INVARIANT DIFFERENTIAL OPERATORS ASSOCIATED WITH A
CONFORMAL METRIC

SEONG-A KIM AND TOSHIYUKI SUGAWA

ABSTRACT. Peschl defined invariant higher-order derivatives of a holomorphic or mero-
morphic function on the unit disk. Here, the invariance is concerned with the hyperbolic
metric of the source domain and the canonical metric of the target domain. Minda
and Schippers extended Peschl’s invariant derivatives to the case of general conformal
metrics. We introduce similar invariant derivatives for smooth functions on a Riemann
surface and show a complete analogue of Faa di Bruno’s formula for the composition of
a smooth function with a holomorphic map with respect to the derivatives. An interpre-
tation of these derivatives in terms of intrinsic geometry and some applications will be
also given.

1. INTRODUCTION

The uniformization theory tells us that an arbitrary Riemann surface has the natural
geometry, namely, spherical, Euclidean or hyperbolic geometry. Standard examples are
the Riemann sphere C with the spherical metric |dz|/(1 + |z|?), the complex plane with
the Euclidean metric |dz| and the unit disk D = {z € C : |z| < 1} with the hyperbolic (or
the Poincaré) metric |dz|/(1 — |z]?). For a unifying treatment, we introduce the notation
C. to designate C for e = 1, C for e = 0 and D for ¢ = —1. Unless otherwise stated, we
understand that C. is equipped with the canonical metric \.(z)|dz| = |dz|/(1 + €|z|?).
Note that A, has constant Gaussian curvature 4e.

For a holomorphic map f : Cs5 — C. (6, = 1,0,—1), it is more natural to consider
a sort of invariant derivatives of f(z) associated with Cs; and C. rather than the usual
derivatives f(™(z) = d"f(z)/dz". As such, commonly used is the invariant derivative
D" f(z) due to Peschl [11], which is defined by the power series expansion

F(5%) - f(z) & Drf(z)
11 S 2 e
( ) 1+ €f(2)f(1<j(§§¢) n=1 nl C

around ¢ = 0. Note that the group Isom™(C.) of sense-preserving isometries of C. consists
of the maps L(¢) = n(¢ —a)/(1 4+ a() for some a € C, and € C with || = 1, where
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L(¢) = —n/¢ for e = 1 and a = oo. For example,

1 (1+0]2)f'(2)
DI = Gar
14+0]212)2f"(2)  202(1 +6|z]2)f(2)  2e(1+6|2]2)%f(2)f'(2)?
oy s sauutos
DA f(z) = (L+68]2)2f"(2)  6(1 432> f(2)f/(2)f"(2) | 66z(1 +d]=[*)*f"(2)
1+elf(z)P (1+elf(2)]?)? L+e|f(z)P
6022%(1 +0]2*) f'(2)  12dez(1 + 0z|))2f (2)f'(2)?  6e2(1+ 5]2]2)3m2f’(2)3
1+elf(2)? (L+elf(2)?)? (1+elf(2)?)? '
These derivatives are invariant in the sense that |D™(L o f o M)| = |D"f| o M for

L € Isom™(C.) and M € Isom™(Cs). Minda [10] and Schippers [15] generalized this
for arbitrary conformal metrics. We now give a generalized definition of D" f.

In this introductory section, we consider plane domains with smooth conformal metrics
for the sake of simplicity. As we will see in Section 3, the notions given here can be
extended for a holomorphic map f between Riemann surfaces with smooth conformal
metrics in an obvious manner. See [16] for examples of useful (but not necessarily smooth)
conformal metrics on Riemann surfaces.

We define invariant differential operators J} acting on the space C*°(V) of smooth
(complex-valued) functions on a plane domain V' with smooth conformal metric p =
p(z)|dz| inductively by

1 _ LW(Z)
0P = Opp = p(z) 0z 7
(1.2) 8:}“@ =(0,00))p —n(d,logp) -0y, n=>1

for ¢ € C*°(V). Note that the symbol J; does not mean an iteration of d,. However,
when p = |dz| (the Euclidean metric), obviously 9} = 9" = (9/0z)", which is the n-th
iterate of 0.

The operator 02 for p = A. appeared in [5] (see also [6]). Note that the quantity p"07
appears in some computations of the Laplacians for n-forms on Riemann surfaces with
variable conformal metrics (see, for instance, [2]).

Let f : V — W be a holomorphic map between plane domains. If p = p(z)|dz| and
o = o(w)|dw| are smooth conformal metrics on V' and W, respectively, then D" f = D7 f
is defined on V inductively by

D'f = %f’ and
(1.3) D" f =18, — n(9d,logp) + (9,loga) o f- D' f] D" f, n>1.
Here, D" does not mean the n-th iterate of D'. It should be noted that the chain rule
D (g0 f)=(D;,9)0 f Dy, f

is valid for holomorphic maps f: V — W and g : W — X and conformal metrics p, o, 7
on V. W, X, respectively. This definition looks different from Peschl’s one, but it turns
out that these are equivalent when V' = Cs and W = C. (see Proposition 7.2).



INVARIANT DIFFERENTIAL OPERATORS 3

One of the purposes of the present paper is to show that these invariant derivatives
satisfy the same rule as do the ordinary derivatives of compositions of smooth functions
of a real variable. It is known that higher-order derivatives of the composite function go f
of smooth real-valued functions f and ¢ of a real variable are described by Faa di Bruno’s
formula (cf. [12, p. 36] or [1, p. 137])

(go N =S"g® o f- Auu(f,..., fO7HD),
k=1

where A, = Apx(x1, ..., Tn_k41) are Bell polynomials (see Section 4 for the definition).
The following result is an analogue of Faa di Bruno’s formula for our invariant differential
operators. We note that, by virtue of transformation rules for these operators (Lemmas 3.2
and 3.6 below), the result can be extended for Riemann surfaces with smooth conformal
metrics via local coordinates (see Section 3).

