Lemma 2.3. Let E be an allowable subset of a Riemann surface S of finite topological
type. Then EY is an allowable subset of the double S. Also, for any (g,5,) € §(S, E),
the set E; = S, \ g(S'\ E) is allowable in S,.

Proof. By joining a compact topological disk A containing E and its reflection in 05

with a suitable canal, we obtain a compact topological disk A4 containing E¢. Thus E¢



is allowable by Lemma 2.2. We may take the compact topological disk A so that E is
contained in the interior of A. If S is of finite topological type (k,m,[), then S\ A and
g(S\ A) are of type (k,m,l+1). The set A, =S, \ g(S\A) C S, is of finite topological
type, say, (', m',l'). Since S, is reconstructed from g(S\ A) and A, by glewing along a
single Joldan curve, (k,m,l) = (k,m,l[+1)+(x',m',')—(0,0,2), i.e., («',m', I') = (0,0,1).
Then the set A, which contain E; in the interior is a compact topological disk in S,;. Thus

the latter assertion has been proved. O
The following lemma now easily follows.

Lemma 2.4. Let E be an allowable subset of a Riemann surface S of finite topological
type and (g, Sy) € §(S, E). Then the natural isomorphism g¢ : m (S*\ EY) — m,(S0\ EY)

induces the isomorphism v, - w1 (S9) — m(S9).

Proof. Tt is sufficient to show that if analytic closed curves 71,7, C S4\ EY are homotopic
in S then g4(v,) and ¢g(7») are also homotopic in 53. Let A be a compact topological

closed disk which contains E9 in the interior. Since the number of components of v; N
OA4(i = 1,2) is finite, we can decompose A¢ to finitely many components each of which
does not intersect to y; Uvys. Then by suitable composition of components of the boundary
OAY of the decomposed topological disk AY we can modify v, to 7} so that v} is homotopic
to 72 in S\ E4. Then ¢4(+}) is homotopic to g4(72) in S§ \ EJ. We know by Lemma 2.3

g%(71) is homotopic to g4(v1) in SY. Hence g%(72) is homotopic to g%(v;) in Sg. O

Following [3], we now introduce a few lemmas. For a simple closed curve f on a Riemann
surface S, we denote by A([(], S) the extremal length of the family [3] of all closed curves
on S freely homotopic to 5. For a point 7 = [R, ] in T'(S), let Ky(7) be the dilatation of
the unique extremal quasiconformal map from S onto R which induces the isomorphism
t:m(S) — m(R). In other words, log Ky(7) is the Teichmiiller distance between 7 and
the base point [S,id].

Lemma 2.5 ([5, p. 247]). Let S be a Riemann surface of finite analytic type. Then there
exists a positive constant ¢ and finitely many simple closed curves (B1,...,08y on S such

that the inequality
Ko(7) < ¢ max \:[3], R)

I<IKN

holds for every point T = [R, 1] in T(S).



Lemma 2.6 ([4, p. 218]). Let S be a Riemann surface of finite analytic type and ¢ €
A(S)\ {0}. Then for every T € T(S)

Ko(r) el < lImellis,) < Ko(m)lellis)-

Let E be an allowable subset of a Riemann surface S of finite topological type. By
Lemma 2.4, every pair (g, 5,) € §(S5, E) corresponds to a point 7 = [5’3, tg] € T(SY). Note
that the point 7 is represented as [5’3, f.] by a quasiconformal map f of S¢ onto S;i which
is symmetric in the sense that f o j = j, o f holds, where j : S¢ — 5S4 and j, : Sg — Sg
are the canonical anti-conformal involutions of S¢ and Sg, respectively. Recall that the

holomorphic quadratic differential 7,¢ € A(SS) \ {0} is determined by

height,,[7] = height,i[f~*(+)]

for every [y] € G[S]]. We now see that the quadratic differential o, = 7,¢[g, is symmetric
in 05,. Indeed,

height7=7[7] = height, ,[j,(7)]
= height a[f " 0 j,(7)]
= height,alj o £ (7))
= height,a[f~(7)]
= height_ [7]

for every [y] € 6[SJ] and Proposition 2.1 implies

];7_*()0 = T+,

that is, ¢4 is symmetric in 9S,,.
Let S be a Riemann surface of finite topological type, ¢ € As(S) \ {0} and F be an
allowable subset of S. We now show that

{M}, : (h,Sy) € F(S,E)}
is bounded above and away from zero. Moreover we see that the set

T(S, B) = {[S7, 1]  (9,5,) € F(S, E)}

is relatively compact in T'(S9).



