CARDIOIDS AND TEICHMULLER SPACES
TOSHIYUKI SUGAWA

ABSTRACT. In this note, we give an expository account on the role played by cardioids
in both Teichmiiller spaces and in complex dynamics. Especially, we will observe that the
shape of the Bers embedding of the Teichmiiller space of a once-punctured rectangular
torus converges to a cardioid in the sense of Carathéodory when the base surface is
pinched along the meridian. A more general and complete result will be included in a
forthcoming paper [21] of the author.

1. INTRODUCTION

A cardioid is a plane curve similar to {e! — e%?/2 : § € R}, see Figure 1 In this note,
however, a cardioid means the (open) Jordan region bounded by a cardioid curve. We
will call the standard cardioid the domain bounded by the above curve and denote it
by Cy. Note that the function fy(z) = z — 2?/2 maps the unit disk univalently onto Cj.
Conventionally, we denote by aCy+b the image of Cjy under the similarity map 2 — az-+b.

It is an accidental coincidence that the cardioid appears both in the Kleinian group
theory and in complex dynamics. However, according to Sullivan’s dictionary, the Bers
embedding of the Teichmiiller space of a Riemann surface (or a Fuchsian group) corre-
sponds to the Mandelbrot set (or its generalization). Therefore, this coincidence might
not be a surprizing fact. As is well known, the Mandelbrot set contains a cardioid (the
so-called main cardioid) as a connected component of its interior. On the other hand,

FIGURE 1. The cardioid
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FIGURE 2. The Mandelbrot set

as Kalme [8] pointed out, the cardioid appears in the universal Teichmiiller space in a
natural way.

In this note, we point out similarities between the cardioid in the Mandelbrot set and
cardioids in the Bers embedded Teichmiiller spaces. We emphasis on the role played by
holomorphic motions to give a unified aspect on these matters. Moreover, we will observe
that the shape of a one-dimensional Teichmiiller space tends to that of a cardioid when
the base Riemann surface goes to the boundary of the moduli space, at least in a special
case. It appears that this is a phenomenon which has not been observed in the literature.

The author would like to thank the organizers of the International Workshop on Te-
ichmiiller Theory and Moduli Problems held at the Harish-Chandra Research Institute,
Allahabad, India, for giving him a chance to consider this matter seriously. Without their
kind invitation to the workshop, this work would not have been carried out due to the
author’s busyness and laziness.

2. CARDIOID IN MANDELBROT SET

Even polynomials of the simple form P.(z) = 2? + ¢ are not fully understood in the
context of iterations, that is, in the theory of complex dynamics. We denote by P! the

n-th iterate of P., namely, P = P" o P, for n = 2,3,.... Here c is a complex parameter.

The boundary of the set K, = {z € C : {P!(2)}n=1,,.. is bounded } is called the Julia
set and denoted by J.. The Mandelbrot set M is defined to be the set of ¢ € C for which
J. is connected (see Figure 2). It is known that .J. is either connected or a Cantor set.
Also, it should be noted that ¢ ¢ M iff 0 € K.

An attracting fized point of P, is a point a € C such that P.(a) = o and |P.(«a)| < 1. It
is easily seen that a neighbourhood of an attracting fixed point of P, is contained in K. In
particular, ¢ € M. A fixed point « of P, must satisfy the relation P.(a)—a = a?—a+c = 0.
If we set A = P!(a) = 2a, then ¢ = \/2 — (\/2)%. We now conclude that P, has an
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attracting fixed point iff c € D = {\/2 — (\/2)? : X € D}. Here and hereafter, D denotes
the unit disk {z € C: |z| < 1}. Therefore, D is contained in the Mandelbrot set. Indeed,
it is easy to see that D is a component of the interior of M and D = (1/2)Cy. The
component D is called the main cardioid of M.

