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Chapter 1
fa R

= OB CHAR IR TS 4 2O (Theorom A, B, C, D) DNAZE, FEhblc
BT BRI SV CERRICAER .

1.1 R

PTTERE IO 2REEK p2) =22 +c ThHD. TI Tz IEZEHMTHIHER
SEE C OB, ce CikNTGA—F—Thd. —BRD2REERITEH 7R affine BT K
V5B plz) WERICTRY, Lbb e #a BD p,(2) & p,(z) 13 affine B TIIHRIC
BRERNDTLREZTHEIDONS. &T, — R ZKULEDEERK f(2) XL, KB
Julia £#& (filled-in Julia set) K;, Juliafk®& J;, Fatou & F; ZIRKCTERT S :

Ky = (= €Cl{I G, PR,

Jp = OKy(= { RERAHA (repeihng perlodlc points)})

Ff‘ = C\ Jf
ﬁ%c}: v Kf, Jf = //\9 }‘Tﬁ)‘g Ff lii?ﬁ%A'C%?é ifu\uh&@%/\ AN g N
5E8RE (completely invariant) TH5. BB,

 J(Ky) =Ky =Ky, () =dp=fT0p),  f(Fy) = Fy = f7N(Fy)
PRSI, Ky OEFHEC SO TIIROBERPEH < oM 5R TS ([Be, p.202, Theorem
9.5.1; p.227, Theomm 9.8. H) :

Theorem 1.1.1 (Fatou [F], Julia [.I])
(1) K; NERTHBI L E f O CHOTRTO critical points 8 Ky (BT 5 Z L3R
ETHD.
(2) f D CHDFTTO critical point 33 C\ Ky BT 5 RBIT Ji = K; I3 Cantor £6
izb.

Remark 1.1.2. Theorem 1.1.1 (2) @23 USRI LAavS. #1243 Brolin [z &k »C
ROZEBPFRENTOS
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Theorem 1.1.3 (Brolin [Br, p.136, ’I‘heorem 13.8]).  f&E3EBEKREL, wy,. wy
% [ D250 critical point £9°5. L flw) ﬁlE%T@J%’i’C&‘O wy € C\ Ky 72blX
Ji = K; i Cantor BB L2 5.

B IR Fatou 1 Theorem 1.1.1 (2) DL Y S & FRLTWE ([F, p.84]). 7k
ZEBEmBLITWADT, Theorem 1.1.1 & ¥ AL, 3WBLEA L_Ob\*('bﬁ: Julia 58
2 Cantor R R BT DDONEA-BEENEZ DN TND I LT 5.

Theorem.1.1.4 (Branner-Hubbard [BH, p.273, Theorem 5.2]). f & 3WELEX
&L, w, wop & f D220 critical point &35, wy € K D w e C\K; ThHHE &,
K(w) % w, 280 K; OBfERSET5L, J; = K; 3 Cantor £8 & 2 B DB+
DEMEREED ne NIZHLT fA(K(w)) # Klw) 257 TH5.

Appendix (25 5 Theorern A0l bZRE L. it%@é‘t@ Julia 643 Cantor A2
Bl OSEEIZE L THROTIERS S ¢

Conjecture (Branner-Hubbard [BH, p.324, Conjecture 12.9]). f 2&HA LT 5.

J; % Cantor EEWR DD DREALGEMIT w € K; 125 f OEED critical point & /£
BOnReNEZHLT fMKw)#Kw) ERBZLTHS. EL Kw) w281 K;
DERERDTHD. : ‘

2 RETER p(z) DBEIE C N critical point i 0 7217 TH 555, Theorem 1.1.1 @

1), (2) PEBL—FETFBRHLTRBIS. £ T Mandelbrot £& M %
M:={ceC|J Pk} ={ceC|0ec K}

CEET D, L Jo=J,, K. =K, Thb. |

ORI, ARTHRD ERREBRRDEDIEE LV 2hikR S,

Definition 1.1.5. p. 2% { Y CHTHE (renormalizable) THH 1L 0 U e V (Alh,
UcV) #EldHEERER U,V LBRE k22 BEEL, RERITIZLE2VS ¢
(i) p¥:U — V iX proper (BB, EBOa 7 MEE K CV CRLT (PR (K) U
By b)) T2 1 OEHE,

(i) EEO > 03 L p*(0) e U.

EELVIAOBHEND. £ p, PIEIEE < Y — &8 EE (infinitely renormalizable)
&ﬂﬁﬁ@@ﬁ%kwd@<m<u-C%ELT<DZ%%%?&5:&%w5

Remark 1.1.6. 5 (i) i py:=pflU & LIz& & (py, U V) 4% 2 IR polynomial-like
mapping ([DHZ, p.294, Definition]) Tk 5 = & %, Zft (i) i polynomial-like mapping
(py,U, V) OFHE Julia 8 K, PEKTHDZ L &FT. £, 2RO polynomial-like
mapping ? Z & % quadratic-like mapping & 115,

BIZIE M @ “a ©—"(Figure 1.1 B8) ICAD ¢ i LTIERIE 1 ERL Y ZATRETH
B (BT p PO IHBAETHDEILY, cBM O “aE—"ILRTS T & LIXRIE
THD).
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Figure 1.1 Mandelbrot & & €D “a ",

Definition 1.1.7. 213737 MEA X € C 28 z e X CRIEE Sidz 0 (CTO) &
#3EEE% {U,} (BB, z €int U, diam U, — 0) TU, NX BEFHITRDLOBFETD
TEEVNS. £, X OFTNTOEATRINERE THILE X IEBREETHI LV,

= T4 (NIR), (APR) %
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(NIR) : p, FIEREL D = BATRE TR (Not Infinitely Renormalizable),
(APR) : T COR#AILEFEH (All Periodic points are Repelling),
&?5&,3%%MHT®&£UT&6:

Theorem A (Yoccoz). ¢ € M T (NIR), (APR) %26 T J. = K, iIRPHER.
Theorem B (Yoccoz). ¢ € M T (NIR) &2bid Mite T}%ﬁﬁ@ff&

'I‘heorém C (Lyubich [Ly1, p.1, Theorem], ﬁ%).. c€ M T (NIR), (APR) 725X
Leb(J,) =0 (=72 L Leb X 2 IRTT Lebesgue BEZFT). _

Theorem D (RE). LeB({c € OM | (NIR)}) = 0.
BRBICKOFREHBIHE TS -
Conjecture (MLC). Mandelbrot &£&13EFTER (Locally Connected).

K,, M @E’i?)ﬁ?@f’rﬁﬁﬁ%ﬁb:ﬁ%'@%é. IR OFRIZII<BENLTHD

Theorem 1.1.8 (Douady-Hubbard [.DHI]'). K, BSRFmER R 51X
(8Ke,pc) = (81 s 2%)
T 5. (Theorem 2.1.11 BHR)

Theorem 1.1.9 (Douady-Hubbard [DH1]). M 2ERFTHAER b IL
{c e M | p, IR##Y (hyperbolic) }
M OPFTRETHS.

Remark 1.1.10. (1) B0 #M (hyperbolicity) {20V Tk §2.1 TRHT 5.

(2) Julia £24, Mandelbrot £AICE L TUTOEEBMLNTND @ p. IIRFEH TR
BEHEEEZE~ 1o Uiy, REHTRWEREEIRILTTRS L BY, attracting,
parabolic, irrationally indifferent T 5DV TN THD. :

1. ce C\M (@b, p BEEHTRWVEHNEZRICROES) 25 J 1% Can-
tor 454, WA (hyperbolic) "C Leb(J,) = 0 T&H 5 (Theorem 2.2.1). FETFELK
0< H-dimJ, <2 ThHZ L bbhd (7L H-dim X Hausdorff (ke % & H7)
([Su, p.742, Theorem 4]). : '

2. p, BRBIEHIK (attracting periodic point) (815, fH(20) = 20, |(f¥)(20)] < 1) &b
TiF int K, # 0 THY, J, i J-stable([MSS, p.199, Definitions, Theorem B]) T&H
A, ElmE & ceint M (RHIR4S (hyperbolic component)) THV, K, & J,
P RPTERS ((DH1]) T Leb(J.) =0 TH 5.
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3.

pe DIEEER A (parabolic periodic point) (BF®H, f¥(2) = 25, |( fk)’(zo).] = 1,
(F5) (%) 13 1 O~ &AR) 28 TE c € HM ORMERS) T, M idc TRITER LR
% ([H, p.506, Theorem 14.6})). EZ D& & K, IIRFTEFTHY, Leb(J) =0 &
85,

pe. BEBEAP I BHA (irrationally indifferent periodic point) (Bl1H, f*(2) = 2,
(7)Y (20)| = 1, (f*)(20) 121 DRERTIIRW) 2FOL X, K. ZRBTEREICS
5T &b B L (Petersen [Pe2, p.163, Theorem A]) 2 b2 Z & b 5 (Douady-
Sullivan : [ZHEF f 5 Cremer point (B, EEEP B R THRE(LTETRN
B 0) BECUL Ky IRFTERS T3] ([Su, p.749, Theorem 8))).. HAadriZ

Leb({c € M | p. BSLESA RS }) = 0
ThD (plheb, EROESIX real algebraic curve DR EMTRIAIN D).

| p BEBHBIEMAEEOL X, int K, BETRV (resp. ZTHB) T L, &

O B A DR B L 7T B (resp. BREULFTRETRVY) THDHZLIRRETHS. BBk
AIRED T2 DO+ &I Sxegel Brjuno, Yoccoz b DHLER, MR _f B
Cremer 2321 T D (FELC I [Mll §8] ZZRRE X).

c€ M T p, BEBETSEHEEHEORLIE M i c KBWTRFIESTH S ([H,
p.468, Theorem L.C]. FEBRIZIL Yoccoz inequality (§3.1.2, Theorem 3.1.11) A ED
nd.

