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Chapter 1. Wiman—Valiron theory

Chapter 1

Wiman—Valiron theory

1.1. Maximum term and central index

fz) 000000000000 Taylord OO
(1.1.1) fz) =) anz"
n=0

O0O0000000000»>000000% 77 lanr™<ocoOO0000O0

(1.1.2) lim |a,|r™ =0

n—oo

0000000000 mazimum term |anm,|r"™ = max,>o |a,|r" 0000000
gdd

(1.1.3) p(r) = p(r, f) == max | |r"

000000000 (1.1.2) 00 Omaximum term 0 0 00000 0 0 O 0O Ocentral
indezv(r)=v(r, )0 p(r) 0000000000000 DOOOOOO

(1.1.4) v(r) :==v(r, f) == max{m | |am|r™ = p(r)}.
goodoooooogo

(1.1.5) lan|r™ < u(r) forallm >0,
(1.1.6) lan|r™ < p(r) forall n > v(r)

00000 D Maximum modulus 000000 M(r, f) := maxg<g<ar | f(re?)]
00000 Jank and Volkmann [1]00000 u(r), v(r) 000000 M(r, f)
ggodoooooobbbbuooooo

PROPOSITION 1.1.1.

(a) p(r)DODDOOOr000000000000u(r)— o0 asr— .
(b) v(r)DODOOOOOv(r) — oo asr — oo.

Proor or ProrosiTION 1.1.1. (a) f(z) 000000000000 rO000
O0v(re)>1. R>r>ro 0000

p(r) = laymlr " < lay) | R"" < lay ) |RY = u(R).



Section 1.1. Maximum term and central index

D000r>r 000 u(r)0000000000000000000
(11.5) 000000 nO0000O0nlogr +log|a,| <logu(r). 1000

]
(1.1.7) n < lim inf M, for all n
r—oo  logr

f(z)00000000n—o000000

(1.1.8) lim 2847

r—oo logr

D000 u(r) —»occasr —oo0000000

(b) (1.1.4)000000 r, ROOODO

‘ay(r)ru(r)‘ > ’aV(R)’TV(R)7

lav(r) RY| > Jay, | R

<R)V(R) <R)V(7")
- > (= )
r r

DO000R>r000 v(R)>v(r) Dv(r)0000000000000000
(11.2)00000 K >00000000 n00000]a,| <KOOODO(1.1.3)
00

goo

p(r) = \ay(r)|r”(r) < Krv™,

0on
log K

logr

log u(r)
log r

0000 (1.1.8)00 limp—wv(r)=co 0000 O

<v(r)+

ProrosiTION 1.1.2.

(a) v(r)00O0000000
(b) w(r)0D0O0O000OO

PrROOF OF ProposITION 1.1.2. (a) OO0 ro0000w(r) 0000000
D000000e>000000 rg<r<ro+e00 0000 v(r)=v(r) O
0000000000000000 v(r)=n0000 (1.1.6) 00
(1.1.9) |aj|) < |an|ry for all j > n.

(1.1.2) 00000 limj_u |a;|r! =000000 & >00 jo>n0000

n j . .
1. n - ol - .
(1.1.10) lan|ry — |aj|rg > 01 for all 7 > jo



Chapter 1. Wiman—Valiron theory
0

(1.1.11) n<5£§§§_1(|an1r8’—-Iajlré):= d2

0000 (1.1.9) 0006, >000000 6§ = L min(8;,d,) >000000(1.1.10)
0 (1.1.11)00

(1.1.12) |ap |l — |aj|r) > 26 for all j > n.