We expect that the Julia set .J. varies holomorphically (in a sense) on the parameter
¢ € D. Indeed, a repelling periodic point z. of P, is a holomorphic function of ¢ € D
(if one takes a suitable branch). In this way, we obtain a function f.(zp) = z. on Ry =
{e?™? . 2n9) € Z IAn € N} for each ¢ € D. Since these repelling periodic points do not
collide for ¢ € D, the function f. is injective on Ry. Thus the map (¢, z) — f.(z) gives a
holomorphic motion of Ry over D. Since Ry is dense in 0D, the holomorphic motion of
Ry extends to that of D (see [11]), which will be still denoted by the same letter f.(z).
Since the set of repelling periodic periodic points is dense in the Julia set, one has the
relation J. = f.(0D) for ¢ € D. By a theorem of Mané-Sad-Sullivan [11], the map f.
can be extended to a quasiconformal map of C and thus J. = f.(0D) is known to be a
quasidisk for ¢ € D. For details and interesting figures, see Astala and Martin [2].

It is known that near the cusp point 1/4 of the main cardiod D rather complicated
phenomena of phase transition are observed, which are called the parabolic explosion.
See [3] for details and references.

3. BERS EMBEDDING OF TEICHMULLER SPACE

We give minimal basics in the theory of Teichmiiller spaces to state and to prove our
result. For details, see [14] or [7].

In the following, we denote by H the upper half-plane {z € C: Imz > 0} and by H*
the lower half-plane {z € C: Im z < 0}. Let I" be a Fuchsian group acting on H, namely,
[ is a discrete subgroup of PSL(2,R). We denote by Belt(H,I') the space of Beltrami
coefficient for I' on H, more precisely,

o 7
Belt(H, I') = {p € L*(H) : [|ullec <1, (uov)y =puVyeT}

For 11 € Belt(H, T'), we denote by f* the quasiconformal map f of C = CU{oo} which is
determined by the Beltrami equations f; = uf, in H and f; = 0 in H* and normalization
conditions f(0) = 0, f(1) = 1 and f(oo) = oo. Note that fHI'(f#)~! is a Kleinian group
acting on f#(H) and f*(H*) properly discontinuously.

Noting that f# is conformal on H*, we define a holomorphic function ®(x) on H* by
®(p) = Spujm=, where Sy stands for the Schwarzian derivative of f :

o= (F) 50 =53
=\r) 2\r) —f 2\r)"

It is convenient to measure the Schwarzian derivative by the norm

lolle = sup(—21mz)2|<,0(z)|.
zeH*

We denote by By(H*) the Banach space consisting of analytic functions ¢ on H* with

By(H",T) = {p € Bo(H*) : (po7)(?)* = ¢ Vy €T},
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which is a closed subspace of By (H*).

It is known that ®(u) € By(H*,T') for o € Belt(H, T') and that the image ®(Belt(H,T"))
coincides with the Bers embedding of the Teichmiiller space of I'. We set Teich(I') =
®(Belt(H, ")) and we identify it with the Teichmiiller space of T" (or equivalently, of the
orbifold H/T'). Note that Teich(I') is a bounded domain in By(H*,T"). The map ®r =
® : Belt(H,I') — Teich(T') is called the Bers projection and known to be a holomorphic
submersion. In the case when I' is the trivial group 1, the set Teich(1) is called the
universal Teichmiller space.

We denote by o(I") and i(I") the outer and inner radii of the Teichmiiller space Teich(T),
in other words, o(T") is the smallest number r with Teich(T") C {¢ € Bo(H*,T) : ||¢||m <
r} and i(T") is the largest number r with Teich(I') D {¢ € Bo(H*,T) : ||o]|m < r}.

It is well known that i(1) = 2 and o(1) = 6 for trivial group 1, and hence, 2 < i(T") <
o(T") < 6 for an arbitrary Fuchsian group I' unless Teich(I') is a singleton. For a cofinite
Fuchsian group I, it is also known that i(I") > 2 (cf. [16]) and o(I") < 6 (due to Sekigawa
[20]). Furthermore, Nakanishi and Yamamoto [18] and Nakanishi and Velling [17] gave
characterizing conditions for I' to satisfy o(I') = 6 and i(I') = 2, respectively. It is
remarkable that their conditions are coincident. In particular, o(I') = 6 iff i(T") = 2.

4. KALME’S OBSERVATION

Kalme [8] made an interesting observation on a special holomorphic family of quasicon-
formal maps of the Riemann sphere. Following [8], we present some facts related to our
investigation.

For a complex number oo € C, consider the function

Fa(Z) — S0 — ealogz

on H*, where the branch of log z is taken so that —m < argz = Im logz < 0 for z € H*.
Since F!(z) = az® ! # 0, the map F,, is locally univalent for o # 0. A characterization
of univalence of F), is known.