Theorem 1.1. Let V and W be plane domains with smooth conformal metrics p and o,
respectively, and let f :V — W be holomorphic. Then, for every function ¢ in C>*°(W),
the relation

(1.4) (o f) = (0kp)o f- Aup(D'f,..., D"k f)
k=1
holds for each n > 1.

We remark that these relations for n = 1, 2 were previously noticed in [5] when V = C_;
and W = C,4, and in [6] when V =W = C_;.

This theorem shows that our invariant derivatives D" f are natural, and enables us to
compute higher-order derivatives of functions more easily. For instance, when V =W =
C_; and f maps C_; conformally onto a hyperbolically convex subdomain €2 of C_y, several
characterizations of the domain €2 are given in terms of the invariant derivatives D" f in
[9]. Invariant derivatives of po f can be computed and related to D" f by using the above
formula for a geometric quantity p on €. By this way, the above theorem in this special
case was utilized to simplify involved computations in [6].

The present paper is organized as follows.

In order to give a natural interpretation of our invariant derivatives on Riemann sur-
faces, we need a differential-geometric setup. In Section 2, we give basic concepts in
differential geometry that we need and introduce necessary notation and terminology.
Though the material is standard, an expository account will be given there because we
could not find a convenient reference containing all the needed contents concisely.

Section 3 will be devoted to an explanation of the way that the invariant derivatives
D"f = Dg ,f arise for a holomorphic map f : R — S between Riemann surfaces with
conformal metrics p and o. Prior to this, we define the operators d) in a natural way.
Since these operators are described as tensors of specific types, it is a routine task to see
that they obey certain transformation rules.

Section 4 summarizes basic properties of the (exponential) Bell polynomials as well as
a principle leading to Faa di Bruono type formulae for a sort of differential operators (see
Lemma 4.2). This principle plays a decisive role in the proof of Theorem 1.1.

Section 5 gives a proof of Theorem 1.1. To this end, we introduce an auxiliary differ-
ential operator. A remarkable fact is that the n-th iterate of the differential operator can
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describe our differential operators ) and Dy , in simple ways, which makes the proof of
Theorem 1.1 dramatically short.

The defining recursive relations (1.3) give apparently much complicated expressions of
D" f. In Section 6, as an application of Theorem 1.1, we derive another expression of
D"f in terms of ™ and the lower order derivatives D'f, ..., D"~!f. Moreover, we give
concrete forms for D" f in terms of only the ordinary derivatives f/,..., f™ and for f™
in terms of D'f, ... D"f.

Section 7 will be devoted to see what is the outcome of the previous sections for the
canonical surfaces C. for ¢ = +1,0, —1. Although some of them are known already, we
believe that our approach will give a further insight even into the classical invariant
derivatives.

Further applications of theorems given in the present paper to the study of Schwarzian
derivatives will be supplied in forthcoming papers of the authors.

Acknowledgement. The authors are grateful to Kyung Hyun Cho for his support. They
also thank Eric Schippers for valuable information and comments.

2. CONNECTIONS ON VECTOR BUNDLES

We recall basic notions used in differential geometry. We refer to an excellent book
[7] by Kobayashi and Nomizu for details. We give somewhat detailed exposition of the
necessary material for the reader who is not familiar with differential geometry, as well as
for the setup of terminology and notation.

Let R be a Riemann surface. Let E be a holomorphic vector bundle over R with
projection 7 : E — R and denote by I'(E') the set of smooth cross sections of F over R. In
what follows, vector bundles will always be holomorphic. The most fundamental vector
bundles over R are the (complexified) tangent bundle T'(R) = T¢(R) and its dual T*(R)
(over C), the cotangent bundle. An element of X(R) = I'(T'(R)) is called a vector field
on R and an element of I'(T*(R)) is called a 1-form on R.

A connection on E is a complex linear mapping V : I'(E) — I'(T*(R) ® E) satisfying
the Leibniz rule

V() =dp @&+ Ve, pe CP(R), £ €(E).

Note that the operator V is local. In other words, V naturally operates on I'(E|y) for
an open subset U of R. (This fact enables us to consider V as a sheaf homomorphism of
the sheaf of local smooth sections of E, though we do not take this formalism explicitly.)
Identifying I'(T*(R) ® E) with I'(Hom(7T'(R), E)), we can define a linear transformation
Vx :T(FE) = T(FE) for X € X(R) by setting Vx& = (V&) (X) for £ € T'(E). We call Vx&

the covariant derivative of  with respect to X. Let wj, be the connection forms of V with
respect to a local frame (eq, ..., e,) of E, namely,

,
Ve, = E wy, @ €;
i=1

and w! are local 1-forms on R. The connection forms then reproduce V by the formula

r

VE=D (dgi + Zg%,@) ® e,
k=1

i=1
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where £ = >, Fep € T(E).
Let E and F' be vector bundles over R with connections V' and V", respectively. Then
the tensor product E' ® F' admits a connection V so that

Vx(@n) =Viéan+£@Vin, X eX(R), E€T(E), nel(F).

We will write V=V'® 1p + 1g ® V" symbolically.
Let E be a vector bundle over R with connection V. Then a connection, which will be
denoted by the same letter V, is defined on the dual vector bundle E* by the rule

dg", &) = (VE,6) + (£, VE), £el(E), & el (),

where (£*,&) = £*(€). If wi are the connection forms of V on E with respect to a local
frame (eq,...,e,.) of E, the connection forms of V on E* with respect to the dual frame
(er,...,e") of E* are given by —w¥.