(3) HH LREERICHT 5V SnOTHL, ThLICHET S (LBbh2) EHkE
#% (real unimodal map) IZBF 2 FAUCOVTHBICIRA S, K2 OEERICEL DD

ELNTFDXHIL2s |
5 c I R
) | Jp: RETERE | wandering interval DIEFTE
(i) | Leb(Jy) =0 wild attractor DOIEFLE

(iii) | hyperbolic map #% M T dense | hyperbolic map %3 unimodal map CDEF‘“C dense

(iv) | Leb{(OM) =0 Leb({c € R | p. BRBHITRL,

Collet-Eckmann §&8 &7 X a0 } =4

(i)

1B LC wild attractor (E3X [BKNVS, p. 97, 98] &2 R) ORI OWTIE p(2) =

224 ¢ D& FRFEELRNI &8 (Lyubich [Ly2, p.529, §4]), 2% +c Tn H+mkoL &
WIIFEAET 5 2 & 28 Bruin-Keller-Nowicki-van Strien 512 &> Tab T3 ([BKNVS,
p.99, Main Theorem|). £7 (iv) 128 5 Collet-Eckmann §&# 213 f % CLOEHKE
8, ¢ %% O critical point &35 & & :

liminf - Tog (/") (6} > 0

MDD EEED.
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Chapter 2 |
A {i (backgrbund)

_wﬁfilﬁfitf\t4o@ﬁ;’ﬁ%“ﬁ%'§“ét BB, ERLITOVTEY
MORREMIT D, L

2.1 S(R%B’]*[S \ﬁ‘“ (Hyperbollc Subset)

:O)ﬁ'ﬁ'ﬂi.—“ﬁ:’s’i@ﬁﬁg{ﬁ f:C - T iostd 2 Wty %E 4 (hyperbolic subset)
& f Otk (hyperbolicity) 2 E&E L, [ ORhik u%@’@"%ﬁﬁ%fi Fatou D#& 5 (The-
orem 2.1.4) &, &I Theorem C %#FER % & &ITH 5 T LiC72 % Proposition 2.1.5 7R
¥. 7L, C:=CuU{oo} iZ Rmmann REZET. 733:1% —‘ﬁfﬁ’@ﬁﬁ"@@f s g A
Julia 84, Fatou BH13

Fr = {zeC|{/2, X : 052 EHTCERBEERT },
Jf e @\Ff .

CERESH, THbE f RSERNEROL X111 ETRELOL—BT 5,

Definition 2.1.1. X c C % 7 OWBMEAES (hyperbolic subset) Th 5 & i3,
%ﬂ/ﬁﬁF%ﬁ%ATboT&®20®%#%ﬁtT_k%wo

@) fFX)cX,
1) 5 NeNMWFEL X kT H(fN) 1>2 &%5.

= |- || i € oBkmEiEkE (Spherlca.l distance) IZBT B EBOMSD I/ NV LTHD. %
ﬁ,, J; BRI SEETHD é: & f 133 d# (hyperbolic or expanding or Axiom
A) ThHLWS,

Remark 2.1.2. (1) f(X)C X ¢R2ZLbb5. PIXIEREREA p L TOHE g
bR EES X = {p,q} F 2T LV (Figure 2.1).
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q D
®

O
Figure 2;1

(@) LEEBORE (i) HROKME L FETHS -
BHEEKC>0E A>1REEL, EEO neNIHLT [(FY] = O

BT, FHE (VY] > 2 @ @I ERI .
@)ﬂﬁ%%%ﬁ“f%é&wﬁﬁﬁi%%wkbﬁ i B,

(4) WEEEAES X BERICHHEE (i) £V f @crltaca} point Z& £V, Ei
X C Jy ThBTEBKDE S I LCRSIDID

(Outline of the Proof) : X := XNF;#0 2“5”62: f(X) CX'C?)ZD = N
BELTCOBEBEILTERXDE, Uk UCF; BT X OFBELEEE, 1 /0
BEFELT {f|U} 13 HREREE g I %““ﬁkﬂ?ﬁ'ﬂ"é KoT (fmy - ¢ &0,
0T (/Y| AR E R BOTRTHE. .

Example 2:1.3. f(z) =22 DL &
{z | 2| =1} = J}
i f OB ZRETHD.
OB TIXRD 2 oDMBEERTOBEREERD -

Theorem 2.1.4 (Fatou). FEEH f OFXTOD critical point 233 | EHIEE 123
EnBbiE, fIEINHEHTED. '

Proposition 2.1.5. A = (Ay) ZEAMBOEIIX 1D N x N 1351, Uy ¢ T &MEAT
#C\U;) >3 72550 (E1S, U iZX#E#ET Riemann &) & F5. Efr, Ay=10DLEIC
l’iﬁgﬁ%fcﬁg{% Gij - Uj — Uz T
fogy=id, | Qij(U}‘) cy
BT LYOBREETHEEETS. ZOLE,
EA = {z = (Tn)urs |.$n €1{1,2,.. ., N}, A Anwnsr = 1},
9(@_) = ﬂ Gz1z2 © Gupuz ©°°° 0 gmnﬂin+1(U-'Bn+1)

n>l -
LB LKLY S
(1) 0(z) 14, (2) 9:%4 — C i3 (Holder) 3.
@)magﬁinfmﬂ%%%ﬁﬁﬁ.
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Proposition 2.1.5 ® & 2 ZRBLE, B ZERO & 512 2 REEAT Julia £E2° Cantor £
AR BEABTS

Example 2.1.6. p(2)=22+¢Tlef>>1 DL &, Figuwe22 DX 5WEHK D % 0 %
V"]ﬁﬁ CEI e =p(0) ERBICEERVEDITEY, pr (D)= DyUDs, g = (pD1)7L,
= (pelDa)™! T B L g1, g2 WHEDFHT,

Jr= (Ugm1 Oémzo'--égmn(b)) |

n>1

11
11

ThBb.

®C= pc(())

Figure 2.2

ez S 2B OREOIEH %CEE&E_ Poincaré metric & Schwarz’s Lemma, {22V T
- B L THL, S % Riemann &, S % S O universal covering space £ § 5 &, —K

ﬂiﬁz’ﬂi W SiEC C Di={z]]7 <1} OOTRNCERAREL 25, § 8D LEH
FEIc2s & & S 13MER (hyperbolic) THH LW, ZOLEHE n: S —.8 &
W S’ ~ D O Poincaré mietric Ikizfll (I : i Mébius BB TRE) 6 § ED
Poincaré metric #35#E 35 & 7551% 5. Zhb® metric B35 Schwarz’s Lemma 3
ROLBYVTHS :

Lemma 2.1.7 (Schwarz’s Lemma). S, S; & X3! Riemann b, f:9— 85 &8
B/ E TS, ZOLEROELLNIDBEILT D+

(i) F:8 — 5 I3 Poincaré FEBEIZR L TEREH (isometry) THh 5 (¥ f =P=41 i)E.lfﬁ
% EEB4#% (local isometry)).