00 (1.12)000000 &, > 00000 limj_o |a;|(ro+61) =0.00000
00 j;>n0000 rg<r<ro4+e 00000 0000

(1.1.13) la;|r? < aj|(ro +¢e1)? <& forall j > 7.
0000 (1.1.12), (1.1.13) 0 O
(1.1.14) |an|r™ — |aj|r? > |an|ry — 6 > 6 for all j > 7.

lo;|r 0 r000000000 j=n+41,n+2, ..., —10000¢c<e 00
D00000r<r<ro+e0000

(1.1.15) |aj|r? — |aj|r) <8

00000 (1.1.13)00000 (1.1.15)0 j>,000000000000000
(1.1.12) 0 (1.1.15) 00 ro<r <ro+e 0000

(1.1.16) |an | = |aj|r? > |an|r§ — |aj|r) + |aj|r) — |aj|r?
>20—0=90 for all j > n

0000000000y >n00000 v(r)D0O0OOOO0DO0DO0DOOOOOOOO
O0n=v(ro) >v(r). v(r)DODOODOO000O0ro<r<r+e00r000
v(r)y=v(ro) D000

(b) (1)00000000000000000000000000 w(r)000
D0000000000<ro<r<ro+e00r0000

v(ro)

0 < u(r) = u(ro) = lay "™ = lay o) Irg

= |ay(ro)[(rg —7").

lim, ., (r? —r")=0000 pu(r) 000000000
0000000000000000|a,)r" <pu(r)000

(1.1.17) liminf |a, |r" < liminf p(r) < limsup p(r).

r—T0 r—To r—ro
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r < 1o 000 p(r) < plre) 0000 0O0OLmsup,_,,, u(r) < u(ro)000O0
liminf, . |an|r™ = |ay|ry = p(ro) D00 O000(1.1.17) 0000 0 Olimy .y, p(r) =
w(ro) DO OO O

O00OFuchs [1]0 000000000 maximum modulus O central index O
DDDDDDDDDDDDf(z)DDD (1.1.1)DDD a, OO0 OO0OO0OO0OO
P, = (n,—logla,|), n=0,1,2, ...

0000000 P={P,}52, 0000 largest convex minorant y = go(z) O O
00000 y=go(x) 0000000000000 POOOOOOOOOODO

1
lim (——log |a,|) = oo
n— o0 n

00000 y=go(x) 00 0000000000000000 co000000O0O
00 y=go(x) 0000 associated curve 00000000000 00000O
00 associated curve D O U OO O0OD0DOOOOODOOOOOOOODOODOO
goobobodog

Fo(z) = Z e90(n) ;m
n=0

obobbooboobooboobooboob

(1.1.18) |a,| < e 90
(1.1.19) M(r, f) <> ag|r™ <) e %™ = M(r, Fy).
n=0 n=0

associathed curve 0 0 maximum term O central index OO O OOOO0OOO0O
Do0O0000O000r=€et0000

log |ay|r™ = nt + log |a,|

O P, =(n—logla,|) 00000 ¢t0000 yOOOOODOOODOODOODO
ooo

log pu(r, f) = sup(nt + log |a,|)

000 ¢t 0O associated curve 0 O support lineJ y OO0 O OOOOOOOOOO
0 O central index [ support lineJ O POUO POUOO 0000 OODODOOO
O0Oo0ooOOooobon

(1.1.20) log pu(r, f) = log u(r, Fp) = Slilg(wt — go(z))

000 f(2)0 FobOODO central index 0000
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0000000000000 go(x) 00000 g(x)000000000ODOOO
gboooggd:

( ) g(x) € C*(0, 0),

( ) g"(x) >0, x >0,

(1.1.23) g(z) — go(x) — 0, asxz — oo,
( ) l9(7) — go(z)] < 1, x> 0.

0000000000 g(x)00000000000OOODOOO

o0

F(z):= Z e 9(n)z"

n=0

0000 (1.1.23) 00

pu(r, f) ~ p(r, Fo), r— o0
O0000000000:>0000000000 0000

1
1+¢

gbobobooodi zOD0O0O0

e 9@ < e79®) < (1 4¢)e 9@,

(1.1.25) M(r, Fo) < (1 4+¢e)M(r, F) + O(r*°)
F(z)0000000

r? =o(M(r,F)), asr— o0
O000(1.1.25) 0000000 r0000

M(r,Fo) < (14+¢e)M(r, F).