Let f : R — S be a holomorphic map and let F' be a vector bundle over S with
projection m : F' — S and connection V. Recall first that the induced bundle f*F' is
realized as the fibre product R xg F' = {(p,§) € R x F': f(p) = m(&)}. In particular, one
can define the pullback f*¢ of £ € I'(F') by f*¢(p) = (p,£(f(p))). The induced connection
f*V on f*F is defined by the connection forms f"‘w}C with respect to (f*ey,..., f*e,),
where w¥ are connection forms of V with respect to a local frame (ey, ..., €,).

Let g be a smooth conformal metric on a Riemann surface R, namely, g is a Riemannian
metric on R which is locally written in the form g = p(2)?(dx? + dy?), where z = z + iy :
U — U’ is a local coordinate of R and p is a smooth positive function on U’. It is a
simple exercise to see that a Riemannian metric ¢ on a Riemann surface is conformal
if and only if it is Hermitian. Note that a smooth Hermitian metric on a Riemann
surface is automatically Kéahlerian. A conformal metric ¢ is sometimes written in the
form ds = p(z)|dz| as a line element or in the form g = p(2)?dzdz as a Hermitian metric.
In what follows, we will refer to the conformal metric as p = p(2)|dz|.

Let V* be the Levi-Civita connection (or the Riemannian connection) on T'(R) associ-
ated with p. For a local coordinate z =  + iy of R, the (local) vector fileds e; = 0/0z =
(1/2)(0/0x —10/dy) and e3 = 0/0z = (1/2)(0/0x +10/dy) form a local frame (e, es)
of T(R). By using the information in [7, Vol. II, Chap. IX, §5], we obtain the connection
forms of V? as follows:

1

— 20 01
! P ngdz, wi=wi=0.

“2 p Oz : 0z
We remark that the Christoffel symbol T, is defined to be wj(e;). Note also that the
connection forms of V? on T*(R) with respect to the dual frame (e}, e}) = (dz,dz) are
given by —w¥. Thus, for instance,

(2.1) w

dlog p
0z

We denote by T7(R) the tensor bundle of type (r, s) over R, namely, T7(R) = T(R)*" ®
T*(R)®* and denote by D" (R) the set of smooth tensor fields of type (r, s) on R, namely,
DT (R) = T'(T7(R)). By the operation explained above, the connection V* is defined
on T7(R) as well. Note that D)(R) = C*°(R) and that V?” acts on it as the exterior
differentiation; V¢ = dy for ¢ € C*(R). The direct sum D(R) = > _(DI(R) has a
structure of bi-graded C*°(R)-algebra and is called the mized tensor algebra on R.

(2.2) VP (dz) = -2 dz ® dz.
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3. INVARIANT HIGHER-ORDER DERIVATIVES

Let R be a Riemann surface with conformal metric p. We define a linear transformation
A=A, of ®(R) by
A(w) =dz ® Va/az<w), RS @(R),
where z : U — U’, U C R, U’ C C, is a local coordinate of R. We see that A(w) does
not depend on the choice of local coordinates. Indeed, let w be another local coordinate
defined in the same domain as z. Let w = h(z) be the transition function. Since dw = h'dz

and 0/0w = (1/h')0/0z, we obtain
dw @V ou(w) = (h'dz) ® V1/ma/0-(w) = h/ -hdz ® Voo, (w) = dz ® Voo, (w)

for a tensor field w. We notice, by definition, that A(D%(R)) C DL, ,(R). We note also
that A(w) is nothing but the projection of Vw to the (1,0)-part.

Lemma 3.1. Let ¢ € C*(R) and z : U — U’ be a local coordinate of R. The tensor field
A" (p) can be written in the form

A"(@) = en(2)d2"
for each n > 0, where dz" = dz ® -+ - @ dz (n times) and p, is the smooth function on U’
determined by the recurrence relations with initial condition:

Don, 01
(3.1) o=poz ' and @4 = n_on nggon, n > 0.
0z 0z

Proof. We now prove by induction. When n = 0, the assertion is trivial. So, let n > 0
and assume that the assertion holds for n, namely, A"(p) = ¢, dz". Then, we obtain

A () = Apndz") = Apn) ® dz" + @A (d2").
Since A(dz") = nA(dz) ® dz""' = —2nL (log p)dz""" by (2.2), we have the relation
Opn ., Ollogp)
An+1 — . " d n+1 __ et d n+1
() { s — 5, ¥ = Pnt :
which completes the induction argument. 0

We now define the operator 9 by

(3.2) Fpo(z) = p(2)"en(2)
on U’ for p € C*(R) and n € N, where ¢, is given by (3.1). We also write 9, for 9}. We
will call 97 the nth p-derivative of ¢.

We now see that this definition agrees with that given in Section 1 when R is a plane
domain V' and z : V' — V is the identity. Indeed, differentiating both sides of (3.2), we
obtain

O w0, . _,0p,  0(p™)
82(5’,,90)—82(9 ©n) = p 5, T g, ¥n
. dlog p _,0logp
=P Pt 2o ¢ = mp o on
n dlogp .,
= pd o+ n B I,
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where we have used (3.1). We now divide both sides by p to obtain the relation (1.2).

Note that 9 is no longer a function on R, in general. More precisely, it should be un-
derstood as (A"p)/p™ = pn(2)dz"/(p(2)™|dz|™), which is sometimes called an (n/2, —n/2)-
form on R since |dz| = dz*/2dz"/? formally. At least, the modulus [07¢| can be regarded
as a function on R and that is enough in applications.