(i) z,y €8y, z#£y RO d(f(z), f(y) < dlz,y) BELTSH. 7L, d i Poincaré
FEEEERT. O
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| -Remark 2.1.8. (i), (i) DOTHICEE d(f(2), f) < d(z,y) ThD. Fi (i) OB

TIXK & S OEBOa AT MERLTHE, BOIERO<A<I 75%?&[/(‘@"%"0‘) ‘
wyeK LT

BIRE Y 320,

Schwarz’s Lemma OTEBRRR & Lf&i&@ E572bOoRFETFLNS
Proposition 2.1.9.  i: (51, d;) < (Sz,dz) % W% Riemann BRI OEEFHRLETH L

da(z,9) < di(a,y) Y €Sy

BREIMTD. L, 51 C 8 C C &9 3 &4 & O Poincaré metric Ay (2)|dz|, Az(2)|dz]| K
LT Aal2) < Ma(2) BRRITB. |

O

ZEBHI Schwarz’s Lemma 2BI1E & AP HBTHS. T O Proposition '@E‘v \jj‘b){ﬁij 10
Z2IPTBL ' ' : _

Example 2.1.10. D C C ¥B&&TH#HTHS (Wb, HC-D) > 2) £T5.
z€ DIZHL 2z & 0D & @ Buclid JREZ 6(z) = distance(z, 8D), D @ Poincaré metric
# Ap(2)|de] LELZ LTS, 58 5 GD R L :

= {z | |z=al <8()} < D

THY, A @ Poincaré metric X

6(2: )|dz{ 2
=2 1)
. ( 5(30)
720> Proposition 2.1.9 K y
_ .
——|dz|
6
ol —
' ._( 8(z0) )
BT 2= 29 E LT
‘ 1
Ao) = 5

72 BEHIEHRE D 320,
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(FroofofTheorem 2.1.4): £F, BES U cCofIU)cUBBRLF: LU )
U 7 covering 12725 b ODFEERT (1’9]1 2+ o << 1 DHERU é: LT St =
& te annulus ZHAVIT L),

2o A p OWBIAMR LT B E 2 OHFEHI u’l\é‘/‘:@{% A(zg) (disk TLW) %
J7(A(20)) C Alz0)

FWTE ST LB, U {21, et} & 20 EEEIA SN ET S LR 5 DI
B Alz) 78 |

FA@) C Alziy), i=01,...,p—1, (EL 2 =z)
BT LD TED. 22T
or=C\ |J AG

g&%ﬁﬁiﬁ
L, BRI
L;+d.”m‘fM1(p%)
ETBE FiVir — Vu THY, Alz) DBV FEDD Vo = f~HVa) C V, DALY LD,

i, RELD f OFTTD critical point 3% 3 EHIA ‘ﬁgféi’béﬂ)’c TR E IR
N e N & & RiZHEE O critical point w X

Mwe |J AR
. 2R B B
BT (B« f O critical point IXERETHD). EoT
== U 5@)

EHLEHE DR

¢X critical point % 1 DHEERV. £oT f: V= Viv_y 13 covering map 12785, 2T
TU =Vyoy EBERIEEWV. Z0 U i3WEEE Riemann HTH D,

Wiz w: D U % U @ universal covering map &9 %. U @ Poincaré metric & & >
TEXDE, BHFNERG :D—-DTInG GD BT HOBEEL, Schwarz's
Lemma, &Y Tk Poincaré metric (2B L'C%'E%ﬁ%'(ﬁﬁ/]\"é’-f%kf&é (R DA

Gy
D

4 S

U e )~ U

HeED fFILR-THEINEZDOZ E1X f 5 U @ Poincaré metric (2B L THWER T
KRE{THDILETT (I 222 MEAETHREIERN TS D). U OV H1D

C\Uc F;=C\ J;
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ThHDH. T :
| Jrc () ™)

nz0) _ _
Th%. £o7T f iU @ Poincaré metric % =737 MEE J; KHIRLZHOIZBELT
| 17l =x>1 |
LRBER N> 1 BEETS. ThE f BREHTHEILERLTVS. 0

(Pi‘dof of P—ropésition 2.1.5): (1) & U; ﬁﬂ%@ﬂiemaﬁn i T 5% b Poincaré
metric ## 5, gy : U; — U; 13 Schwarz's Lemma & U 5V EKR TOM/NEFRIZLS. £
K; = U : ggj(Uj) cU;

) ‘ A=l 225 §
LEBE K i3n vy M ThAMD g 1 K LFECHEINERTHY, TOMIRE
. _}\j <l&l, A= maxXi<j<n )\j &9 5, Y :m'(mn)%x € XA 1Bk '

anmn+1(Umn+1) C Ko, C Uz, Gon—szn © Gonenss Urnir) € Gonzn(Us,) C Kopyy - -

Ug,

Figure 2.3

& 725D T (Figure 2.3), U, @ Poincaré metric (2B LT
diam. (gm:cz O ooz @ O gzsnwné«l(Umnﬂ)) SCA*"— 0

L%,

: gmmz(U:cz) 2 Jrazn © gmzms(Uwa) 2 Ozy32 © ngwa(Uws) D
THAIPH ) IZT1RTHD. '

(2) Sp LOESHEROEICEETD (2= (#0)20, 4= U)oy €T4 ITHLT

2 Ay =y (1<ji<n
d(z,y_):M{O x:éyyn i = Uy ( J )



2.1. WiEA» %S (HYPERBOLIC SUBSET) o - 13
STIZTd(z,y) =2" ThHLTHL
t(z), 9(3) € Gurap © Juoang © 1 O Gre—23n1Uzn_s)

AN

—log A

dypnericat(0(2), 0(y)) < C'X° = C'(2™) ™% = Cld(z,y)®, o= o2

LY 0:%, — C X (Holder) BRI R 5.
(3) HBEDEHK C1, Cp >0 BEELTERD i IKHLT
Cy - (BRI HIBE) < (U; £ Poincaré metric & K; iflBR L 72 b ®) < C - (BRIEEERE)

BELY SEoDT
2. G (1Y
Gy~ \)

ETeT N eN 2 Liud, REERCEL X kT

LY@ = YW, @ - ITWE G 1
lliv—yfl &le -yl ._C& AV

v

2

LB, FoT
| | 1122
R ST, - | 0

Rkl uﬂ%é’]‘zﬁ%ﬁ'&‘@ﬁ?% LT, SEXAPWEHTHD & & L_ﬁi Y SEDROFER
%ﬁﬁ%hﬁf\fﬁb <

Theorem 2.1.11. dﬁ:%fﬁ"tfﬁuﬂf&m’)“c%'o Kpi mftr&)aw‘é ToLEE
%&Eiﬁvm.slwak}—,]ff .

f o %oo(t) = Yoldlt), t €S =R/L
BT b OIS B, T #i%ﬁﬁ@%%“@%é.

(Outline of the Proof) : o = {Re¥™ | t € [0,1]} ZHERF LD+ \ﬁ(% fiiI.U;f &‘9‘
B g 81— C— Ky BERENIEEE qunll) &

F 0 Ynin(t) = yoldt)

T L D IR TE B (covering 12 & B lift THERRT 5. Figure 24 Z/]). ZO vy, B
o B R v, Vo — BT B = E RBREZROL S LTRENS + [ IZRlEYT
bHapb J OBDEBU & NeNBEELTU LMY > 5 L25. FoyRERAE
BEOn LT ncU ERBHDT

CA?[{\D

sup d(Yoan(t), Yorn-1{t)) <

sup d{¥a(t), 'rn_a(t))
tcS8t . Si

t
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2:72%’). l@?ﬁiﬁ#%‘ﬁ*%ﬁgﬁéﬁ o
1’4‘%?%&‘?“0) ‘iﬁﬁi&?#‘%fﬁ %ﬁlffﬁ)‘o ETI_ Jg -—’)’00(51) "C&'Dé?%% Jg Fif%)‘ﬁl@fif
D, . | 0

Figure 2.4 v, DA,

2.2 Density and '_Disto'rt'ion

THES X C C IHL X O Lebesgue W [X| THRTC LT 5. OB B
EROERE Y L Th B :

Theorem 2.2.1. fmﬁﬁgﬁﬁxvﬁfwﬂ@%%%%@ﬁaﬁ,unaovaa.%
i<, | ASREER DI |Jf] =0 THB. | -

FERRIT i@tkﬁ:’%@‘é density e dlstortlon O L FOEAME ’Eﬁ%ﬁ‘é

Deﬁnitio_n 222, WHEE XcC YcC C.Sti‘b 0<|Y]<oo D& &

X ny|
Y

LU, 25€CIRL zp Pils, BEr OEKE Du(zm) EELZEWET D,
lim density(X , D,(z9))

density (X, Y):=

NEETHEE, ThE, X @ 5 TO density (BE) & LU, density(X,xz0) LES.
F 7~ density(X,z0) =1 £ D 8 2o & X @ density point &1 9.
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- Z @ density {ZB§ L TEARROBPROERTH D ¢

Theorem 2.2.3 (Lebesgue’s Density The‘orém). X1 >0 THLHMHEER X C o
W LT X 013 A 8T (almost all) DA z 1820,

density(X ) =1

BT 5. Bih, X il Az&“'é"’*"(@ﬁi?i X @ density point To 2 (Figure 2.5 %?P‘E)

X ORBEEALEEDTND

Figure 2.5 Density point.

Definition 2.2.4. Dy, D, C C %#BES, f: D1 — Dy 2% ABMR (conformal map)
(= FEHTHY (analytic) AL BE) LT 5. |

dist(f, D1) := sup [log|f'(z1)] —log|f'(z2)l|

21,22€00
 f O Dy BT 5 distortion (EH) &V 9. (T I-fofm
f"(z)
= ———=dz

CARNTP
% f @ nonlinearity & 9. -
o distortion & nonlinearity B U TR OEREERRIT S

“ Proposition 2.2.5.