Lemma 1 (Royster [19]). Let a € C\ {0}. Then, F, is univalent in H* iff |« — 1| <1 or
la+1| <1.

An easy computation gives

1—a? .
Sr(2) = — 5 =201~ a®)gp(2),

where ¢ € By(H*) is given by o}(2) = 1/(42?). Note that ||o}|lm = 1.
An interesting fact is that the holomorphic motion f; = Fi_; (|t| < 1) of H* can be
extended to that of the Riemann sphere in an explicit way:

fi(2) = {zz zeH

2t z € H*.
Note that f; is normalized and has the Beltrami coefficient

|00 (2)]
vo(2)

VA
— 2= ¢
1y, (2) ~
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for 2 € H, where ¢q(2) = i(z) = 1/(42?) for z € H. This is of the form of a Teichmiiller
differential on H and, by definition of ®, one has the relation

(4.1) ®(—tpo) = 2(1 = (1 = 1)*)55 = 90 (t) 20
where o0 )
Po l
o = —— and go(t :4<t——>.
" %o ol?) 2
We can now see that the intersection of Teich(1) with the linear span of ¢f is precisely
the cardioid 4Cy (times ¢f).

Hille [6] observed that for ¢ € R\ {0}, Fj. is a universal covering projection onto an
annulus, and hence, is never univalent whereas Sr._(z) = (1+¢?)/(22%) and thus the norm
ISk, ||z tends to 2 as € — 0. We point out that the point Sg_ approaches to the inward
cusp of the above cardioid 4Cypf from the outside.

5. ONE-DIMENSIONAL TEICHMULLER SPACES.

From now on, we restrict ourselves on one-dimensional Teichmiiller spaces. For sim-
plicity, we assume Fuchsian groups to be torsion-free. Then dim Teich(I') = 1 iff the
signature of I" is (0,4) or (1,1). Since to each Fuchsian group I' of signature (0,4), there
corresponds a Fuchsian group I'" of signature (1,1) such that Teich(I") = Teich(I") (cf. [9]),
without loss of generality we may further assume that I' is of signature (1,1). Then the
quotient Riemann surface H/T' is represented by the once-punctured torus of the form
T = (C\ Q)/Q, where

Q = (wy, ws)z = {Mmwy + nwe : m,n € Z}

and wy,wy € C with Im (wy/wy) > 0. We also write Teich(T") for Teich(I") when 7" = H/T".

In recent years, much progress has been made in the study of one-dimensional Te-
ichmiiller spaces. For instance, Minsky [12] proved that the Bers embedding of a one-
dimensional Teichmiiller space is a Jordan domain. By using Minsky’s method, Miy-
achi [13] showed that the one-dimensional Teichmiiller space is “cusp-shaped” at every
boundary point corresponding to a cusp. Computer graphics of the Bers embeddings are
presented by [9] and [10]. Also, the inner and outer radii of the Teichmiiller space of a
once-punctured squre torus are numerically computed in [22].

In [21], the following result is proved.

Theorem 2. The Bers embedding Teich(T) of the Teichmiiller space of a once-punctured
torus T' converges to a cardioid in the sense of Carathéodory (under suitable indentification
of Bo(T) = B2(D,T') with C), when T goes to infinity in the moduli space

There is some technicality with the suitable choice of the basis of the vector space By(T')
so that one can identify By(7T") with C. Therefore, in this note, we restrict ourselves to
the case when 7' is a rectangular torus for the sake of simplicity.

Let Q) be the lattice generated by A > 0 and i = /—1 over Z, namely, Q) = {m +ni :
m,n € Z}. We set Ty, = (C\ ©,)/Q. We denote by 7,(¢) = [(] the canonical projection
C \ Q/\ — T/\.

Take a holomorphic universal covering projection p, of the upper half-plane H onto
C\ Q, so that py(i) = ay and p)(i)/i > 0. Then ¢, = m) o p, is a holomorphic universal
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covering projection of H onto 7). Let I'y be the covering transformation group of ¢ :
H — 7). Note that H/F/\ =1T.