Since a local isometry between Riemann surfaces with conformal metrics can be re-
garded (at least locally) as a change of local coordinates, we are able to state the invariance
property of (A™¢)/p™ as a lemma in the following way.

Lemma 3.2. Let V and W be plane domains with smooth conformal metrics p and o,
respectively. Suppose that a locally univalent holomorphic map p : V. — W s locally
isometric. Then the relation

2pon = (

holds for each n > 1.

/

P\ iy o -
W) (@) op), e CxW),

Let R and S be Riemann surfaces. Suppose now that a holomorphic map f : R —
S is given. The tangent map T'f : T(R) — T(S) can be regarded as an element of
I'(Hom(T'(R), f*T(S))) = I'(T*(R) ® f*T'(S)). By using local coordinates z : U — U’ of
Rand w:V — V' of S with f(U) C V, the section T'f is described by

Tf = [(2)dz® [*(8/0w) + ['(2)dz © [*(9/0w),
where f =wo foz1: U — V' C C. We now set
Of =dz®@Tf(L) = f(z)dz® f*(0/0w).

It is clear that 0f does not depend on the choice of local coordinates and thus df €
D(T*(R) @ [*T(S)) = D(TY(R)  [T(S))

Suppose next that the Riemann surfaces R and S are equipped with conformal metrics
p and o, respectively. We recall that V” is defined on T7(R) so that its action on the
mixed tensor algebra D (R) satisfies the Leibnitz rule V4 (£ @ n) = VA4E @ n+ £ @ Vin
for £,n € ®(R) and X € X(R). For a holomorphic map f: R — S, let

vPol  D(TY(R) @ f*T(S)) — I'(Hom(T(R), T*(R) ® f*T(S))) = T(T%,(R) ® f*T(S))

be the connection given by V# ® 1+ 1® f*(V7). Furthermore, we define a linear operator
Ap=Npoy : T(THR) @ fT(S)) — T(T) 1 (R) @ f*T(S)) by

A =dz@ Viile, € e D(TY(R) @ fT(S)),

where z is a local coordinate of R. As before, we can check that A¢{ does not depend on
the choice of z.

Let us find a concrete expression of A,, ;. For a pair of local coordinates z : U — U’
of Rand w:V — V' of S with f(U) CV,weset f=wofoz!:U — V. We now
consider a local section ¢ of TO(R) ® f*T'(S) in the form & = ¢(z)d2" ® f*(0/0w), where
© € C=(U"). Recall that the connection forms wj of V7 with respect to the local frame
(e1,e2) = (0/0w,d/Ow) are given by wi = 29(log o)dw = w3 and w? = wj = 0, see (2.1).
Thus, by definition, (f*V7)(f*e;) = f*w] ® f*e;, namely,

(f*V) f*(9/0w) = 2(dlogo) o f - fldz® f*(0/0w).
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By (2.2), we obtain
vrole =dp @ d2" @ f*(0/0w) — 2n(dlog p)edz"t @ f*(0/0w)
+2(0logo) o f - flodz"t @ f*(9/0w)
- {[&p — 2n(dlog p)p + 2(Blog ) o f - f'oldz + &mz} ® dz" @ f(9)0w).

Therefore,
(3.3)

Ao slpd2™ @ f5(8/0w)] = |dp — 2n(dlog p)p + 2(dloga) o f - f’(p} dz"' @ f*(0/0w).
For the local description f of f: R — S, we define f, inductively for n > 1 by
(3.4) fi=1F, fapr=0fn—2n(0logp)fn+2(dloga)o f - ffn, n>1.

It is easy to show a result analogous to Lemma 3.1 by induction.
Lemma 3.3. Forn > 1, szg}f(c?f) = (Ao p0---0N,57)(0f) (n—1 times) is of the
form fo,dz" ® f*(0/0w), where f, is defined in (3.4).

We define D" f = Dy f for the coordinates z and w by

o(fCNWGE)
p(z) '

As in the proof of (1.2), it can be checked that this definition is same as (1.3) in Section
1 when R and S are plane domains with the identity as local coordinates.

(3.5) D"f(z) =

Remark 3.4. When S = C with the Euclidean metric o = Ao, DY, ,f coincides with 9} f.

The definition of D" f depends on the choice of the coordinates z and w. Let us observe
the effect of a change of coordinates on D" f. Let Z and w be other local coordinates of R
and S, respectively and write p = p(2)|d2| and o = 6()|diw|. We set f = o fo 2! and
write z = g(2), @ = h(w), AbJL(Of) = fudz"® f*(8/0w) and D"f = 60 f - f,/p". Since

Ny (0F) = fu(2) - (d'd2)" ® (W o [)[7(0/0w) = (¢'(2))" (W (F () ful2)d2" @ [*(8/0),

we have fo(2) = (¢/(2))"(W(f(2))fa(2). In view of p(2)|g'(2)] = p(2) and o(w) =
g(w)|W (w)|, we obtain

R h/ _ g/ n
(3.6) D"f:(—l)ofog-(D”f)og-<—/> .
|| 9|
In particular, it turns out that | D" f| does not depend on the choice of local coordinates
and thus it can be regarded as a global function on the Riemann surface R.

Remark 3.5. By the above transformation rule, we see that the quotient D"f/D™f is
independent of the choice of the local coordinate w. Therefore, one can regard it as an
((n—m)/2,(m —n)/2)-form on R.

We reformulate the above computation as an invariance property of D™ as in the fol-
lowing.