For the double S¢ we take a family of curves 3i,..., 8y and a positive constant c as
in Lemma 2.5. We may assume that each 3 is contained in S¢\ E9. For every (h,S,) €

§(S,E) set 7 = [S§, 1] € T(S?). Lemma 2.6, together with [|¢||z1(say = 2||¢]11(s) and

||90?L||L1(sg) = 2||¢nll11(s,), implies

lellois
T < el < Ko(llplass,

Moreover from Lemma 2.5, we obtain

Ko(r) < ¢ max A

I<I<N

= ¢ max \[rY(3)], SY)

I<IKN

< ¢ max A([RY(B3)], k4 (S?\ EY))

1<I<N
_ d\ zd
= 61211%}1{\7)\([@]’5 \ EY) < 0.

The last constant is independent of (h, Sy) € F(S, E). This means that T(S, E) is rela-
tively compact in T'(SY). Moreover, letting

Co = Clréll%)](\f)\([ﬁl]’ Sd \ Ed)a

we have

ey l1ellercs) < Mh = llenllris,y < collllzis)
for every (h, Sh) € §(S, E). We have shown

Lemma 2.7. Let E be an allowable subset of a Riemann surface S of finite topological

type and o € Ag(S)\ {0}. Then, the set T(S, E) is relatively compact in T(SY) and there

1S a positive constant co such that

co Nlllnis) < My < collollpis)

for every (h, Sy) € §(S, E).

3. PROOF OF THEOREM 1.2

Take a sequence {(gn, Sg,)}n C §(S, E) such that

M, sup  M,.
(h:Sh)ES(S’E)
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Set 7, = [S9.,14,] € T(S9). Let T and T, (n € N) be the normalized Fuchsian models
(6, p. 59]) of S and S,,, respectively. Since {[S ,t,,]}n is relatively compact in T'(S9)

by Lemma 2.7, we may assume that [S9 |1, ] converge in T'(S9). Then the isomorphisms

gn’
Xn : ' = I'), induced by ¢4, algebraically converge to an isomorphism Yo : I' = I'w.

We denote by S, the quotient space D/I's,. Let G be a Fuchsian model of S\ E and
p : G — T be the surjective homomorphism induced by the natural homomorphism
m (S \ E) = m(S). For each n € N, set

Pn=Xnop:G—T,.
Since x, converge to Y., the homomorphisms p, converge to the surjective homomor-
phism

Poo = Xoo 0 p: G — .
Let g, : D — D (n € N) be the lift of g, associated with p,. Then

gnoA:pn(A) O Ggn

for every A € G. Since {gn}, is normal, there is a subsequence which converges to a

holomorphic map ¢ on D uniformly on any compact subset of D. Then we obtain
goA=px(A)og

for every A € G. If g is a constant ¢, then I'y, has the common fixed point ¢, and thus
' is a cyclic group, which is not the case. So g is not constant and thus a holomorphic
map into . Therefore g descends to an injective holomorphic map g of S\ E into Sy
such that the homomorphism (g). corresponds to po,. We denote S by S,. Then it is
easy to see that (g, 5,) € §(S, E).