1.2. Order of growth
000 f(z) 0 maximum modulus O

(1.2.1) M(r):= M(r, f) := max |f(z)]

|z|=r
000 f()) 0000000000000

log log M log log M
(12.2)  &(f) = limsup —>—o (r.f), o(f) = liminf 228 (r.f)
r—o0 logr r—00 log r

000000e(f)00000 (Order) 00 o(f) 0000000000
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ProrosITION 1.2.1.
(a) OOOr>00000

(1.2.3) u(r) < M(r),

(b) 000 0<r<ROODOO

(1.2.4) M(r) < p(r) (V(R) + R]i r)'

PROOF OF PROPOSITION 1.2.1. (a) Cauchy 0000000

1 1 27 ) M
—/ f(z)l dz' < / F(rei®y[do < M)
2mi J)z)=p 2" 2mrm™ Jy rn

O00O00o0ooo (1.23)0000

lan| =

(b) 0<r<ROODOD

I/(R) 1

Z |an|r™ + Z |an|r".

n=v(R)

(1.2.5) ) < maX

|z|=r

E anz"

(125) 00000000000

v(R)—1

(1.2.6) > anlr™ < p(r)v(R),

n=0
oooooodono
[e%e) e’} 7,1/(7“) Rn+y(R)

|au(r)|
1.2.7 an|r™ < ap|r™
20 n;%;;)| | n;g%al | |y (r) [rv () Rrtv(R)

SR RO
< M(T) v 19V
n=v(R) ‘al’(R)’R (B Rrr (R)

< u(r) i (%)H_V(R)

n=v(R)
R
R—r

< p(r)

(125)-(1.27)000(1.24) 0000 O
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THEOREM 1.2.2. f()0 00000000000 O0OO0O0OOO G, c0000O

logl 1
(1.2.8) 5, = limsup 28108 o sup 208
r—oo IOgT‘ r—00 10g7‘
log1 1
(1.2.9) p = liminf 28108 i nr 1087 ()
=1 r—00 logr =2 r—00 ogr
ooon
(1.2.10) G =7, = Do,
(1.2.11) T=p =p,

—

PROOF OF THEOREM 1.2.2. f(2)=ag+---+anz", a,#000000000
00 r,00000r>r0000

plr) = lan|r",  v(r) =mn
0000006=p,=p=0,0=p, =p,=0.
f(x)00000000 limy—eoas| =000000000000000 rO00
HEN
(1.2.12) p(r) = \a,,(r)|7’”(r) < v,

0000% <pyp, <p, 0<r<ROOOOOr, ROOOD

(E)V(T) B ‘ay(r)|Rv(7") _ M(R)

r - |aV(T)|rV(’")

gooboooobo oo

v(r)log ;R < log pu(R) —log pu(r) < log u(R).

R=2r0000000

Py = limsup log v(r) (14 0(1)) < limsup log log p(2r)

r—oo  lOgT r—oo log2r(1l—o(1)) — A

0000p,<p, 0000000005, =pyp, =p,, 00000000000
p, UUOODO pooonn
Proposition 1.2.1 (a)000p<c,p<c00000000
7<p0000075=000000000000000007<0000000
Proposition 1.2.1 (b)0O00e>00000000 0000 r>r, 0000

(1.2.13) M (r) < p(r)((2r)PT +2) < p(r)rP+e
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0000(1.213)00 &< .
000 ¢<p00000 p=0c000000000000000 p<ooOD
00 000e¢>000000000000 Ry, Ry —o0asn—ood000

(1.2.14) v(Rn) < RS
(1.2.12)0 0
p(Ry) < RE.

Proposition 1.2.1 (b)0O0O0O00OOOO r, =R,/20000

p+e p+2e p+3e

pte
M(ra) < p(Rp)(v(Ry) +2) S R (R +2) <R <

goo

log log M (7,
n—o0 og =

e000000g<p O
00 [0,00) 00000000 ¢(r), (r) 0000

. p(r)
i (r)

=1

0000000
p(r) ~ ()
000000000
TeEOREM 1.2.3. 000 f(2) 0000000000000

(1.2.15) log M (r) ~ log u(r).