INVARIANT DIFFERENTIAL OPERATORS 9

Lemma 3.6. Let V, V, W, W be plane domains with smooth coanormal metrics p, p, 0,0,
respectively. Suppose that locally isometric holomorphic maps g :' V — V and h - W — W
are given. Then, for a holomorphic map f :V — W, the formula

/

h "\"
D (ho fog) = (W) o fog- (DL, f)og: (|§—|)

is valid on V.

4. BELL POLYNOMIALS

In this section, we give a definition and some properties of the Bell polynomials. As
usual, we denote by Z the ring of integers and by N the set of positive integers. Consider
the (commutative) polynomial ring of indeterminates x;, j € N, with coefficients in Z:

P:Z[xl,ﬂig,...].

Let D : P — P be the derivation determined by Dx; = x;4, for each j € N. In other
words, D can be written in a formal way by

. 0
D= T
j=1 !

The degree and the weight of a monomial z;, ---x;, are defined to be the numbers k
and j; + - - - + Ji, respectively. Let P, and @, be the sub Z-modules of P generated by
monomials of degree k£ and by monomials of weight n, respectively. It is easy to see that
P =32, P becomes a graded ring as well as >~/ Q,. By definition, D maps @,, into
(n+1, while D preserves Pj.

We define the Bell polynomials A, ;, n € N, k € Z, in P inductively by

Al,k = 51,k$1,
(41) An-‘,—l,kz = DAn,k + IlAn,k—ly n > 1a

where 91, = 1 when k =1 and 4, = 0 otherwise. By induction, we can easily check the
following.

Lemma 4.1.

(0) All the coefficients of A, are nonnegative,

We remark that (iv) follows also from (ii) and (iii) because P,NQ,, C Z[x1,. .., Tp_kr1]-
Since A, € Zxy,...,Tp_k+1], Wwe sometimes write A, = A, x(x1,. .., Zp_pt1) for 1 <
k<n.

The Bell polynomials have a certain universal property, which contains Faa di Bruno’s
formula as a special case. In this section, let V' and W be just sets and let F (V') and F(W)
be C-subalgebras of the algebra of complex-valued functions on V' and W, respectively.
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Lemma 4.2. Let dy and dy are C-derivations on F (V') and F(W), respectively, and let
f be a map of V into W such that po f € F(V) for every ¢ € F(W). Suppose that there
exists 6 f € F(V') satisfying

dy(po f)=(dwe)o f-of, @eFW).

Then

n

dy(po f)=>> (diye)o f Auu(0f,dv(5f), ... dy " (6f))

k=1

for o € F(W). Here, d. and df,, mean iterations of dy and dy, respectively.

Proof. We prove by induction. When n = 1, the assertion is trivial. Assume that the
assertion is valid up to n. Taking the derivation dy of the assertion for n, we obtain

Ay (oo f) =Y dy[(diye) o f] - Ani(df, dv(3f),....dy (o))

+) (o) o f - dv[Ani(0f,dv(6f), ..., dy (1))

= ) (d&fpo f) - Sf ARG f dv(Sf), ..., dv (S f))
- n—k+1 a

n An B )
+Y (diyp)of Y S OF.dv(Of). . dy O (5]
k=1 j=1 J

n+1

= Y (diypo f) (11 Ankes + DALNGS, dy(6F), ... dig 1 (6F)
k=1
n+1

= > (diyo f) Avpri(0f,dv(0f), ... dy (5 f))

k=1

by (4.1). Hence, the assertion is valid also for n + 1. O

The following property will be crucial in the proof of Theorem 1.1 later.

Lemma 4.3. Let a,b € C and 1 < k <n. Then

A, k(abxy, ab®xy, ..., ab" " e, i) = akb”An,k(ml, Ty ooy Ty k1)
Proof. The relation A, x(azy,...,ax,_g+1) = a"A, 1 (21, ..., Tp_gy1) follows immediately
from Lemma 4.1 (ii). Similarly, A, (bx1,...,0" " a, ) = 0" A0k (21, ..., Tppy1) is @

consequence of Lemma 4.1 (iii). O
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For instance, we have
A1,1 = I,
A2,2 = ZU%, A2,1 = T2,
Az =13, Asz = 31129, Az = a3,

4 2 2
A474 = Ty, A4’3 = 6$1$2, A4?2 = 333‘2 + 4%1%3, A471 = T4.

It is also known that A, j is given explicitly by

n! r1\7 T\ n
Ang = Z 1 ‘l<_l> <_|> '
o A gl gn! N n!
J1+2j2+ - +njn=n
]1+]2++Jn:k
5. PROOF OF THEOREM 1.1

We are now ready to prove Theorem 1.1. Let us introduce an auxiliary differential
operator. Define a linear transformation d, of C*(V') by

(5.1) dpp = p~ 0pp = p20p, @€ C=(V).
Set also ; 2o
g O g~ o ,

of = P D} f= 2 I
We note that the relation
(5.2) dp(po f)=(dsp)o f-6f
holds for ¢ € C*°(W). Indeed, first we have

_ , _ gof .,

(53)  Olpof)=p-dpof-f = 1390]Of~7ff — (@p)o £ DL, f.

A multiplication of both sides of this with p~! produces (5.2).

Lemma 5.1. Forn > 1,

nm . —nmAan n—1 _O'Of n
dyo=p"0)p and dy(6f) = Dy f.

7

Here dj) means the n-th iterate of the transformation d,.

Proof. We only show the second relation by induction. The first one can be shown
similarly (see also Remark 3.4).