Let T, T, (n € N) and 'y, be the normalized Fuchsian models of the compact Riemann
surface S, Sgn and S'g, which are the completion of the doubles S¢, Sgn and Sg, respec-
tively. (In the case when S is not hyperbolic, the proof will be simpler.) Let f, be a
quasiconformal map of S onto Sgn which represents [S;n, tg.] € T(SY) and f be a quasi-
conformal map of S¢ onto Sg representing the element [Sg, L] € T(S4). We denote by fu
and fthe lifts of f,, and f fixing +1, —2 to the covering space D over S’gn and S’g, respec-

tively. Let € be a relatively compact fundamental domain of I'. Set €, = f,(Q) (n € N)

11



and Q,, = f (Q) Then ), and Q,, are the fundamental domains of I',, and T, respec-

tively. Let ¢, be a lift of gogn to the universal covering space D over S'gn. For each n € N,
Qg i1s a meromorphic quadratic differential on D with at most simple poles. Let D be a
subdomain of I, which is obtained from I by removing the points corresponding to the

punctures of S;i.

Lemma 3.1. The family {¢,, }n is normal on D.

Proof. 1t is sufficient to show that {||@g,[|r1(x)}n is bounded for any compact subset K
of D. Let

(AT AQuUI)NK #0} = {A1, ..., An}-
Then, the euclidean distance dy between K and (UM A4;(Qs0))¢ is positive. Since f,

converge to f uniformly on any compact subset of D, for each 4; (1 < i < my) an element
Aip=(faofodio(fucf ) el

converge to A; as n — oo. Then the distance d,, between K and (U9 A;,(€2,))¢ converge

to ds. Hence d,, > 0 for sufficiently large n. This implies
mo .
K C | JAin().
i=1
Then
#{AcT,: AQ,)NK #0} < my

for sufficiently large n. This result together with boundness of {M,,}, (Lemma 2.7)
implies that {||@g, |11 (k) }n is bounded. O

Lemma 3.2. M, = sup{M, : (h,Sy) € §(S, E)}.

Proof. By Lemma 3.1, there is a subsequence of {¢, },, which uniformly converges on any

A

compact subset of D to a holomorphic function ¢, . For each n € N, ¢, is I',-invariant,

that is,

(@g. © An) (A7) = @g,

12



for every A, € fn Then we see that ¢, is foo—invariant, so we can project P, to a

holomorphic quadratic differential ¢} on Sg. Moreover for any compact subset K of D,
. Y . <
[Pooll iy = lim{[@g, [|L1(x) < 2c0llllLs)

holds, where ¢ is the positive number obtained in Lemma 2.7. Hence we can see that ¢,
is integrable on Qoo

Next we show that the integrable holomorphic quadratic differential 7 on S;i is sym-
metric in 0S,. Let A,(n € N) and Ay be the limit sets of I', and 'y, respectively. Let
P, (n € N) be the lift of ¢ to the covering space C\ A, over Si and let ¢ be the

representation of ¢ on the double C\ A,,. By assumption, for each n € N, ©g,, satisfies

_ 1 1 B _
gpgn(?) i $g, on C\ A,,.

Since @, converge to ¢n, uniformly on any compact subset of C\ A, we have
.1 1 . _
gooo(g) "1 = Peo O C\ Ao-

Hence ¢, is symmetric for 0D, that is, the projection ¢} of ¢ to Sg is symmetric in
0S,. We denote by ¢ the restriction of ¢} to Sy.

Now we show

Jim g, llics,.) = losllois,):

Let p1,...,pr € Qoo be the points which correspond to the punctures of Sg. We may

assume that all py, ..., p are interior points of Qu U 0. Set

Pin=Ino [T () (nEN 1<i<k).
Then p;,, — p; as n — oo.

For sufficiently smalle > 0, let V; C Qoo (1 <i < k) be the open disk of radius € centered
at p; such that V; NV, = ¢ if i # j. Since holomorphic functions (z — p; )@, (n € N) on
V; converge to (z — p;)Poo uniformly on V;, the residues ¢;, = Res(¢,, , pin) converge to
¢; = Res(¢oo, pi) as n — 00. Moreover we can also see that holomorphic functions

Cin

2 = Pin

(pgn -

13



converge to
Ci
<= Di

Qboo_

uniformly on V;. We take the union | J Qn U 8Qn for sufficiently large ny € N. Then

n>no

Qg converge to Yo, uniformly on the compact set

( U @.u 8Qn)> Qs U0 \ 0 V.