(1) Dy EA Ds % Dy T f, g 75 conformal Th B & XROFERRILTS ¢

dist(g o f, Dy) < dist(f, D1} -+ dist(g, Da).
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(2) f* % 1-form & pull-back, B% a(y)dy, y = f(@) DL & f*(a(y)dy) := a(f(2)) f(z)dz
bt B W ‘
: n(go f) = nf + f*(ng)-

J
MEENLT B, I Dy =Dy(z) (FHR) DL ERBRD I DR -

O

(3) | o
dist(f, D1) < sup

varcCinh

~ dist(f, ﬂl}r(ég)) < 2r- sup
2€Dy(z0)

(4) 21,2 € Dy L35 L ROTUERBSRILTS -

eadist(f,Dl)iff(zI)t S ifr(zz)i < ediSt(f’Dl)If'(zl)f.

(Proof) : (1) (go f)(2) =g (f(2)) - f'(z) PFEAD log & D &
log(g o f)'(z) =log g'(f(2)) +log f'(2)
2155, Zhe distortion DERMPORERIIEZITRED.

(2)
gofY(z) = (=) ')
(o f)'(2) = J'UENS (D) +d (N2
THDHPD
on L (god)
e (QO{);)d ),
_ g.u(f fﬂ'
= gy’ @i iyt

LB, SHUC ff ORBERATIEHEMBONG.

(8) Y& 2z & 2% Dy NCHES arc 75 L gf IRERVR 1-form THLpH y DLV F
el %

/nf f: M )dz = log f'(22) — log f'(21)

WBEE 0 S0, 5T log M EBOEY fct branch TH Y, ZOfEik branch D&Y FIZ kb
v, Ei

f'(z) |

8 | Fiter)

|log f'(z2) — 1ng(zl)l 2

!10gif’(zi)i' log |f'(z2)ll
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THDPDRERBRY L.
&m&*ﬁ%%%ﬁ.ifﬁmfﬁqmﬁﬁmum£6&w:ama

g oz 5
yiareCDy(z0) | Y5 Do {20) ()
ThB. | -
Ly |< I'G)| PN fa
dz| < - ld
f’( ) f’( ) [ z] ze%il()zo)‘ '@ | “rl g
<hY - |
| o sup fidzl-er.
) . yRCD(20) Sy ‘
THDHPHERIRLY L. |

@)W@M<wm@naLrT@m+\r@é.:@&%%@@ﬁ%ﬁ@ﬁ%.it&*
1% distortion DEEMND . : _

| * log |f"(21)] — log | (z)| < dist(f, D)
THEPBRY IO, | \ ‘ - 0O
%7z, distortion & density ICIXKO & 3 2EIES DS -
Proposition 2.2.6. f:D; — D, 2%A%5#, X CC 27H#E& L L,
| dy = density(X, D1), do= density( f{X), Dg)
243 & (Figure 2.6 B1B) OFERBHLT D

dy
&+ ST~ dy)

eZdist(f,.Dl)dl
e2dist(f.00d, 4+ (1 — dy)’

<dy <

‘D]_ ' : . .D2

Figure 2.6
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(Proof) : : -
| P=XnD, @Q:=XNDy=D1—-X

L L, /S \wﬁﬁcg?ﬁ’\fkﬁ @@i’ﬂﬁﬁ?@iiﬂ
F(P)| = f @iy = alPl, 11(@) = / | () Pady = blQ]
Q
BT A, C:’;‘fﬁéﬁf{a,b&i
nf [F(A)P <a<suplf(P inf () <b<sup|f(2)f
zEP 6P ZQQ . zEQ

iy, Lo T

o~ 2ist(£0) « & o o2dist(7,D1) o
<3S <e _ . | (2.1).
Thd. 3T '
di = 1Pl
|PI+1Q] -
ThiHPH , '
do = - |f(P)| o aP 3 - (22)

PN+ IF@1 alPl IR s+ (1-di)

CrEFB. (21)TEBERTHE 4 BEXTHT kzbv.e;%c_bméa)*c (21) D ¢
A% (2.2) ICE A L'Cffﬁ”%“t%»rﬁ? S ]

Remark 2.2.7. Z‘.O)‘Proposition'}j:, rdistortion.ii‘i%j'?-'é‘ di — 1726 dy— 1] &V |
5 CEAEEDILS (Theorem 2.2.1 DFEFAZ R &),

Lemma 2.2.8. XCC#%int X=07Thsdarsz FMERETH L, HED ro >0 12
.'>'f~1]‘ LT%%E&-C’ <1IDBEELT, BBOr>ry LEBO 2e CIlTH LT

density(X, D, (2)) < C

BRILT D .
(Proof) :
C:= sup  density(X,D,.(2))
(r2)e{r>ro}xC '

UL E C <1 ThbIEEREZE. bL C=1Thol b5 L MH (r,z) €
r>r}xC®=12..)7T o

* lim density(X, D, (2,)) =1
u—00
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BT LOBRFEETD. X 3oy b, BEAERTHLINPDLIDEE 1y — 00, 2, — 00
DUFTNHEZ DB, fEo TLERLEMICHDFIE L 2T (ra, ) — (Ro, 20) £782
TWBELTEV. ZOLE Ry £0 ThHY, i

X ND(2)]

density(X, D,(2)) = B
i (r, 2) KOWTERETH LMD
[X NDxre(20)| _ 4
| D g, (20)]
REEU o, X Bavss b, BCHEATHEI L EEETHE, Thb X BNA
%%o:k&&bﬁ%ﬁﬁ#é.;orc<1ﬁ&5. o

Lemma 2.2.9, HEE& f ONMHHIES X Bood X BMETETSE. 20k
hHEH p> 0L C,>0DBHEEL, FEOO<r<p b r LIEBD 2e X KHLT
FIDA(2) BREHETHY, Lb

dist(f,D.(2)) < Cy -1

BRELT S

(Proof) : WHIMIPAHEAEOEE LY X E= %7 FTHY, R f O critical point
CEEERV., o T X OEHFUT U 78 critical point 22 ERWVWHONREND. EK
ZEVTCC, 0gUTHBLELTIW. EBD 26 X KHLTHD r=r(2) >0 BTF
&Lffmcﬂﬁﬁﬁkﬁé.Xmm/A/FT%émBXTi<Di9&Uu0®%m
B U, () ((=1,2,...,k) THEEND. £Z T/ "-mm1<z<k'rz> 0&95. ZokE

(4 s
C =2 sup 1) p := min(p’, distance(X, 0U))

ng f’( )
Lk, 0<r<pib D(2) CU, B D,(2) i critical point Z &%, E£7 fD.(2)
HESTHB. E8 0 ORI Proposition 2.2.5 (3) BTl HITHED. O

Lemma 2.2.10. - f:D.(2) = D' CcCH» conformal THY, H5D 21 € Dp(z) T

[f(z)— fzo)l 2 p

LB RBEET D720 |
| De-c.,(f (%)) € f(Dr(20))

MESIT 5. 2L C = dist(f, D(2)) TH 5.
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| Figuré?.?'
(Proof) : |20 — | <t <r &WT v 75: 10& 5. fiXconformal THAENLHFER
BEETHOTENE g &7 5. £

[Za“zzl—“?", f(z2) =wa, flz)=wy, f(za)=‘wo,

ThBHETH. EEL 2 ik |f(2) — flz)| BRACRBED %2 {2] |z — 2| =1} ;s;o;a
&35 (Figure 2.7). — D& ?—3/}(0)#@73%’2 V3o (2L, RPOESOBESMIL w &
wp %F&;ﬁf\&'é‘é)

lzz— 2| = 1" = |g(ws) — g(wo)]

. f g (u)du|
wo

SfmwmmMI

_ /“’2 _ldu]
wio lf’(y( )]

| < Fowie
L g 13 F(D,(20)) i’?@{iﬁ@,ﬁ'@% D, Proposition 2.2.5 (4) OFHHEEH W, #oT
s = wol 2 717 (gCw))le™® - e9)
DER Y SEo. —0F, IROFHHBEKY LD
p < |f(z0) = fz)] ‘
= {ve fzo&n%:»@.&ﬁz}l if’( )l} !ZU A _
< [f(w)l-7 (2.4)
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7L vy 1 (24) © 2 HORFO max OEE L 5ETHSB. #oT w & gluy) =%
WL RRELTEDE, (23) & (2.4) OFHERD b

- | |ws ~ wp| > be“c'

58D, wy OEEPOINE
| Do, (f(20)) C f(Dr(20))
THBILERLTVG, ¥ <r Thokib |
| | Do, (f(0)) C (Dr(z0))