The relation is trivial for n = 1. Assume that the relation holds for n. Taking the
d,-derivative of the logarithm of both sides of it, we obtain

dn(5f) 5] an p—an-Hf
—L =yt (,1logo) o f- DU f —nd,logp + - = ;
where we used the relations (5.3) and (1.3). Hence
dy(0f) = FDUII :

which completes the induction. 0
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Proof of Theorem 1.1.
Since the above 0 f satisfies the relation (5.2) for the C-derivations d, and d, on C*(V)
and C* (W), Lemma 4.2 yields the formula

n

di(po f) =3 (dip)o [ Aur(Sf,dy6f), ... Al (5))

k=1

for p € C*°(W) and n > 1, where A, are Bell polynomials.
By Lemma 5.1, we can rewrite this in the form

k=1

We now make use of Lemma 4.3 to conclude the validity of (1.4). O

6. ANOTHER EXPRESSION OF D" f

Let V and W be plane domains with smooth conformal metrics p and o, respectively,
and let f: V — W be holomorphic. The invariant derivative D" f was defined in terms
of D" f and its p-derivative in (1.3) recursively. It is, however, natural to find out an
expression of D" f in terms of the ordinary derivative f*) without p-derivative of D"~ f.
To this end, we introduce a double sequence of auxiliary functions associated with metric

p-
Define the double sequence a,, ; = a%k, n=12,....,k=0,£1,42, ..., of functions in

C>°(V) inductively by
(6.1) arrp =01, and Gpiy1x = Ang—1 + Oang —2n(0logp) - ang, n > 1.
Note that a,,; = 0 unless 1 < k < n. Here is a small table of a,’s:

apy =1,

ago =1, azy = —20log p,

ass =1, agy = —60logp, as; = —20%log p + 8 (dlog p)*,
agq =1, ag3 = —1201log p, as0 = —89%log p + 44 (dlog p)*,
g1 = —20%log p + 280 1og p - 0*log p — 48 (D log p)° .

Let ¢, be the function given in (3.1) for ¢ € C*°(V'). We are now able to express ¢, in
terms of a,,  as follows.

Lemma 6.1.

Pn = ian,k@% = i an 0, n>1.
k=1

k=—o00
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Proof. We show the assertion by induction. For n = 1, it is trivial. Suppose that the
assertion is valid for n. By definition, we compute

0 k - k
ns1 = &kg an 0 = 2n(01og p) ’;OO a0

— Z (Dank - %0 + an 1, 0" 1) — 2n(dlog p) Z 1, OF 0
k=—o0 k=—o00

= Z (8an k + ang—1 — 2n(dlog p) - an,k)ak<ﬂ
k=—00

= Z an+1,k8kg0.
k=—o0

Thus the assertion is valid also for n + 1. O

We define double sequence B, i, n € N, k € Z, of polynomials in P inductively by

By =01
Bn+1,k = Bn,k—l + DBn’k — 271.1‘1Bn,]€7 n Z 1.

By definition, B, ; = 0 unless 1 < k < n. For instance,
Bi, =1,
Byo =1, Byy = —2xy,
Bsz =1, B3y = —611, B3 = —2xy + 817,
Bys =1, Bys= —1211, Byy = —81y + 4473, Byy = —2x3 + 287179 — 4877,

We summarize properties of B, ; and the relation with af%k in the next lemma.

Lemma 6.2.
(1) Bpgk € Qu_i for 1 <k <n and, in particular, B, € Z[z1, ..., Tp_gl,
(ii) B,,=1,
(iii) af, , = Bnx(0logp, . .. ,0" Flog p).

As a consequence of Theorem 1.1, we obtain the following expression of D" f.

Proposition 6.3. Let f : V. — W be a holomorphic map between plane domains V' and
W with smooth conformal metrics p and o. The invariant derivative D" f = Dy ,f can be
expressed by

n

62)  Df=oof-p7 ) an,f® =) {o"Mala}o S Awk(D'f D),
k=2

k=1

where Ay, is the Bell polynomial given in (4.1) and aj, . and a5}, are defined in (6.1) for
p and o, respectively.
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Proof. For brevity, we write Af = A(f’,..., f™) and APf = A(D'f,..., D"f) for A €
Zlxy,. .., x,]. We will express both sides of (1.4) in terms of 9*p, k= 1,2,...,n with the
aid of Lemma 6.1. We begin with the left-hand side:
k
Iy (po f) Zp ”aflkak@o Zp a i )of~A£7l,
- =1

where we used Lemma 4.2 with dy = dy = 8. On the other hand, the right-hand side
can be written by

n k

Z(@k ZZO‘ a7, 0'¢)o f - A

k=1 k=1 =1

Equating both sides, we obtain the relation

n

Z(alsﬁ)on[P_naZk Ai,z (o~ akl) [ A }—
k=l

=1

Since, for each I, 1 <1 < n, we can choose ¢ € C®(W) so that 8'p # 0 but 9™y = 0 for
all m with 1 < m < [ at a given point in W, we conclude that the relation

n

(6.3) S pmal - Al — (o a0 £ AR] =0

k=l

holds for every | = 1,2,...,n. In particular, by letting [ = 1, we obtain the required
relation. 0

As an application of the last proposition, we give the first three of the invariant deriva-
tives of f :

piy=221p
P
prr=2t L v 99,106 DUf +2(0,log @) o f - (D'f),

D’f=cof[pf" —6d,logp-p 2 f" —2(851og p — 2(9,log p)*)p~" []
+6(0,logo) o f- D' fD*f +2(0%logo — 2(0,loga)?) o f - (D' f)>.

Observing (6.3), we obtain an expression of the invariant derivative D" f in terms of
only the ordinary derivatives f®, 1 < k < n as follows.