PROOF OF THEOREM 1.2.3. f(z) =ap+ - +a,2", a, 2000000000
00 ro00000r>r 0000 wu(r) = lay|r™, M(r) = |ay|r™(1+0(1)) 0O
goooo

log pu(r) ~ nlogr ~ log M(r).

f(2)000000000 (1.213)00000 K>000000
p(r) < M(r) < p(r)r®
0000 (1.1.8)00

1<logM(r) e log r

= logpu(r) — log u(r)

<1+o0(1).
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Nevanlinna 000000 T(r, /) 0000000000 f(2)0 f(2)0000
0oooo

(1.2.16) T(r, f') <T(r,f) +o(logr +1ogT(r, f)), r¢E,
(1.2.17) M(r, f) < rM(r, f)(1+o(1)),
(1.2.18) ﬂnﬁgkngJjggj:ﬂRjL 0<r<R,

O000FEQOOOOOOOOOOO (1.218)00

) logT'(r, f
o(f)= hmsup%

0000(1.2.16)—(1.2.18) O O

(1.2.19) o(f)=a(f)

000000000000 00000000000000000
TeEOREM 1.2.4. 00000 f()0000000000000

(1.2.20) log u(r, f) ~logu(r, '),  log M(r, f) ~log M(r, f").

PROOF OF THEOREM 1.2.4. Theorem 1.2.30 (1.2.19) 0000000000
0000000 Theorem 1.2.30 (1.1.8) J00DO00O00O00O0 g(2) 0000
lim, o logr/M(r,g) =0000000000(1.217) 00

log M(r, f) < log r
log M(r, f') = log M(r, ")

oc=o(f)=0c(f)0000 (1.2.13) D00 Theorem 1.2300 e> 00000 r
goooogooo

(1.2.21) =1+ 0(1).

(1.2.22) M(r, f') < p(r, f)ro™e, v(r, f') < rote.

fl(2) =2 (n+ Va2 00000

n=0

(1223 plr.f) = (0 )+ Dl il < e, £ + )M,

(1.2.3), (1.2.22), (1.2.23) 00000000 r0000
M(r, f') < (1+o(1)) M (r, f)r*o=1F=.
0oo

logr

log M(r, f')
log M (r, f)

log M (r, f)
(1.2.21), (1.2.24) 00000000000 O

(1.2.24) <1+ (20—1+¢) =1+o0(1).
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1.3. Behavior near point where its maximum
modulus is attained I

00000 Hayman [5], 00 Fuchs [1] 00 000 Maximum modulus 0 0 O
gbboboooobbbuoooboboboooon
g(z) 0 (1.1.21)-(1.1.24) 0000000000 v(z) = —g()+t 000000
gooo
Vig) = —g'(@)+t,  (z) = —¢"(z) <0

O0000v(x) 0000 x2=p(t)000000000O0O0O0OOOOOOOO
v(t) 0000000000000 0ODOODOOO

(1.3.1) Jw) =t

00 v#) 0000 w(t):=vt f)'00000000000000000 (The-
orem 1.3.5)0v(t) 00 00000000000000000000000000
0000000 ¢0000000000000000000000000000

gbbbuoodgbobbooobbboood ADDD/dtD m(A) 00000
A

1
[]/;ﬁDlMW@DDDDDDDDD
A

THEOREM 1.3.1. f(:) 000000000

7o)l 2 M (20l ),

|z — 20| < ryTeE, |zol =7 >0

ooogo

(1.3.2) f(z)z(i) Fe0)(1+0(1)), asr—oo, gl
20
Jddddddddddddddddoddddodoooogdddgdggodg
D1.1DDDDDDDV(T,f),,u(T,f)DDDDDDDDDDDDDDDDDDD
000 (Fuchs [1, pp. 266-274)).

LemMma 1.3.2. ADODOODOOO I00000DO0O0O0IODO0DO0O0ODOODOO
obodoboboobooobobooboooboobboobooboboooob T
000000000 KOOOODDODODOOOoAODDOD 2+e)KOODOOOooOooQ
OobO0boboobobdex>ot0bonoobooboonOd

Proor oF LEMMA 1.3.2. 000000 I100000000000000Om(A) >
2KkO0000000000000O0O0000000 compactD 0O FOODOO F D A,