n>no =1

Set

C = max |¢].
1<i<k

Then we have

limsup |||, | 11(0,,) — ||95oo||L1(fzoo)‘
n—oo

k
lim sup Z (
i=1

C;

2= Di

Cin

2 = Pin

IN

Ll(Vi)>

LY (Vi)

k
: A Cin . C;
+hmsupZ (gogn - : ) - (9000 - )
i=1 Z = Pin 2 —Di LY(V;)
o+ 1im 5up |29, L1 0,081y — 120 s v
< Ckbre.
Thus
Tim (g, [[21¢s,,) = ll@oollzics,)s
and we obtain ||¢u||f1(s,) =  sup  Mj. Moreover, by Lemma 2.7, we have

(h,SK)ES(S,E)
lpocllzr(s,) = m [[@g,[lz1(s,,) = o lellzrs).

Therefore o, € A5(S,) \ {0}.

Next we show ¢ = ¢, on Sy. Take any curve v € &(S9) and sufficiently small & > 0.

Set v, = frno f7'(7) (n € N). Assume that A, € ', corresponds to the homotopy class
[v] on S,. Then

Av=(fuof ) o dwo (foor™)
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corresponds to the homotopy class [v,] on S, .
Let o, € 6(5;1”) be a wjﬂ—geodesic curve freely homotopic on Sgn to V., that is,

satisfies [a,] = [7,] on S and loa [Yn] = lpa (), where £ua () is the length

[ e

of a, associated with o) and lpa [7n] is that of homotopy class [v,] defined by
inf (3, (5),

where the infimum is taken over all closed curves 3 freely homotopic to v, on Sgn. It

is known [11, Theorem 24.1] that each o, satisfies height,q [7,] = height,q (an). Let

é,, (n € N) be a lift of oy, to the universal covering space D over S’gn such that &, is a

closed arc starting from a point on 9Q,. We parametrize each @, by the ¢, -length s
and we set [(n) = £y, (éy). Then {I(n)}, is bounded because the set of {[S , 1, ]}, is

relatively compact in T'(SY) by Lemma 2.7, so we may assume that [(n) converge to a
positive constant /. For each n € N by re-parametrizing &, by &,,(I{(n)s), we may assume
that for every n € N, &, is defined on [0,1]. The curve a, (n € N) is analytic except
for finitely many points where <pfgin vanishes. Since the number of zeros of <pfgin on S;in is
uniformly bounded for n € N and {l(n)}, is also bounded, the orders of singularities of
&y, are uniformly bounded. Then we can assume that there exists a natural number N,
and real numbers tq,ts,... ,ty, € [0,1] (t; < t2 < ... < ty,) such that the number of
critical points of &, is Ny for all n € N and for each i = 1,..., N, critical point ¢, ; of &,
converge to t; as n — 0co. We can see by reduction to absurdity that the family {é&, }nen
is equicontinuous. Then, together with uniform boundedness of {&, }nen, we may assume

that &, uniformly converge to a continuous function é., on [0,1]. The image d.[0,1] is

a lift of a closed curve on S’g.

Now we can show that height, (&) converge to height, (dw). Let sy be any point

on (0,1) \ {t1,...,tn,} such that Qo (deo(S0)) # 0 and duo(so) € D. We can take a
neighborhood U of sy in (0,1) such that for every n € N ¢, (&,(s)) # 0 on U U OU and

&, (UU0U) does not contain any points corresponding to punctures of S;n. Let ¢, (n € N)

15



and (. be the natural parameter near dy(so) and duo(so), which are represented by

énz[( onlea:
A (S0

and
goo = [ (s0) V Saoo(z)dza
Qoo (S0

respectively. For every n € N, a,, is geodesic relative to gogn—length, so we see that

d¢,,

L — e oon U
[y

for a constant 6, € [0,27). For any subsequence {6, }; which is converging to some

0 € [0, 27]
dén, () déin,
ds (e

[(ng)dén,  dC,
U CTR (O

[(n) iy
k—o0 loo 0
— =t

Poo(Clos)

The convergence is uniform on U, so we can see that d,, is of C'-class on U and

dbo, . dé, oo
= m = &

bt AU H 0o
ds k—oo ds Poo (o)