Corollary 6.4. Let f:V — W be a holomorphic map between plane domains V' and W
with smooth conformal metrics p and o. Then,

by ag,lof ag,lof aZ,lof nlof

by 1 agoo f af,of ... aj,of

b3 0 1 agzof ... apzof
D"f=(cof)-|b 0 0 1 coooag o fl,
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where
bl = Z p_naﬁ’k : Ak,l(.f/> fllv <. 7f(k_l+1))
k=l

for 1=1,2,... n.

Proof. The equation (6.3) can be interpreted as a system of equations for Ay = o %o f -
AP 1<k <m

d (a0 f)-Ap=b, =12 n

k=l
Therefore, D"f = (0 o f) - Ay is obtained as above. O]

Conversely, by using (6.2), we can also express the ordinary n-th order derivative f™
of f in terms of the invariant derivatives D'f,..., D"f as in the following.

Corollary 6.5. Let f:V — W be a holomorphic map between plane domains V' and W
with smooth conformal metrics p and o. Then

1 0 0 0 D1
p
p P
as 1 as o 1 0 p3
f(n) —
....................................... ,
P P
Ap—11 Ap—12 Qp_13 1 Pn—1
2 12 P p
a’n,l Ay 2 an,3 an,n—l Pn

where

forl=1,2,... n.

Proof. ;jFrom the equation (6.2), we obtain the following system of equations:

!
Zaﬁk.f(k) =p, 1=1,2,... n
k=1

By solving it, f™ is given as above. 0

7. CASE OF CANONICAL METRIC

In this section, we consider the special case when R = Cy, 5 = C. and p and o are
their canonical metrics As and A, where d,e = +1,0, —1. First of all, we observe a special
nature of the metric A.. Since

(7.1) O\ logA\e(2) = —ez, ze€C,,

many computations become simple. For instance, we have the following.
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Lemma 7.1. Define a,,,, n €N, k€ Z, by

n—k nl(n —1)! B wogn! (n—1
e (A T S R H(k;_l)

if 1 <k <n and by o, = 0 otherwise. Then
ane, = ank(0log\)" ™, neN, kel

Proof. We prove by induction on n. The assertion is trivial for n = 1. Assuming the
assertion for n, we prove it for n + 1. First, by taking the d-derivative of both sides of
(7.1), we have

(7.2) *log \. = (Olog \.)>.

By the defining relation (6.1) of a,; = a;\lfk, we compute

Ant1k = O —1(0log )\6)”_’”1 + a,, 0(0log )\g)"_’€ —2ndlog . - ay, 1 (0log )\g)”_’C
= [an -1+ (n — k) — 2n0y,,](0log /\5)”_’7“rl
= Q1 p(0log A"

Thus the assertion is valid for n + 1, too. O

Concerning the invariant derivative D" f = D}_, f, the definition (1.1) due to Peschl
looks different from the present definition (1.3). Schippers [15] gives a brief explanation
for the coincidence based on the recurrence relations. For convenience of the reader, we
give another explanation for it as an application of Proposition 6.3.

Proposition 7.2. Let f : Cs — C. be a holomorphic map. Then Peschl’s invariant
derivative D" f defined by (1.1) satisfies the recurrence relations (1.3) for p = As and
o= A

Proof. For clarity, only in this proof, we write D, f for DY , f, and D"f for Peschl’s
derivative. Now, we show that D" f = D, f. It is straightforward to check that D™ obeys
the same transformation rule for isometries as D,, does (Lemma 3.6). Since Isom™(C.)
acts on C. transitively, it is enough to show that D" f(0) = D, f(0) for a holomorphic
map f : Cs — C. with f(0) = 0. Then, by (1.1), we have D"f(0) = f(™(0). We now
compute D, f(0). Apply Lemma 7.1 to see

a;\lfk(O) = an,nén,k = 5717]@.

Substituting z = 0 and f(0) = 0 into the expression of D, f in Proposition 6.3, we find
D, f(0) = f"(0) = D" £(0). N

Our definition of D" gives, in turn, the following relations for Peschl’s invariant deriva-
tives.
Corollary 7.3. Let f : Cs — C. be holomorphic. Then

(L+0[2[)A(D" f)(2) = D" f(2) — nzZD" f(2) + e f(2) D" f(2) D" f (=)

formn > 1.
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Remark 7.4. These relations appeared in [17, p. 7] for the cases n = 1,2. The above
relations also follow from the identity

(1—624)8—?4 o) 0 = (1 - TEW)DH (),

where W is the left-hand side of (1.1).
Since ag,l = (=1)*71k! for k > 1, Proposition 6.3 now gives the following result.

Corollary 7.5. Let f: Cs — C. be holomorphic. Then

D”szeof-Ag”Zagfkf““)—Z{A; eyt o fAgu(DUS,. . DVETLY)
k=2
-1

I
k=1

where A, is the Bell polynomial given in (4.1), anfk is defined in (6.1) for the canonical
metric Ae and o, i s given in Lemma 7.1.

The special case when ¢ = 0 was previously proved by Sheng Gong [3] (see also [4,
p. 133]). Using this Corollary, we can express the ordinary derivative f in terms of the
invariant derivatives D¥f, k = 1,2,...,n as follows. Here and hereafter, we set 2z = 1
whatever a complex number z is.

Corollary 7.6. Let f: Cs — C. be holomorphic. Then

(1+§|z’2)n f(n)(z) B " n—1 o
(1+e€lf(2)]?) n! _Z (k_l)(—éz) * Chy

k=1

where

( p ) Awy(DYf, ..., DF=UHLFY,

z| =

Proof. Let fi = (1+d]2|)Ff®)(2)/(kY(1 + €| f(2)]?)). Then, putting the explicit form of
oy, given in Lemma 7.1 into the formula in Corollary 7.5 yields the relations

i (Z: D (62)"* - fi = co.

k=1

It is not difficult to invert this relation to express f, in terms of ¢, 1 < k < n, as given
in the assertion. ([l

For the case when § = —1, and ¢ = 0, Ruscheweyh [14] gave the relation in this
corollary. We end this section with an application to a rough estimate of higher-order
derivatives of a holomorphic map f : Cs — C..