WY SEo. =l

U EDRER%E HVv 5 & Theorem 2.2.1 ZFEHAT 57 DGEL 72 HRD Main Lemma 3% -
FED : | B o S

Lemma 2.2.11 (Main Lemma). [ OWHEHIES X L, UTOLME2H: :
FTEOREDEE S, e, C>0MNFHETD :0<r < ROEBD r LEED 2z X ioxt
L, 5% ne NBFELT -

() oD (2) [SEH,
(i) dist(f",D.(2)) < C,
(i) FOE) OB,
Remark 2.2.12. =@ Lemma i3, YARIZ/AER D (2) b f O iteration i2 & o> T—

EBOHA X e £THEMIISN, ULHrbZORB® distortion {32z & r itk blndh 5 TR
C TBEADND, LWHTLERLTVD (Figure 2.8 B1). :

Figure 2.8
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(Proof) : X IIMEATHAEEROT, HOIBARE N e NBFELTX £ [(FY)YI =2
LEADTTHER, MEOLDUTTHEX E|f|2A>1 R256%F25. —K
OBAE F ORDPYIC, BY%R NpeNEEoT Mz onTEBR&ThIZL,

EF Xk L Lemma 2.29 WM T LI REK p>0, >0 BLnd. ZOp ¥
MEEVEFTIEICLY
A=l X1 <1

LRBESICTED. Lo 8L LTHID p & LRI (B BUFTH 6 L IXENT,
p LB TLiLTB). £IT

200, el
C':m m2C’ —
1_)_\;;_( ’ ZA)

' D; = fi(D(z)), O<r<p, jF=0,1,--

L8, FBE Dols Dy # conformal £729, Lavb
PR ED; CDfi(2) 0<j<n), Dng D) (2.5)

BT L O RARE n NEETAZERES. EE n2RECLTCE 21 Dy —

D, 7 conformal T2 < 2% (B, 131°T2<25), £icik D, ¢ D,(f"(2) &7

B WTRICEL DD m e N WEELT Dp ¢ D,(f(2)) £25. koT (25) &l

Fne NBEFEETS. TLUTFD; 0<j<n) HERATHIPE (pilze X 0LE

f{ED (2) BEHIRDE 5RO THoT), Do i ‘iﬁ%ﬂ“ BNt conformal TH D (f72
U, 7Dy BEATTRAEN S LR,

4% & Proposition 2.2.5 (1) & ¥

dist(f", Do) <Zd18t(fa .7)

Je=b
WALV S0, E£7- Lemma 2.2.9 XV |
dist(f, D;) < dist(f, D#(f?(2))) < C1-7 < Cy - diam D;
NEBNS. EIELT>01
Dy CDH(F() CD(f(2), ¥ < dism D;
EWIT b OTH S, B

1 n-F—1 1 n—j—1 1 n—j—1
diam D; < | = diam D < | — ~diam D,..q < - 2p

72 BEENRER Y LoD T, Bz b

n—1 n—j—1
dist(f”,ID),.(z)) = diSﬁ(fn,DQ) $ E 2p01 (Xl'") S C
=0 !
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DIEIT S |
PLET (i) & (i) AR, RIT (il) 2L T ORI dist(f*, Do) < C ThHY ETe,
D, ¢ D,(f*2)) THHD, BB 2 € Dy T (=) € Dp(f(2)) L12DbOBREFET S,
# - T Lemma 2.2.10 2*5
De-c.o(f*(2)) C fn(Do) |
THDHILBED. Bb, e p=re &FHIF IV (Figure 2.9). £

Dy = D'r(z)

Figure 2.9

Main Lemma EHWA L g.U)ﬁﬁfD Ei@f?)ot Theorem 2.2.113&kD X 9 Jx‘éi’bé

(Proof of Theorem 2.2.1) : %7, intX =0 THHT & ’é‘f?ﬁ”“?‘ X 3%
BTHDPDL X CJ; Thd, X #0 &35L, ﬁ@g‘fﬁd)gﬁm%’fﬁ (|Be, p.65,
Theorem 4.1.2; p.69, Theorem 4.2.5)) 25

( -U f"(mtX))

n>0

B, Livb Uysg fAintX) C XT X 1232237 b, BICHEATNS X =C b4
5, T5& X X f O critical point L2 LICRVFE. Lo TitX =0 TH5.

FOLCHUT TR X >0 LEELTHFEREL. X 1% LT Main Lemma %729
E S e, C>0PHFEETIOTENEZLVEET D, Lemma 228 Trg=¢ &7 5&

density(X,D,(2)) < Co <1, (r>e¢, 2€C) (2.6)

LB X O RER C, BPEET S, £7- Lebesgue’s Density Theorem {Theorem 2.2.3) &
v X @ density point 2, BB, R2€ X T

density(X, 2o} = 1
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LB LOMNEETS. Biz Main Lemma L0 EBED 0 <r < §IZHLTHDB n=n(r) e N
T oD, () BESHT

fH(Dn(20)) D De(f™(20)),  dist(f", Dr(20)) £ C
LB b ONEET D, 2 i% density point *sz«:f:ybsra

X ND, (20)1
|Dr(20)]

#€5°C Proposition 2.2.6, Remark 2.2.7 £ 0
density (O (X), OB () =1 (7= 0)
BRYIIH, Thi fOX)CX £ |
density (X, f*" (D (z0))) = 1 (r— 0)
WD ST, |X]| < 00 I T |
0D () = X[ =0 (r—0)

-1 {(r—0)

ErY. o T
D/ () — X] = 0 ( —0)
CHIB
denSIty(X P (" (20))) = 1 (r — 0)

é:is?‘ﬂ, ZHUE (2.6) KR T 5. ' 1

’C%—%ﬁﬂﬁ ioﬁéf‘%’c, ?E%jj 2% T X< Ebh 3 Koebe’s Distortion The-
orem J: Koebe's § Theorem W OWTHRICHRBA L TR,

¥4, Koebe’s Distortion Theorem (kD £ B Y 'Cﬁ) Z) ([Po, p.9, Theorem 1. 3] -

Theorem 2.2.13 {Koebe’s Distortion Theorem).
D =D;(0) & L f:D— C 3 univalent (83, Hb, analytic 21 % 1) T f(0) =0 %
Wi Tse, {kﬂ)ﬁfﬁﬁhﬁk_.zﬁ”% |
2]
(1 +120)

1+ 2]

= [ F(O)] S ()] : S A=)

ZICE. =
\_O'Jﬁ@ﬁ%)ﬁ,t u_xﬂt@mkﬁ>ﬁé9

Corollary 2.2.14 . f:D — Cunivalent @& &, fIiZid& Bfa?b"i"%& C(r) BEELT
dist(f, D (0)) < C(r)

4 . . : .
H"') L Eng). o
1—7 : _

MRS 5 (B, O(r) = (
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D

BRI, Lo
EHFEI—EETBEAOND.

Figure 2.10 Koebe’s Distortion Theorem.

%7, Koebe's } Theorem & I1K™ & 972 bDTH % ([Po, p.9, Corollary 1.4]) :

Theorem 2.2.15 (Koebe’s 3 Theorem).

f:D - C 23 univalnet THDH & %‘{k?ﬁi‘ﬁkiﬁ‘?’“é s
F(D) 5 Dypy (FO))- | O
- F(D)

D

3170}

Figure 2.11 Koebe’s : Theorem.

HEER f OMBH f-* O branch 1%, b LEFEETHITBEIRIC univalent TH 5
b, TNHLOEBREEATONRICRD I LIKERLTEL.
ORI L 2OOEEDIGEE 1 o305, F7, Koebe's Distortion Theorem
O E LTROEBRPZET ONS ¢
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Theorem 2.2.16. f AEBEGLL, z € Jy 'C Jf#C k‘ﬂ“%’) 55 e>0,
73N\ (> 00) & 1/ 00 (j = 00) T

o fr|Dy, (ze) id injective,
o 13D, (20)) D Delf ()

& ?gé%ﬂ)ﬁlﬁﬁﬁ"étﬁfbﬁ (Figure 2. 12), 21X Jp @ densmy point TIX7RV. Eﬂ*o .

density(Jy, z0) 7& 1 ‘Cbl?)?o
'f”’ ‘*"“

Figure 2.12 2o uﬁﬁ/v“fif\< W*ﬁ@@} {Dr, ()32, Ty f O
+45E W iteration I > THE—EDOKE & (ﬁi-"?t ) DMK
CEEDGXDIK, LA injective 125 DENDLOBPFET D.