Since the argument 6, is independent of the choice of subsequence, the sequence {6,},
is converging itself and we obtain
vy, day,

o am s on U

Consequently the curve &, satisfies

déo . day,
38 :nh_glois on (0,1)
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except for finitely many of points. Then we obtain

lim height, (&) = height, (do)

n—0o0

because of

=1(n) <supl(n) < oo
neN

o (%) <]

for every n € N and

lim ‘Im < ségn(&n(s))dcf;”)‘ = ‘Im < 9500(6‘”(5))%)

a.e. on [0, 1].
n—0o0

If there exists s; € [0,1] such that d(s;) corresponds to a puncture of S, we modify
the curve dy, locally in a neighborhood of s; to a curve @’ so that the projection on Sg is
homotopic to 7 on SJ. It is possible to choose &, so that £y (aL,) is as close to £y (drso)

as we want. Therefore, for any ¢ > 0, there is a curve & so that

height,a [y] < height,_ (&)
< height, (o) +¢
= lim height, (&) +e

n—o0
= lim height s [y,] +¢
n—o0
= height,a[y] +¢.
Then we have the inequality height 4 [7] < height,, [7] Particularly, by Proposition 2.1,
o llzrcsey < Nflloss-

On the other hand, from maximality of ||pu||11(s,) in {Mp; (h, Sk) € F(S, E)} we have

leglloisg) < losallrcsg

Therefore ||gogo||L1( = I3l 21 s¢y holds, and by Proposition 2.1, we have

ol = <pfgi on 53.

Lemma 3.3. E, = S, \ g(S\ E) has measure zero.

17



Proof. If E, has positive measure, we can define a Beltrami coefficient v on 5;1 so that

1/:001153\E3aund//Sd1/(,0;i > 0.

For each ¢t € (0,1), let f% be a quasiconformal map of Sg onto the double S, of a
Riemann surface Sy, with Beltrami coefficient tv. Let 7(t) = [Sq, (f*).] € T(SS). For
©q € As(S,) \ {0} we set v = 7(£).0yls., € As(Sw) \ {0} whose height on S, is equal to

that of ¢ on SJ. By the variational formura [4, p. 217], we have

2
o8 b lurist) =108 lillsgy + i Re ([ tvpddedy + ofv])
||909||L1(sg) Sd

Then we can see
o llr(sey > lleglliics,)

for sufficiently small ¢ > 0. On the other hand, (f* og,S;,) € §(S, F) for every ¢t € (0,1),
and the maximality of ||¢g||11(s,) yields the inequality

lewllri(se) < llegllnis,),
which is a contradiction. O

Lemma 3.4. A component of E, is either

(i) a horizontal arc of p, or,

(it) a connected union of finitely many horizontal arcs and critical points of ¢,.
In particular, E, is an allowable slit with respect to @,.

Proof. Fix any component J of E,. We consider the obstacle problem for (S,,.J, ¢,).
Then there is a solution (h, Sy) € §(S, J) and ¢, € As(Sy) \ {0} satisfying

lenlleics,) = supillerlloicsy) = (f,S5) € 8(Sy, J)}-

Since (hog, Sy) € F(S, E), we have ||¢n||11(s,) < [|@gllL1(s,)- On the other hand, (id, Sy) €
8 (S, J) yields the equality ||¢gl|r1(s,) < |[nllnics,)- Thus (id, Sy) € F(Sy, J) attains the
extremum. By the same argument as in [3], we conclude that the component .J satisfies
either (i) or (ii) in the lemma. O

We have proved Theorem 1.2 completely.
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4. PROOF OF THEOREM 1.3

Let E, C S (n € N) be an allowable subset of S such that each F,, is a disjoint union of
finitely many of closed analytic disks and satisfying F,, D E,y; D --- and N2 | E, = E.
Set U, = S\ E, (n € N). (Consider a regular exhaustion { R, } ey of the Riemann surface
S\ EY and set U, = SNR, and E, = S\ U, for sufficiently large n’s; cf. [1, p. 144].) First
we show that we can obtain a solution (he, Sh.,) € §(S, F) of the obstacle problem for
(S, E, ) from the family of solutions (h,, Sy,) € §(S, E,) for (S, E,,¢) (n € N). Next
we show that any other extremal element (u, S,) € (S, F) for (S, E, ) satisfies