Let ¢y be the pullback of the quadratic differential d¢? on C\ Qy under the map py,
namely, py = (p})?. Further let

o = (18allm) " &

Then, by definition, ¢, € Bo(H,T'y) and ||p)||lm = 1.
Set also

*

pa(2) = oal2)-
Then ¢ € By(HY,Ty) and ||} = = 1.

Since d¢? on C \ Q, projects to a nontrivial holomorphic quadratic differential on Ty
via 7y, the vector space By(H*,T"y) is spanned by ¢}. Let

Uy ={w € C: wyp; € Teich(T'))}.
Then, our result can be stated as in the following.

Theorem 3. The domain Uy converges to the cardioid 4Cy in the sense of Carathéodory
as A —0+.

Since U, is a simply connected bounded domain (indeed, a Jordan domain by Minsky’s
theorem), there exists a conformal homeomorphism ¢, of the unit disk D onto Uy such
that g\(0) =0 and ¢ (0) > 0. Recall that go(¢) = 2(1 — (¢ — 1)?) is a conformal map of D
onto the cardioid 4Cy. Then, the last theorem can be restated in the following way.

Theorem 4. The conformal map g\ converges to the map go locally uniformly on D.

We illustrate the shape of the boundary of Teich(T') for several values of A\. We remark
that the boundary curve is drawn very roughly near the “main” cusp when A is small.
This is simply because of our algorithm of computation.

6. PROOF OF THEOREM 4

Let pe\o, (¢)|d¢| and pr, ([¢])|d¢] be the hyperbolic metrics on C \ €25 and T), respec-
tively. The density functions (the hyperbolic densities) pc\o, (¢)|d¢| and pr, ([¢]) are

characterized by the relations pr, ([C]) = poya, (€) and peo, (PA(2))|PA(2)] = pr(2) =
1/(2Im z). The following assertion can be found (in a more general form) in [22].

FIGURE 3. Bers embedding for the punctured square torus (A = 1)
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.

FIGURE 4. Bers embedding for small A

.

FIGURE 5. Bers embedding for very small A

FIGURE 6. Bers embedding for very very small A

FIGURE 7. The cardioid 4Cy = {2(1 — o?) : |a — 1| < 1}.
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Lemma 5. The hyperbolic density pr,([C]) of T\ takes its minimum at the point [a)] =
[(A+1)/2].

Corollary 6. The supremum of (2Im 2)%|ox(2)| over z € H is attained at z = i.

Proof. Letting ¢ = p,(z), we have the relation
(2Im 2)*Ja(2)] = perva, (€)%

which is known to take its maximum at ¢ = ay = py(i) by the last lemma. O

By the normalization of ¢,, we have thus the relation 4|p,(i)| = ||¢allm = 1. On the

other hand, ¢, (i) = p}(i)? < 0. Therefore, p,(i) = ¢x(1)/||Pallz < 0 and thus
) 1
6.1) orl) = .

We also note the following fact, which will be used later.

Lemma 7. The hyperbolic density pc\a, (£ +1/2) converges to w/2 uniformly in § € R as
A—=0+.

Proof. Observe that C\ 2, converges to the parallel strip S = {¢ : 0 < Im({ < 1} with
respect to the point i/2 in the sense of Carathéodory when A — 0+. Thus, the hyperbolic
density pc\o, converges to pg locally uniformly on S (cf. [5]). Since peo, (£ +1/2) is a
periodic function of £ with period A and since pg(€+1/2) = 7/2, the assertion follows. [J

We now define the curves
ay(s) =lax+Xs] (0<s<1
Ba(s) = [ar +is] (0< s < 1)

)

on Ty, where we recall that ay = (A +1)/2. Then, by the obvious symmetry of T}, these
are simple hyperbolic geodesics of T (see Figure 8).

We take the lifts @&, and 3, of them starting at i via the covering projection ¢, : H — T).
We denote by Ay and B, the elements of 'y C PSL(2,R) corresponding to &, and By,
respectively. In other words, @(1) = Ax(dx(0)) = Ax(i) and Sx(1) = Bx(5x(0)) = Ba(i).
See Figure 9.

Let o and 7 be the hyperbolic lengths of curves a,, and ), respectively. Then A, and
B, can be represented by

Ay =+ <60 690) and By =+ <COShT smh7>.

sinh7 cosh 7
Since the commutator [Ay, B,] must be parabolic, the following relation is required:
sinh osinh 7 = 1.