HOOw@):=vtHAU0ODODODOOOODOOOUODO central index U OO0 OO
obobdodobiddd Theorem 1.3.1, 1.3.10 0 vo) DO OO DODOOOOON
goodooobboboooouob vy ooooogoooobobobo
JU00dddtdl Hayman [5], Varilon [1] 0 O OO OOO0O
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m(F)>2K 00000 Heine-Borel 0000000 /00000000000 I,
L,...,I,0000FCUr,I;, 001, j=1,..., m0O0 I, k=1, ...,
m,k#j00000000000000000000000000 I, = (4, Ry),
rm<rs<rs,...0000000

pely,pél;,j#200 p00000 R <p<rs0000000 L0 I30
000000000000000000000000000 ;00000000
000000000 000000000

2K <m(F)< Y m(l)+ Y m(I) <2K

j odd j even

000000000

00000000 /00000000000000000007 1, m(I')<
(14600 '000000000000000 KO (146K 000000
A:=I'(>A)D0000000000000000 O

LEMMA 1.3.3. a>0,0>000 EO
(1.3.3) t—t < (v(t) —v(t)Kw(t))

000000 L],0<t<¢ 00000000000

a

(1:34) K@) = zlog(z + 3)(loglog(z + 3))1+9"

00000m(E)<ocoDdODOD

PROOF OF LEMMA 1.3.3. {[t;,#,]} 0 (1.3.3)0 0000000000000
00000000y(t) 0000000000 [pi),r(#)00000000000
00

St — 1) < Y (w(th) — v(t)K(m(t) < 1+ / K ()dz =: A(a, ) < oc.
k k 1
OO000Lemma 1320000000000 O
ProrosiTION 1.3.4. v(¢) 0 (1.3.1) 0000000000
u(k,r) = e 9k pk — e_g(k)+tk7 r=e
OO000Ok>0,k000000000000O00O0

b
zlog(x + 3)(loglog(x + 3))1+9’

(1.3.5) hz) = b, 5 >0
HRERERE

(1.3.6) BT o @PR0), 0 < k< w(t), 1 g E.
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DO000ED Lm(E)<ocoODODODODOOO

PROOF OF PROPOSITION 1.3.4. FO Lemma 1.3.300000000000O
O00Om(E)<occO0OOlogr=te FOO0 0000000000000 0Otg E
o0o0ono

3.7) s—t>(v(s)—v(t)K(v(t), s>t
(1.3.8) t—s> (v(t)—v(s)K(v(s)), s<t.

v(s) =wOD0000v@#)00000000 s>¢t000 w=wv(s)>vEt)00
(1.3.7)0 (1.3.1) 00

(1.3.9) gw)—t>w-vt)Kw), w>uvd).

v(t) <w<20@)00 wD0000000 ¢c=¢(6),0<c<10000
(1.3.10) K (w) > eK (v(t)).

00000(1.3.9), (1.3.10) 0 0

(1.3.11) g W) —t> (w—v(t)eK(w), v(t)<w<2w(t).
(1.311) 0000 w0000 v(#) 00 kv(t) <k<2() 0000000

(1.3.12)
—logu(k,r) + logu(v(t),r) >

0000(1.3.8)0 (1.3.1) 00

t—g'(w) > v(t) —w)K (), 0<w<v(l)
000000k 0<k<v(#)0O0 v(t)000000
(1.3.13) 1%uw¢y4%u@@ﬂj>%@@—ka@@% 0<k<u().
(134)0 o = b/c0000000000(1.312) 0 (1.3.13) 00000000

ooo d

fx)O0ODO00OO0O0OODODODOODOOO EO0b, 0000000 OODOOOO
gbobobbooooobboboogoobobobooooobobbooooobobooboa
obooboooboobo pOobbOOoObOObDOoOn
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THEOREM 1.3.5. 00000000 e>00000

(1.3.14) wo(r, f) — v(t)] < eh(v(t))"2, r=¢', r¢EFE.

Proor oF THEOREM 1.3.5. f(2)00000000000O0O0O (1.1.24) 0
O0r=¢'000

(1.3.15) |, |77 < em 90 FIn < pmg(n)Fintl

00000000000 n00000 (1.1.23)00

(1.3.16) |an|r™ < em9o(MHin < g=g(n)Finto(l)

r¢ ED00000000000 v:=v(t), h:=h(r(t)00000000000

OO0o0Do0oooobooAODOUODOODO Yy —-o00oOOA—-00000
f(2) 0 Fo(z) = 307 e~ 92" 0 maximum term O central index 0 00 0

gooogogooo

(1.3.17) e 9ot i ) = pu(r, f), |n—v|> eh™ 3.