Pu = (Ph © woo)(wéx:)2 on u(S\ E),
where we, = hoo o u™t. The solution (g, S,) € §(S, E) in the Theorem 1.2 also satisfies

Pg = (Pheo © wo)(w6)2 on g(S\ £),

1. so we have

pu = (pg o w)(w')* on u(S\ E),

where wy = hoo 0 g~

where w = gou~!.

We now proceed to the proof. For each n € N, by considering the obstacle problem
for (S, E,, @), we obtain a solution (hy, Sy,) € §(S, Ey,). Let 7, =[Sy ,u,,] € T(S9).
We can see in a similar manner to Section 2 that the set {r,}, C T(S9) is relatively
compact in T(S%). In fact, we may assume that the curve family 3,,... , By in Lemma
2.5 is contained in S9\ U{. Then the dilatation Ky(7,) of the extremal quasiconformal

map of the Teichmiiller class 7, satisfies

Ko(r,) < ¢ max (@], U =: e

~ I<IKN
for every n € N. Since the constant ¢; is independent of n € N, {7,},, is relatively compact
in T(S%). We can also see
cr tllelloisy < llenallnis,,) < allelloys)

for every n € N. By the same argument as in the proof of Theorem 1.2, we obtain a
subsequence {7, }x and a point 7., = [Sh_,tn.] € T(SY) associated with an element

(hoos Shee) € T(S, E) such that 7,, converge to o in T(SY), and the lift of AS to the

covering space D over S9\ E¢ converge to that of A& uniformly on any compact subset
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of D. For brevity, we renumber ny by k. For every (h,S),) € §(S, F) and every n € N, by

considering the restriction of h to U, we have

lenlleics,y < llennlloisa,)-

Since ||¢on, ||L1(s,, ) converge to [[on,[|L1(s, ), we have

lenllres,) < llenollLisi..)
for every (h, Sh) € §(S, E). Hence, (hs, Sh.,) € §(5, E) is extremal for (S, E, ¢) ;

M, = sup My,
(h,Sh)ET(S,E)

Next we assume that an element (u, S,) € (S, E) also attains the supremum. Set

Wy, = hn o u_l ) wn = ((Phn © wn)(w:z)Z (TL S N)
Weoo = hoo o u_l ) z/)oo = ((Phoo © woo)(w,oo)2
We show that ¢, = 1 on u(S \ E). For the sake of convenience, we extend 1, to S, so
that ¢, =0 on S, \ u(U,), similarly 1), =0 on S, \ u(S\ E). Then ¢, (n € N) and 1)
are integrable quadratic differentials on S,.
Fix any point py € SI with ©9(pg) # 0. Let ¢, = &, + in, be the natural parameter of
©d, which is defined about py by

G = / Vel(2)dz,

where z is a local chart near py and z(py) = 2. Let N,, be a sufficiently small closed

neighborhood of py such that NN, corresponds to, by the parameter (,, a square centered
at pp and each side of which is parallel to the axis. Since for each n € N ¢¢ is integrable
on S¢, the height relative to ¢)9 of almost every vertical segment of 3 on S¢, particularly
on N,,, is well defined and the same holds also to that relative to ¢&. Then we can
see that for almost every vertical segment of ¢ on S9, particularly on N,,, the heights
relative to ¢¢ (n € N) and ¢4 are all well defined. We denote by V,, the set of such
vertical segments of ¢ in N, .