We remark that this sort of relation was already found by Hayman [4, §7].
We note the following fact.

Lemma 8. The hyperbolic length o of ay tends to 0 as A — 0+ .
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a,\+1'1
S
A+l
1 Ba .
aa ayr+A
o
0 A

FIGURE 8. Geodesics on T

By (1)

FiGURE 9. Lifts of curves on H

Proof. By definition, o can be computed by

o= / pr (1€ +1/2])de = / poas (€ +1/2)dE.

By Lemma 7, we see that o ~ 7A/2 as A = 0+ . In particular, the assertion follows. [
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A crucial result is the following variant of a proposition due to T. Nakanishi [15, Propo-
sition 3.1].

Lemma 9 (Nakanishi’s lemma). Let G,, be a sequence of Fuchsian groups acting on H
each of which contains a hyperbolic element of the form z — M,z such that M, — 1
as n — oo. Further let ¢, be an element of By(H, G),) such that p, converges locally
uniformly to a holomorphic function oo on H. Then @ (2) = ¢/2% for some constant c.

Proof. Write ¢, (z) = P,(2)/2? and ¢ (2) = Px(2)/2?. Then P, — P, locally uniformly.
Since ¢, (M,2)M? = ¢,(z), we have P,(MFz) = P,(z) for any k € Z. Letting n — oo,
we can see that P, is constant along the positive imaginary axis, which implies that Py
is constant. 0

Lemma 10. The quadratic differential ©x(z) converges to @o(z) = 1/(42%) locally uni-
formly on H as A\ — 0+ .

Proof. Since ||y|lg = 1, the family {¢,} is locally bounded on H and thus normal.
Let A, be any sequence of positive numbers tending to 0 such that ¢, converges locally
uniformly on H. Then Lemmas 8 and 9 imply that the limit function has the form ¢/2?.
On the other hand, by (6.1), the constant ¢ must be 1/4, which is independent of the
sequence \,. Thus a standard argument gives us the local uniform convergence of ¢, to
1/(422). OJ

Let
_lo

O
Then tu, € Belt(H,T'y) for every ¢ € D. Since ®(—tu,) € By(H*,T')), we can write
O(—tuy) = cp} for some ¢ € C for each ¢t € D. We define the function hy : D — C by the
relation

25\

(—tpr) = ha(t) @
We now show the following.

Lemma 11. The function hy is a conformal homeomorshism of D onto Uy satisfying

ha(0) =0, ha(t) = ha(t), and, in particular, h)(0) € R\ {0}.

Proof. Since the map ¢ — ®p, (—tp,) is of the form of a Teichmiiller map, hy is
known to be a proper holomorphic injection of D into U, (see, for instance, [14]). Since
dim Teich(T") = 1, this map is indeed a conformal homeomorphism.

By the symmetry of €2, we have the relation p)(—2) — ay + ax = pa(z). Therefore,
©x = (pl)? satisfies py(—2) = @a(2). Hence, py(—2) = px(2). This implies ®(tuy)(—2) =
®(tpy)(z), which is equivalent to hy(£)pi(—2) = ha(t)@i(2). Since @i (—2) = p3(2), we
have the relation hy(t) = hy(t). O

Remark. The quasiconformal deformation of T corresponding to ®(—tsu,) can be con-
structed explicitly. This holomorphic motion of H* is induced by the holomorphic motion
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of C\ 2, given by

ID)x(C\QA)B(t,C)H%.

See [21] for the details.

By Lemma 10, we see that the Teichmiiller differential py = ||/ coverges pointwise
to po = |¢ol/¢o = z/Z. We now use the following basic property of quasiconformal maps.
The proof of it can be read from a paper of Ahlfors and Bers [1]. See also [21] for a
detailed account.

Proposition 12. Let y1,, be a sequence of measurable functions on C such that ||py]|e < 1
and pi, — p a.e. Then the normalized ti,-quasiconformal map f*(z) converges to f™*(z)
locally uniformly in (t,z) € D x C.