000000000
000(1.1)0v=v@#)00000 u(r,f)0000

(1.3.18)
logu(v,r) = sup(—g(x) + tx) = sup(—go(x) + tx + o(1))

>0 x>0
“logpu(r, /) +o(l), 100, rgPF.
O00wu(n,r)D0000000000OOOProposition 1.3.4 00

(1.3.19) u(n,r) = e 9+ <y (y, r)e*%("*”)Qh, 0<n<2w

uwin,r)0n>20000000000000000000000 —¢/(z)+¢0
0000000000b=ce00000000000 (1.3.9), (1.3.10) 0 O

—g () +t<—¢g2v)+t < —vK(Q2v) < —vcK(v) = —vh, x> 2v.
2v00n000b000 a:=vhOODOO
(1.3.20) —g(n) +tn < —g(2v) + 2tv — a(n — 2v).
(1.3.19)0 n=200000

(1.3.21) u(2v,r) < u(v, r)e_%”Qh.
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(1.3.20), (1.3.21) O O
(1.3.22) u(n,r) < u(2v,r)e” M) <y (y, T)e_%VQh_a(”_Q”), n > 2v.

0<n<2v0On>2»0000000 (1317)0000000000O00O00O0O0OO
00 v(t) 0000000000 n—0o=>rv—00&at—oosr—ool00O00
0<n<20000: n—v|>eh 3 0000(3.1.19) 00

gm0t < p=g(n)ttntoll) () r)e_%EQ‘H)(l), asr — oo, 7 ¢ FE.
000 (1.3.18) 00
(1.3.23)
1 1
—go(n) + tn <logu(v,r) — 552 +o(1) =logu(r, f) — € +o(1),

asr — oo, 7€ F.

n>20000: (1.322) 00 u(n,r) < u(v,r)e 2. y0 AOOO0O00O r — oo
000 v?h—-oo000O000O0D0O0 r00000 v3h>2000000000
(1.3.23) 000000 (1.3.23)00 (1.3.17) 000000 O

THEOREM 1.3.6. v, hO Theorem 1.3.50 00000000000
(1.3.24) 2| =re* =ete, [s| <hETT, 20

O00kD00<k<py0O00OO0O0ODOOOOOOrgEOOOO

(1.3.25)
D= [fO(z) - Z nn—1)-(n—1+1apz"""
In—v|<k
< A2 p(r, f)es”e_%hk2+|s|kh_%|z|_l, [=0,1,...

OoooooobbD AOoDooooboooo

PROOF OF THEOREM 1.3.6. u(n,r) 00000

(1.3.26)
|2I'D < Z nta, et
In—v|>k
< Z nlte=9(M+ttsntl — o Z ntu(n,r)e™
In—v|>k In—v|>k

(13.26)0 |n—v| > k000000 n>2w0 k<|n—v/<v0000000
00000000000 (1.3.22)0 (1.3.18) 0000000 r0000

(1327) e Z nlu(n’ T)Bsn < 3#(T, f)e—%hl/z-i-zal/ Z nle—(a—s)n‘

n>2v n=2v



Chapter 1. Wiman—Valiron theory

(1.3.24)0 v, R OODOOOz>2v000000 rO0000O

l l 1
——(a—s)<2——|—h§+5—yh<0
x v

gobooo

A le—(as) lo—(a—s)a (!
a=8)Ty _ a—s)z | * _ 0.
dx(a:e )=2a'e . (a—s) | <

00000000000 ¢(x)0000

> tn) < pla) + [ " p(a)da

n>a

goobooooboboooobooboboo -0obbo

(1.3.28) Z nle(@=9)n < (9p)le=(ams)2v +/ zle= (@92 gy,

n>2v 2v
(1.3.29)
00 I \le—(a—s)v l 00
I = / :Ele—(a—s):r < ( V) € + / ml—le—(a—s)xdm
200 o — S a—3S Jo,
20)! —(a—s)v l
o @v)e 7