Corollary 2.2.17 . J; 28 o075 )| >0 ThBEF5. ZOLE, % R, O
density point 72 H I, _ '
- wlzg) C U w0

- ce&{erit. pts. of f}

BRI, 2L w(z) iX 2z @ wlimit set, BI'H

-NTF@ iz

720

THD.
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(Proof of Theorem 2.2.16) :

D, (z0)

Figure 2.13

wtoo LTB.BELXY | |
| g5 = (91D, (z0) ™ De(/ () = €
BETET 5. T Mobius 2 M; CREEHECE LT
| M;(0) = [ (z0), M;(De(0)) = De( /™ (20))
R b OREET S, 20T | |
by i= g0 M;: D.(0) = C

&35 & (Figure 2.13) Z i univalnet _iCc?(D"C“' Koebe’s Distortion Theorem £ 9 0 <& <€
725 & WCHLT jRIDRVWER C BFELT |

| | dist(hy, D (0)) < C (2.7)
MY 2o, 7, Lemma 228 £V, HBEH _C’ <1BHEELT LT
density (J7, Do (% (2))) < C' < 1
MY M0, ZTIT M; IXERERROT | |
aensity(M;l(Jf),m,(o)) <C'<1 . (2.8)

DER Y I, (2.7), (2.8) & Proposition 2.2.6 £V, HBEH C" BHEELT

density(h,-(M;l(.]f)),hj(ﬂ))sf(O)) = density(Jf,hj(E])Er(O)) < C” <1 (29)
WD Y. —F, p\ 0 % ' |
| | Dy, (#%) C hj(Dr(0)) C Dy, (20)
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%’:?%71"3‘%)0) &4 5%, Koebe'’s Distortion Theorem- JZ ) 'fEd}ﬁ( (O L DIETFT B &
icenb. ZOAEERMD

donsity (€ — Jy, Doy () = density(€ — Jp, hy (Do (0)) - density(h;(D(0)), By, 20)
TIhB T LIRbIAR, TIT 2 28 J; O density point Th% 95
density(€ — J, Doy, () = 0 (j = )
ThB. £ density(h;(Dy(0)), Dewy,(20) WA FRTH B HFER
density(€ — Jy, h;(D(0))) = 0 (j — o)
CBES. Thik | |
| density (Jy, k;(Der(0))) — 1 (§ — 00)
BT HOT (29) IKFETH. o< 2 % Jy © density point TR, 0

Remark 2.2.18. LEOFERITEHEIC L7, UTOX LT densmy(Jf, +(20))
EEEFET S HTED

(Another Proof of Theorem 2.2.16) :

hj (De"(o))

Figure 2.14

FRIRICHDEOI, HHEKC>0, 0<C"<IPHFELTjCELTIC
dist(hj, De(0)) < C,  density(Jz, hi(Du(0)) < C" < 1
BEEY D, ZZTO0<T<r &

5= s [hy(z) ol
2D (0)



9.9. DENSITY AND DISTORTION - | 99

43 & (Figure 2. 14) ri =0 &Y 7 —0ThHD. density(Jy, ,.J(zo)) %‘nﬂﬁﬁ'@“ét
‘i'f‘ densxty(h (}]})EI(O)) Drj(zﬂ)) FThi n:g’f%'g—é

%=S@IM@—MW$(swIHM0M<(SWIHM0

zell,. (0) D (0) €D, (0)

T Y, —F Proposition 2.2.5 (4) DFHEZE S &

Ihi(Da (0))] = [[ Wy (2) Pdndy
Z_ e"dlSt(h’ e’(O))ih; (p)lzllﬂ}e' (O)I
&85 1L p€Da(0) IHERD BThb. XoT hy(De(0)) C Dy (ZO) CHETRE

@), PO )
D5 (20)] = w((sup,ep, o) 115 (2))e)?

THBH. ZITpe Do (0) AT CH-T b ENDT, (2.10) T p e De(0) IKBILT sup &
&5 LIER ' '

density (h;(De(0)), D7, ( 0))

(2.10)

density(h; (D (0)), D, (2p))) > e~ distlhaDer(0) > ¢=C
2185, PO Ldb .
[h;(Der(0)) N J¢| + |(Dy; (20) — by (Der(0))) N Jg|

density(J5, Dz (%)) =

D7 (20)].
= hs(e(0)) N Iyl + D5, (z0) — hy(Re0))]
B 1D (20)]
< C"|h;(Der(0))] + |Ds, (20) = h;(Der(0))]
- D5, (20)|
_ (€= 1)ih;(De ()] + 1hy(Der (0))] + [Py (20) — hi(De(0))]
_ Dy, (#%0)]
- i i (Der (0))]
= 1-0=9 I}D (Za)t
< 1-(1-C"e©
< 1 |

ﬁ}ZV)WL’D 7;— 0 'C%ot?b*fbm:@’b i 2 A3 Jp @ density point THHRNWI L ZRLT
W5, . o

(Proof of Corollai'y 2.2.17) ¢ w(z) ¢ Uw(e) &'{ﬁﬁfé‘é‘&
wew(zn)— |J w©

ce{erit. pts.}

B8 w BEETS. Wb, BAEOF n; /oo T fH(z) ~ w ¢ Uw(c) &725 %)U)ZP '
FETS.
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O we U (/"0 | n> 0} U{oo} THIEA : 20L& HEREES U T

"eg{erit. pts.}

Uﬂ[ U {f“(c)l-nzo}u{bo}]mﬂ
‘ ec{crit. pts.} '

THY .
' fnj(zd)"—’wleU (j — 00) _
LRBLONEETS. ZOLE, Yl branched covering © U _E unramified T 5.
LidioT, B g:U—CT

f"” og;=id,  g;(f" (%)) = 2

LB LONEET S, {g;} & Montel DFEEZHEAT DL LWHRESH {95}, 9 29k —
00) BWEBND, EIIT OWRELK ¢ iﬁﬁﬁﬁéﬁfﬁé R D, HLEITRNVE
3% L g 1% open map, LT z DEFEE

weJy=1 }i‘%@;@i,ﬁ}

ChBMD 2 OEFCIRREBANRDS. EoTIOAT, —0 kb (E: g i3
f~" O 1-50 branch Thole). KBERAHAIT 2 KEHTOPL—BOEHRLY ¢ =0,
EoTg=const LRVFEEELD (HHVI Huwitz DEHENPD g id 2 OEHFT
injective T HITTRDIL, BHBOLRD[PHH T LRV FE, EEOTHEW).

Pbkky, BYEALe>0,7;\,0T Theorem 2.2.16 DIE & W T b OBEET S &
E2%. fEoT 2 13 density point TRVWZ 2420, BHOREICFETS. '

(ii) w; € U {f*(c) | n> 0} U {oo} "C“%Z')ﬁ%@ Py ¢ Uw(c) 'C“.&b-of'aﬁélb o
ec{crit. pis.}

& f & critical point BERME L RN & %%@'é‘é meN<&, &% critical point ¢
LT

= f™(c)
LTV I k Wb, THEHO f O critical point. 73>7ﬁ§5ﬂﬂ§1 LW Z b, +

AyRER N e NIZ LT f~N(w,) W72 3 critical point @ forward orbit MR b
- BB (Figure 2.15 BHR). & T wy € w(z) ThHolh b

™ (z) — w
LR BB \;ﬂfys»a-::nz). Lo THYR wy e fNw) LT
F9N(z9) — wy

Ligd. DFY WQEW(ZQ)T&)Z) L?b”%) D wy IX

w¢ U UQIn> O}U{oo}

_ ce{crit. pts.}
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REETOT, ThE v ORDYIEX IR Q) OBE LA A LERSLES. O

CIII’
...... e —> @ )
N |
""" .—-—).—'—)..‘"".-'_."""').""}."—").—).
c | VAR L O L RN
...... ® ® .
7
.-..;-.,’w—).
¢/ 1
B L
e
------ ,m—-)'
C”

 Figure 2.15 wy O#if& (c, ¢, ¢, " I critical points).

RiZ Koebe’s 1 Theorem A & L TR Proposition 7% :

Proposition 2:2.19. D C C WA < 5 BEEHER, 6(2) = distance(z, 8D)
(Euclid BE#), Ap(2)ldz| & D ® Poincaré metric &%, Z O & EROFHEIRILT D ¢
o _

1
e < Ap(z) < )

Remark 2.2.20. 2% HOF% 51X Example 2.1.10 TT TR LA, Z0OLE D @
BEEHRNERP o, 1BROFRESFETRTOW D ORBERELZES.

(Proof) : 1&BBOREXEFRY. EBO 2% e D 2L VEETS. D 3RHHTH
B b —EB{LEREND conformal map f: D — D T f(0) = 2 EWILTHOBFEETS.
z=f(¢) ¥ 5L, BEEHELYED Poincaré metric DEE L Y,

' d
CAp(2)|dz| = T-l:%?

ThH, T
dz

dz )
d—c-:f(oa AD(Z) ¢
THBHNE (=0 LT M)f(0)=1, £2oT

1
1-¢f?

1
)= T
#4135, —J Koebe's ; FHIY

F(D) = D D Dy peay(20)
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BEEY 3o, ko7,

o) 2 31O = T3
B .
() < Ap(#0)
ThD. _ N _ iy

2.3 Annulus @ modulus

= OETIIRFTERME L Lebesgue BIEMN O ThHBHZ é:‘ ERTEE Jﬁfﬁ 72-annulus 2
BT AR EmHNT 5.