By the above proposition, f~(z) converges to f~%°(z) locally uniformly in (¢,2) €
D x Cas A — 0+ . Since f~" is analytic in H*, the Weierstrass double series theorem
implies that

O(—tpy)(z) = S ptus (2) = Sp-tuo(2) = P(—tpo)(2)
locally uniformly in (¢, z) € D x H*. By definition of h, and (4.1), the above convergence
is equivalent to the locally uniform convergence

ha()ex(2) = go(t) o (2)-
Since ¢y — ¢ by Lemma 10, we now see that hy — go locally uniformly on D. In
particular, h)(0) — g4(0) = 4. Since '\ (0) is continuous in A and, by Lemma 11, assumes
non-zero real numbers, we also see that h)(0) > 0 for all A > 0. By the uniqueness of
the Riemann mapping function and by Lemma 11, we obtain g, = h,. Thus the main
theorem has been proved.

REFERENCES

1. L. V. Ahlfors and L. Bers, Riemann’s mapping theorem for variable metrics, Ann. of Math. (2) 72
(1960), 385-404.
2. K. Astala and G. J. Martin, Holomorphic motions, Papers on analysis, Rep. Univ. Jyviskyld Dep.
Math. Stat., vol. 83, Univ. Jyvéaskyla, 2001, pp. 27-40.
3. Lei Tan (Editor), The Mandelbrot Set, Theme and Variations, London Math. Soc. Lecture Note
Series, vol. 274, Cambridge Univ. Press, 2000.
W. K. Hayman, Some inequalities in the theory of functions, Proc. Cambridge Philos. Soc. 44 (1948),
159-178.
D. A. Hejhal, Universal covering maps for variable regions, Math. Z. 137 (1974), 7-20.
E. Hille, Remarks on a paper by Zeev Nehari, Bull. Amer. Math. Soc. 55 (1949), 552-553.
Y. Imayoshi and M. Taniguchi, An introduction to Teichmiller spaces, Springer-Tokyo, 1992.
C. I. Kalme, Remarks on a paper by Lipman Bers, Ann. of Math. (2) 91 (1970), 601-606.
Y. Komori and T. Sugawa, Bers embedding of the Teichmiiller space of a once-punctured torus,
Conform. Geom. Dyn. 8 (2004), 115-142.
10. Y. Komori, T. Sugawa, M. Wada, and Y. Yamashita, Drawing Bers embeddings of the Teichmiuller
space of once-punctured tori, Exper. Math. 15 (2006), 51-60.
11. R. Maqé, P. Sad, and D. Sullivan, On dynamics of rational maps, Ann. Sci. Ecole Norm. Sup. 16
(1983), 193-217.
12. Y. Minsky, The classification of punctured-torus groups, Ann. of Math. (2) 149 (1999), 559-626.

-

© 0N o;



12 TOSHIYUKI SUGAWA

13. H. Miyachi, Cusps in complex boundaries of one-dimensional Teichmiiller spaces, Conform. Geom.
Dyn. 7 (2003), 103-151.

14. S. Nag, The Complex Analytic Theory of Teichmiiller Spaces, Wiley, New York, 1988.

15. T. Nakanishi, A theorem on the outradii of Teichmiller spaces, J. Math. Soc. Japan 40 (1988), 1-8.

16. , The inner radii of finite-dimensional Teichmiiller spaces, Toéhoku Math. J. (2) 41 (1989),
679-688.

17. T. Nakanishi and J. A. Velling, A sufficient condition for Teichmiiller spaces to have smallest possible
inner radii, Ann. Acad. Sci. Fenn. A. I. Math. 18 (1993), 13-21.

18. T. Nakanishi and H. Yamamoto, On the outradius of the Teichmiller space, Comment. Math. Hel-
vetici 64 (1989), 288-299.

19. W. C. Royster, On the univalence of a certain integral, Michigan Math. J. 12 (1965), 385-387.

20. H. Sekigawa, The outradius of the Teichmiiller space, Tohoku Math. J. (2) 30 (1978), 607-612.

21. T. Sugawa, The limiting shape of one-dimensional Teichmiller spaces, in preparation.

22. , Estimates of hyperbolic metric with applications to Teichmdiller spaces, Kyungpook Math.
J. 42 (2002), 51-60.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, HIROSHIMA UNIVERSITY, HIGASHI-
HirOSHIMA, 739-8526 JAPAN
E-mail address: sugawa@math.sci.hiroshima-u.ac.jp