a—s +2(Oé—8)l/

) l,—(a—s)v
<(1/)e 1
a— s 2

0000070000 32 +sy<0000000(1.3.27)(1.3.29) 0 O

(1.3.30)

e 3 ntuln,r)e™ < Av(2) ulr, fle e Em
n>2v

< Au(20) u(r, et e SR,
0<k<v

D00k<|n-v/<v0000000000000(1.3.19)0 (1.3.18) 00

(1.3.31) e Z ntu(n,r)es™ < 6u(r, e (2v)! Ze_%hj%r's'j_

kE<|n—v|<v Jjzk
1 h 282
—gha’ + |sle = —§(ac - %) + % O |s|/h0000 |s|2/(2h) 0000
|S|2 h2€ _

on S 2



Section 1.3. Behavior near point where its maximum modulus is attained I

000000 k<h 20 k;>h_%DDDDDDDDDDDDDDDDDD(1.3.31)
gbbbuooogbbbuoooobbboooobboooood

(1.3.32)
[e.9]
Ze—%hju-\su <A3(maxe_§hw2+|s|x+/
= : —o

1 1 1 2 1
< Agh™? < Ashmze2MAlsIR g < e

_1p2
e 5 he —|—|s|wdw)

k>h 20000 (1.3.31))0 0000000000000 00
(1.3.33)
Ze—%hj2+|s|j < e—;hk2+|s|k+/oo o~ sha’+lslz g,
>k b
ol €
hk — |s|
<A6h7%ef%hk2+|s|k
(1.3.26), (1.3.30)—(1.3.33) 0 0 (1.325) 000000 O
THEOREM 1.3.7. A>00000 »r¢ E00000O0ODDOODOO

(1.3.34) M(r, f) < Ah_%u(r, f).

PRrROOF OF THEOREM 1.3.7. Theorem 1.3.6 0 (1.3.25)0 s=0,k=0,1=0
ooooooo o

LEmmA 1.3.8. P(:) 000 mODOOOO
[P(z)| <M, [zl <r
ooo
emMR™!

Tm

(1.3.35) |P'(2)] < , 2| <R, r<R.

PrROOF OF LEMMA 1.3.8. r < |z|<oco0000 2 ™P(z) 00000000

googg
|27 P(z)| < Mr™™, |z| >

0000z/=R>r0000

1 M (R + d)™
/ < — L —
IP(2) < g max POl < —55

d=R/m0000

R™ 1)1 1\™ R™1pf
Pz < MM (1 ) o emBTTIM
rm m rm



Chapter 1. Wiman—Valiron theory

LEMMA 1.3.9. P(z)0 Lemma 1.3.80 00000000000 |20 =1, |2—
2ol <r/(8m) D0 00O

(1.3.36) P(2) — P(zg)] < 2mM

|z — 20/

PROOF OF LEMMA 1.3.9. Lemma 1.3.80 [( — zo| <r/(8m) 00000

emM (1 + g=)™ _ A4mM
r ro

[P'(Q)] <
0000000000 (1.3.36) 0000 O

ODO000000000D000000 Theorem 1.3.1 000000000000
goo

Proor oF THEOREM 1.3.1. 00000000000 o()0O0O0O0O0OOO
Oo(-)asr —oo,r¢ EODOODODOOOOOOOr =z, |2|=re000000
gooagd

l—v 2 c<es<l4p 2

0ooooooooog -0ogo
s| <2w727° < prtac,

53 o000 000
ooooooooo

000000000000000000000000 (hv)
0 0O Theorem 1.3.6 0 (1.3.25) 0 [ =0, kO h~2(log 1)
00000r¢gE0OOO

Wiy Nl=

(1.3.37) ‘f(z) - Z anz"| = o(u(r, f)e’”).