Theorem 7.7. Let 6,¢ € {0,1,—1} and write D" = DY_, . Suppose that a holomorphic
map f : Cs — C. satisfies the inequality |D'f| < M on Cs for a positive constant M.
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Then, for each n € N, there exists a positive constant M, depending only on n and M
such that | D™ f| < M,, on Cs. Moreover, the inequality

(48P D) g (= 1N
(73) v efP  w S;(k—J"SZ' i

holds for z € Cs, where

k
{! _
Cr = Z E \Ef(z)\l ! Ak,l(Mb M, ... >Mk—l+1)-

=1

Remark 7.8. It is well known that a holomorphic map f : Cs — C. must be constant
whenever 6 > e. The Schwarz-Pick lemma implies the inequality |D'f| < 1 for any
holomorphic map f : C.; — C.;. On the other hand, a meromorphic function f : C.; —
C,; is called normal if D' f is bounded (cf. Lehto and Virtanen [8]).

Proof. We first show that | D" f| < M, holds for a constant M,, depending only on n and
M. Since the relevant conditions are invariant under isometries, it suffices to show that
D" £(0)] = | f™(0)| < M, for f with f(0) = 0. Let d.(z,w) denote the distance induced
by the metric A.. Note that d;(z,0) = arctan |z|, dy(z,0) = |z| and d-1(z,0) = arctanh|z|.
Since

) ) _
PG = 10700 S Trop ~ M)
we obtain the estimate
(74) ds(f(z)70) < Md(;(Z,O).

In particular, for a fixed positive number r in Cs, there exists a number N depending
only on M, 6 and € such that |f(z)| < N for |z| < r. Cauchy’s theorem now yields

(n) | (n—1)! f(z)dz
R e
_ - [ MO P
- 2mrn |z|=r (1 + 57“2)

M(n — 1)I(1 + max{eN? 0})
- (14 or2)rn—1 '
Since the last term depends only on n and M (and d,¢), we have shown an inequality of

the form |D"f| < M,,. Now the inequality (7.3) follows from Corollary 7.6 together with
|D" f| < M, and Lemma 4.1 (0). O

Remark 7.9. When ¢ < 0, in the proof, we can choose M,, by
M(n —1)!

M,= inf ——m———.
7’6((1:?,7">0 (1 —+ (57’2)7°n71

When § = ¢ = —1, by the last theorem, we obtain an estimate of the form
fM()] < K,

(1 =1f)P)
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for a holomorphic map f : C.; — C.; with some constant K. Note that Ruscheweyh [13]
showed the same inequality with the sharp constant K, = 2" nl.

12.
13.

14.
15.

16.

17.

REFERENCES

L. Comtet, Advanced Combinatorics The Art of Finite and Infinite Expansions, D. Reidel Publ. Co.,
1974.

E. d’'Hoker and D. H. Phong, On determinants of Laplacians on Riemann surfaces, Commun. Math.
Phys. 104 (1986), 537-545.

S. Gong, Coefficient inequalities and geometric inequalities, Kexue Tongbao (English Ed.) 32 (1987),
732-736.

, The Bieberbach conjecture, Amer. Math. Soc., 1999.

S. Kim and D. Minda, The hyperbolic metric and spherically convex regions, J. Math. Kyoto Univ.
41 (2001), 297-314.

S. Kim and T. Sugawa, Characterizations of hyperbolically convex regions, J. Math. Anal. Appl. 309
(2005), 37-51.

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, 2 vols, John Wiley and Sons,
1969.

O. Lehto and K. I. Virtanen, Boundary behaviour and normal meromorphic functions, Acta Math.
97 (1957), 47-65.

. W. Ma and D. Minda, Hyperbolically convexr functions, Ann. Polon. Math. 60 (1994), 81-100.
10.
11.

D. Minda, unpublished notes.

E. Peschl, Les invariants différentiels non holomorphes et leur réle dans la théorie des fonctions,
Rend. Sem. Mat. Messina 1 (1955), 100-108.

J. Riordan, An Introduction to Combinatorial Analysis, John Wiley & Sons, 1958.

St. Ruscheweyh, Uber einige Klassen im Einheitskreis holomorpher Funktionen, Bericht No. 7 Graz.
(1974).

, Two remarks on bounded analytic functions, Serdica 11 (1985), 200-202.

E. Schippers, Conformal invariants and higher-order Schwarz lemmas, J. Analyse Math. 90 (2003),
217-241.

T. Sugawa, Unified approach to conformally invariant metrics on Riemann surfaces, in Proceedings
of the Second ISAAC Congress (H. G. W.Begehr, R. P. Gilbert, and J. Kajiwara, eds.), Kluwer
Academic Publishers, 2000, pp. 1117-1127.

K.-J. Wirths, Verallgemeinerungen eines Mazimumprinzips, Bonner Mathematische Schriften 51
(1971), 1-60.

DEPARTMENT OF MATHEMATICS, DONGGUK UNIVERSITY, KYONGJU, 780-714, KOREA
E-mail address: sakim@dongguk.ac.kr

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, HIROSHIMA UNIVERSITY, HIGASHI-

HirosHIMA, 739-8526 JAPAN

E-mail address: sugawa@math.sci.hiroshima-u.ac.jp