Definition 2.3.1.  Riemann & A 4% anni.llus ThDHE z:;A 28 2 s (B0 71 (A) = Z)
CHBHETLEVD. I

Example 2.3.2. Annulus (8% R CRNS. FILETROL S RbONRDS :

(1) BOARESR _. (2)

FAEE

(> 1)

(3)

- |

/z~z+1

Figure 2.16 % 72 annuli.

Remark 2.3.3. (1) AC C WEEHES (Ab, HK) THho L & A B annulus Th
Brik C\A WX 5 Y2 oOMRRA LD L LA THD,

(2) A 28 annulus T C\ADERSP2AULEEHRETHL0<r<R<o %‘?ﬁt‘?‘ﬁ:’
¥or, RBFEL, AZHR {z|r <z <R} & SEREICA 5 ([Le, p.10, §1.5)).
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Definition 2.3.4. A C C % annulus LBl A @ modulus mod A #
mod A := iI;f Area ,(A) u_irfl)f / f P (2)dzdy
‘ / JA :

CEET S, ZZC inf TFAETHEK p: A - R T, A ADTNTO essential
curve (%, Jordan curve T A PIC (-homotopic TIX7/RV. Figure 2.17 /) v IZx L
[ p(2)ldz] 21 £725bDITANT EB(ZDE57 pk AL THEN (admissible)
ThHhdHEND). ' ‘ : .

Figure 2.17 essential curve & non-essential curve.

mOdAmp;ggmﬂﬂ ([f p*(2)dzdy
(e [ JEE )ldzl) |

EEBLT B LW ([Le, p.10, §1.5]; [LV, p.32, Theorem 6.1]). Z M3FRR7%>5 modulus i3

- Remark 2.3.5. (1)

{’)f |v: A 0) essential curve}

&9 curve family ® extremal length @ﬁﬁ(‘&b 5LELZD ([LV, p. 22]) iEL, RO |
Remark 2.3.8 IR L.

(2) Modulus OFEFDH D Jordan curve v % real analytic (or C%, or C® etc. ++-) 2 H D
ERELTHRERIAR L’C?)Zb

(3) —H&o Riemann & LC® annulus (B1%, C O#HHEA wﬁ‘f‘b%foﬁ bRNH D) T

& p(2)|dz| % conformal metric IZBE M2, [[pPdedy ZEHE, [ pldz| %Eéfﬁ%#ﬁ
Z T4 < FHRIZ modulus WEERTE S,

Modulus 128 UTET AR AR OBIRIZET 5 Lemma & Proposition TH 5 :

Lemma 2.3.6. Annulus A ® modulus mod A I conformal invariant, Eﬂ"’o Ay & Ay
PEATHRE (BA) ol
mod A; = mod As.

BT 5.
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(Proof) : | f 1 (A1, 2) = (Ag,w) BRENTHIERIEMHE L, v C Ay % essential curve &
FT35L f(y) C Az b essential curve THD. E7z p(2)ldz| = plw)ldw| THH LT DL
w=f(z) 9

() pl2)
w
Aw) = Taa] = )
ThAH. X THEED essential curve v C A lzxtL f p()dz| > 1 &7 b E, BED
essential curve ¥ C Az i LT j%p (w)ldw| > 1 & fcf:%') LEHFETHS. BT

f f pldzdy = / | prdudy

HELY ST, & 2T modulus DEED S mod A; = _mod Ay BELY 7. 01

Lemma 2.3.7. A={2|r<z]<BR} (0<r<R<o0)DLZ

‘ 1 R
A= -—log —.
mod 5 log -

Remark 2.3.8. mod A = log EEHL T DA B ([Le, p.10, §15], [LV, p.31).

(Proof): &7, 1B m ORISR 2 - exp(—2miz) K EoT A= {z |r < |z| < R}
LA TH B LT DL (Figure 2.18 B) L

“exp(—2miz)
 —

1 _/zwz—l—lw

Figu_re 2.18

12

Y N vy : essential curve

Figure 2.19
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r-exp(2mm) = R ThHHPH b
m = }— log E

¥ %. Lemma 2.3.6 & Remark 2.3.3 (2) £ ¥ Z OBIRIEIKD modulus 28 m THHZ &
BRI TCHD. T C Figure 2.19 @ X D 72 essential curve & vy, p 75: modulus @
EEICBND, annulus AlH L‘C%ﬁ%&#ﬁﬁﬁ@ﬁtc‘: T 5 EHBINT

1
1s/ﬂmm;jpwﬂwm
. Yy - _'G )
C ThDH. TOMAE Yy TOLD m ETHSTLHE

m < fo K /9 : p(:l:—l—iy).dmdyw / /A p(2)dzdy

LB, MUE2ELT p=1-p &&HT Cauchy-Schwartz DAFXZH D &

m? < ( / fA pd:z:dy).2 < ( ] fA 'lzdwdy) ( ffA pzdxdy) mm( f fA pz-d-’%‘dy)

T - '
m< ff pidxdy

BB LoTZ %’!;73“‘9 m<mod A Bbohb, LTAHR p=1 0L EIIEED essential

curve y IZ¥F L
| 1sfmwl
v

ThHY (Ef]%, p=1725 pl¥admissible), 5>

f/ pidxdy = m
A .

ThBM»H mod A=m THS. | o

Lemma 2.3.9. A;, Ay 2 annulus, f:A; — Ay BT TAX 1 @ coveﬁng THD
LE, | '
mod A; = d - mod Ay

BRI 5. B, Ay, Ay ©—7F® modulus MDA IUTHLE D modulus 1 covering degree
DIHTRESND. | |

(Proof) : Alm{zi1<|z]<R}, Ag—{z]1<lz|<R’} 0)&%1"&33“}*;}'(3;)67%
IOLEXBHLMT R =RY, f(x) =22 LELZ <‘:7b=’C€‘§6 o
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Proposition 2.3.10. A % annulus, 4; C A (i =1,2,...) ZEWIZ disjoint T essential
(BV%, A; @ essential curve iZ#IC A @ essential curve, mi(A;) & m1(A)) 72 annulus &4
% (Figure 2.20 ZR). Z O & & modulus OREITKROFHEIMRLT S -

Zmod A; € mod A.

=1 .

A

ZhEE 2R

Figure 2.20

(Proof) : p:A— R ZFEATRBEKT A CEBLCHERRLDLTS. ¥ % A ©
essential curve &35 L FELYD v 13 A O essential curve ITHRDDT [ p(2)ldz] = 1 5
R0 IEo. Ble plA 13 A; 1ICB LT admissible TH%. Xo7T modulus DEZEL Y

mod A; < /fp(z)zd:cdy

LB, kot

ZmodAé SZ// _p(z)‘?dxdym[[' p(z)zdmdygff p(2)2dzdy.
i=1 =1 Y VA -V IUE A A
p ICBELT inf k& B LG |

Z mod A; < mod A

=1

BELND. _ o

SLEORARE % T = OO HETH 5 EEETRLE 5. 5 11CETF 50138
FrEASTE % T DI F A7RIR D Proposition TH D : :
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Proposition 2.3.11. A, A, 43,... % C O ARFEIKICEFEN S disjoint T nest LT
WA (D, EED i XL T Ay © ADRA Lo TS, Figure 2.21 ) annuli
OFET B, Zok&HL Y0 mod A; =00 RbHIX

Nomi) = {14}

i=1

L%, 7L, annulus A OREIL X C\A OFRRERROOZE LT 5.

Figure 2.21

- (Proof) : b L diam A; — 0 (i — 00) TRVWETDHE, (2 (ADHMA) 112 REL LMD
AR T Ny MEB LD, KXo ThD annulus A THEED i 1K L A; % essential |
RbLDELTESR, AOARMII2 AU LB ORFETS. 20L& mod A<oo TH
%, LoAB—F, RELD Yo, mod A; = 0o THHH B i Proposition 2.3.10 [ZK
T5. | o

FoTXcC 0)5\ z J’oﬁ'f)ﬁfﬁ@'ﬁ’ﬁ%“}‘ﬁ“ iz € X WH L nest LTWBHERR
annuhA nFT '

o z € ADPH,
o (A,DMED NX B,

) imod. A, = 00, |

=]

LRDLOEMETIIIV. RERLINLE {(AORAINX)E, e ® X iTBITD
EAFEZTHY, Livb Proposition 2.3.11 £ ¥ diam (ADAM) — 0 &R251HTH
%. Julia ESOEFEREME, 9" Julia 24O partition Z1EY, HERMWEEILER
ICEN D annuli DFIB AL OWEERILTIL ERT Lo THBHENS. '
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Theorem 2.3.12 (Modulus-Area inequality (McMullen [Mi2, p.39, Corollary
A8])). AcC#%annulus, D% ADOAMLETHLE

IAIi-J){‘Di < ew4w‘moci A

73»!3&24“9"%’) 7tz L, | l REEERT. ESTHLET A 7b>ﬂfL\F?i7’J=l‘97‘£%'>é: EITRS.