For each 8 € V,, we set 3, = fNud(UY) (n € N). Fix any ¢ > 0 and any 1-

dimensional measurable set A C N, on a horizontal trajectory of pd. Since ¢ and (9
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are integrable on S and S9, respectively, by Fubini’s theorem and Schwarz’s inequality,

u?

for every n,m € N (n > m) we have

/ |heighty (8) — heightya (Gn)|dé, < / / |V 5 (Cu) | dEy
A AJ Bn\Bm

_ / /V o VG deudn

IN

s s
||1/)n||21(v(n,m,,4)) ) ||90u||21(v(n,m,14))

N

1
< (alleosy)® - 1982 vimmay

where V(n,m, A) = {p € N,y Nud(UI\ UL) | Re (u(p) € A}. Then there exists a natural
number N; such that for every n > N;

| Ineight(9) — eight, (5w, ld6, < =
A

Furthermore we can see that

/ [heighty (Bx,) — heightys (By)dés — 0 (n— o),
A
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because ¢d uniformly converge to 9% on N,y Nud(UY ). Then, by Fatou’s lemma, we

have

/ lim inf height,ya (5)dé,
A

n— 00

< liminf/ height 1 (3)d&,
A

n—o0

n—o0

< liminf {/ (height,a (3) — heightya (By,)) du
A
+ [ (heightyy () — beightye (9,)) dés+ | heightwgo(ﬁm)dfu}
A A

= lim inf/ (heightwg (3) — height (Bn,)) d&,
A

n—o0

+ lim | (height,g(By,) — heightye (By,)) dE, + / heightyq (B, )<,
A

n—o00
< 6+/height¢go(ﬁ)d§u.
A

Therefore almost every [ € V,, satisfies

lim inf height;q (3) < height . (3).

n—oo

The same holds for almost every vertical segments on S9. Then we can see that almost
every @U-polygonal curve 7, which is a union of finitely many horizontal and vertical

segments, satisfies

lim inf height ;4 () < height,a (7).

n— 00

Let wy,(y) be a simple closed curve on Sj which is obtained from w,(7) by supplying

finitely many horizontal segments of gpﬂn. We have

height a[y] = height s [, (7)]

IN

height,a (w0 (7))
= height,g (wa(7))

= heighta(7)
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for every n € N. Therefore height,i[y] < liminfheight,a(y) holds, and we obtain

n—o0

height, a[y] < height,q (v) and, in particular, ||¢§|11sa) < [[¥%[[11(se). Then the maxi-

mality of M, = ||¢||z1(se) implies, together with Proposition 2.1,
¢l = U5 on u(ST\ EY).
Consequently we have

Ou = (Pn. 0 weo) (Wl )? on u(S\ E).

We have proved Theorem 1.3. O

5. SLIT MAPPING THEOREM OF OPEN RIEMANN SURFACE OF FINITE GENUS.

Let R be an open Riemann surface of finite genus. As was observed by Bochner, R
can be embedded into a compact Riemann surface S of the same genus. Let w be a
conformal embedding of R into S such that (w), : m(R) — m(S) is surjective. We fix
such a compact Riemann surface S, an embedding w and an element ¢ € A(S) \ {0}.
We remark that E = S\ w(R) is allowable in S. Let 9T be the family of pairs (g, .5,),
where ¢ is a conformal map from R into a compact Riemann surface S, such that (g).
is surjective. For every (g,5,) € M, gow™" : S\ E — S, induces an isomorphism from
m1(S) onto 71 (S,). We denote by 7 = [S,, (gow1).] the Teichmiiller class in 7'(S). Then
for this 7 € T'(S) and for ¢ € A(S) \ {0} we obtain a unique element ¢, € A(S,) \ {0}
whose height on S, is equal to that of ¢ on S. Consider the extremal problem to find
an element (g, Sy) € 9 maximizing ||¢y||z1(s,).- By Theorem 1.2, we obtain an extremal
element (g,5,) € M. The set S, \ g(R) is of zero area on S, and each component of
Sy \ g(R) is either

(i) a horizontal arc of ¢, or,

(ii) a connected union of finitely many horizontal arcs and critical points of ¢,.

We have shown

Corollary 5.1. Let R be an open Riemann surface of finite genus. Then there are a
compact Riemann surface S and a conformal embedding g : R — S and a holomorphic

quadratic differential ¢, on S such that S\ g(R) has measure zero and each component

of S\ g(R) is a possibly branched arc on horizontal trajectories of ¢,.
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