Figure 2.22 Annulus A &£ DOHM D

(Proof) : KOERFEANEE RS

Proposmion 2.3.13 (EBF% (Isoperimetric inequality)). v % smooth(= C)
Jordan curve, Dy & v ﬁ*iﬁ@ﬁﬁﬁ (B %, C\fy @ﬁﬁ-ﬁﬁ%) k‘?‘é b

D) < -(length 7
DBHILTD. itfﬁ‘?v&"f'lﬁc ot 7)>Fq “C&)Z) 3 @Zfﬁi‘_‘ﬁ‘é : O

<, |D]=0 2 Ei3H @%fx@'cu?ﬂ:t |ID|>0 &35, pkLTA J:@;%‘z’%étl%@#c
T
| P Dl
2LBE, ADEED essential Cl-Jordan curve v i LT, |D| < |D,| THBHI & L%

BRERDD length longth
f o(2)|dz] = engt 'y> ength vy

VATD| = \/Ax|D,] =1

BEOIHS. Bih, 2O p X ALBELTHEENTHDS. modA@ﬁ%J:‘O
2 _ !
modA<ff (2)dady = lDl /d &= g

| A]
47r-mod A < iDl

T
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LR WRIT
| ID! +|A] _ [DUA| -

e ' (211
ST R e
BRDIo. WICneN & 1 HERICEELEE & AR

A=A UAUA;U---UA,  UA,

LEEND. Z T A; X disjoint 72 A PI? essential annuli T mod A4; = L.mod A EWTC
L, A 1 %iﬁﬂﬁﬂ, DB 1BEMIET B, Zhit A 24E%R annulus {z 1< |2] < R}

CERICETERE f <E‘ Uiz & &, HEEHNR annulus ZRWOH TR 272600 f a3
Wil LTE LD (Figure 2.23 2R).

14 4dr-mod A <

A | | g {z11<|zl<R}

Figure 2.23 Annulus D%

D; & A; @mﬁq b, C\A OFRRILETDHE
D = D1CD1UA1 DgCDgUAQ Dy C .-
- C D, 1UA_1-—D C D, UA, = DUA t Dot

LEED. —F (2 1)1 j:-""ﬁi%ﬂ) annulus & £ DARRZ-DWTRY LADT, %-annuh A T
BWEALT
IDiUA| _ |Digal

.‘Iw+~47r-m.od A; £ Dy IDzl , :1,2,.‘..,n
LB PLINOEHITAPLT |
: o Dunl _ [DUA|
1+ 4n-mod A;) < =
116 )< =D

gz}
E i k63 mod A, =1 modA Tholehb

n

H(l 4 4w -mod Az) — (1 + W) s 641r-modA (n — OO)

il
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LBBOTERERIRD Lo, | o
BARIZR TR O Lemma & Lebesgue ?ﬁﬂlﬁﬁi 0ThBILERTEXIERATHS :

Lemma 2.3.14. A % C O 5HRESICE E13 disjoint 22 annulus DEED & L

Xoo = {:L'G(C } Z modAzoo}
. T peDyAcA e
L. EEL Dy i3 annulus A ORIERT LTS, Zokx
1) EBD 1 € Xoo IWHLUTRD (i), (i) @5 BOTRPBEIT S :
() 5 Ae ABFELT e Dy T mod A= oo, o
(i) 5 An€A(R=12...) BEEL Tz € Dy, T diam A, — 0.
(2) |Xos] =0 THS. | | |

(Proof) : (1) z€ X, &95&

Z mod A= o0
ACA _
zeDy

B, TTT ADTEVC disjoint ThHBHMD mod A= o0 k2B bORETIT,
A€ A Tzx€ Dy BiHETHDIIEWIC pest LTOWRITFEFERLRWY. 25 O annuli
DRECIE AU Dy OEERIRIC X > CIERF A, Ay, ... B2 HRT

Az%l - DA«:' _
Y4BT ENTES. HLb dam A — 0 TRVETHE, HB anmulus A TEED 4,
% essential annulus & LTEA LG, 26Dy TDy i1 BTHERWE S L ORERE
T5. £oT mod A <oo &72Y T Proposition 2.3.10 WCFET 5.

(2) E9 Figure 224 0 X 5 RRWEEZBBELTH L D, T 0 & & Modulus-Area inequal-
ity(Theorem 2.3.12) 2*H o

) ]Dli: S —dm-mod Ay ,' 1D12| . S e—éi'n‘-mod As; i= 1,2
1Dy U Ay |D1; U Ayl

BERY b, FiC | B
| Dy U Agp| + | Dig'U Aga] < | Dy
ThbI Lnb

IDIII + ID12[ < ~4mr-min{mod A1+mod A11, mod Az-+mod Aiz}
[DiUA]
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BRILT BT ERbvs. £ ITCIE L LI2IRD Propesition. (), &BMETET
g i ' '

Figure 2.24

' Proposition (¥),. A % C Ob5FREBICE END disjoint /2 annulus DEED T,
HFEEDO ze CIZHLT - o
#Ac A |ze Dy} <n

Bl THOLT 5. 7 L Daid ADARITHS. TDEE c20ITHLT
Xeo(= X;(A'))-:w‘ {m eC l Z mod A > c}

Ac A
xell 4

&L, &7‘::.

X*(= X"(A)) = {z €C| % Ac MiconTze Ds}u | A
‘ - AcA

LB (B BB XN ACET B anmuli ORME TS TEDTELN BEE (B
b BV IR ORIA) £725)), S bOEAD Lebesgue MEEITHVT

| Xe|
1 X+~

—dmwe

BT 5.
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(Proof of Proposition (%)) + £7, n=1 0L EFEHELY A ORLAENIC nest L
Ty (Figure 2.25 /). : |

A Ay A

mod A>c¢
Figure 2.26 n=1 ORE.
mod A >c &% A RIEC Ay, Ay,... &35 & Modulus-Area inequality & ¥
1D —dmmod A; o ,—4 :
< AT - EYEO ' < —4mC g
DU A <e <e (2.12)

REED o, 770U, D; iiannulus A; OPREIEET. Ekn=10k %3

&mgm;xmﬂjmuA

i1 ' AcA!
L%, T L, Da tdannulus A ORRIERT. koT
X _ bl 3E D

X Tacw IDaUA] = B2, IDIUA]
BE5. ST—H, (212) b
|Di] < e~ D; U Ay

ThY 1<i<m ELTRiELDL

m m
Z lDZI < 6—47.“: Z [Dz U Azl
i=1 _ =]

JETY 5 1D
§=1 i+ —dare
Yo DU A =€
DRV, foTm— oo & LTEREREES (E: H5FRERIC A OREDT
BEENZ0T X D, S0, 1D U A 33cERRESE & 5. £/ {D;} BERED
ZL LTI LR, AREOLXLEETSHS).
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K n—1%£TE Lb‘&f{fi"i"b,. Proposition (*), 0)%@%?’{%7‘:@‘ A BEZ L&
T5H, ZOEE A mesty AT BIRTEERT S ¢ : |

!

! omost. = {AEA | AC Dy k2% A € ARFELRNY,
A" e ‘.A’ gt ‘ '

outermost”
B A€ Al ommost (CHLT |
A"(A) = {A € A" | A C Da}
EEB b (BT DI Ao 1A D A T—F SMll 5B HOT, A'(A) HED
o ACEENS A OROEED THDH. Figure 2.26 2. ), A"(A) iX Proposition:
(K)py DEMEEWIT. - | :
4

’
€ 'Aoutermost

Figure 226 'A’s ,outermost & Ae Aj'oumrm#t l‘:%j‘@—é 'A"(A)

Ko UBHIEDOHEEND ¢ 20 /LT

X (A"(A)] < e IXHA"(A)]

<
< e D, (2.13)



44 | CHAPTER 2. #f{i§ (BACKGROUND)

CBRYNIO. ZZTAEA ey Da A OHEITHSD. ET A€ Ayemon & €20
L Te<mod ADEET ' '

. [Xc(-A’) ﬂDAl.S iDAi < 6—4w(c—mod A)IDAI
ALY D, £ c2mod A DEEE
X(AYNDy = {m € DA E mod A’ > c} |
: Ale A’ :
x€D 4
S = {xe‘DA Z modA’>c~—modA(_>_0)}' '

A'e AT(A)
EG.EDAI'

_ = Xe-mod A(A”(A)) _
LEI D, (213)% d=c—mod A20 L LTEATHE

IXC(.A’) n DA' = X&—mod A(A”(A))l
. | < 8—47_:(_c——mod A)IDAI
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