In—v|<k

O00ky:=h"2(log)5 0000

— 2h% (log —)’%.

wl=

e~ MRS Hslhop =3 _ piH-1)  pp (log%)
qUqg—v>—-k000000000000OO

Z anz" = z9P(z2),

In—v|<k

000 P(:) 0000000000 mO000m<2c0000(1.337)0 s=0
0 0000 Proposition 1.2.1 0 O

[P(2)| <r™*M(r, f) + o(u(r, f)) <r7IM(r, f)(1 +0(1)), |z[ <7



Section 1.3. Behavior near point where its maximum modulus is attained I

goooooooon Lemma1.3.9DDD|z—zo|<ry_%_EDD zOOoOo
(1.3.38) |P(2) — P(20)| < AikM(r, f)r~9w=2=5 = o(M(r, f)r~9),
(1.3.37), (1.3.38) O [

271 (2) — 20 “f(20)| < |27 (2) = P(2)| + |P(2) = P(20)| + |2 * f(20) — P(20))]

— o (M| 470 + o010 ) + oM Sl ),

2| 0000000000ODOO

1) = () staa) + 0 (310

0000|g—v+kl<10000

v

z

(q—v)log | 2| = o(h—%aog %)iy—%—6> — o(1)

20

goo

v

q q—v

z

20

ooooobooboobooonbo O

z

20

z

20

Theorem 1.3.1 0000000000000 0OO00OO00ODO0O
THEOREM 1.3.10. f(2) 000000000

£(0)| 2 5010, 1),

|z — 20| < ryTaE, |zol =7 >0

Oooobobooooi!ioooog

<0

(1.3.39) fOz) = (i>yf(i0> (14+0(1)), asr—oo, r¢E.

Proor or THEOREM 1.3.10. OO0 0O /00000 0OOOCO0OOOlI=000
00 Theorem 1.3.1 000 000g¢q, P(2) 0 Theorem 1.3.1 000000000

ogooogg
d' n d' q
] < E an? > = ] (z P(z))

In—v|<k



Chapter 1. Wiman—Valiron theory

Lemma 1.3.8 000000000 |P(2)| < 2M(r, fyr—200000

elm!M(r, f)
rltq ’

PO < A 2| < 7.

0000 Leibnitz 0D O OO O

dd_; (qu(z)>’ < 2e)'d'M(r, H)r=t < (2e)'W'M(r, f)r™t, |2 <

00
|R(2)] =

Z—q+ldd_; (qu(z))' < (2€)lVlM(T, f)r—q7 |z| <r.

R(z)000000mOO000mM<2k00000000000000OLemma 1.3.8
00

(1.3.40) [R()] < 24l RM (s, £yt (o ),

kO h~3(log )5 00000000000000]2|=r,|z—2|<r 2500
000 Theorem 1.3.6 00000 rg EOODODO

(1.3.41) ‘(;’Z)Vvl“f(zo)z_l_l — D (z)
<|(Z) vt - L)
#7006 - LR
< ’ (Zio)yyl“f(zo)z_l_l —(q- Z)Zq—l@

z

R () + o (ul“M(r, f |z|“) .
20

O0O0O0D0O0D0D0O0O0 Theorem 1.3.6 0000

‘ (i) " Flz0)z~ = 277 R(2)

<0

<|(2) vz - 10| + 1506 - = tee)
<o (VZM(T, )= V|z|_l> .
000 qg—Il=v(l4+0(1))00000
(1.3.42) K%)Vulﬂf(z )27t = (g = 1)z LR (2)
- (Vl+1M(T, = V|z —H) .




Section 1.3. Behavior near point where its maximum modulus is attained I

000 |z -2 <rv7 275, |z =7r>000
(1.3.42) 00 (1.3.39) 000000 O

=1+ 0(1). 00 (1.3.40)—
20

1.4. Behavior near point where its maximum
modulus is attained I1

00000000000 Wiman-Valiron theory (O OO Hayman [4], Val-
iron (1)) 0000000000000 OOOOOOOOOOOOOOO

LEMMA 1.4.1. ¢y0000O00O0KO 00000000000 |z =
l9(20)] 2 M (r,g), 000 |7| < K/v(r,g) 0000

(1.4.1) g(Z()eT) -~ g(ZO)eu(ng)T’ , ¢ B
HEN
v(r, -
(1.4.2) g (z0€7) ~ ( ?g@w), r¢ kB
zn€e
oo

O0 LemmaO 000000 Theorem 1.3.1,1.3.100 00000000000
Lemma 1.4.10 Rouché 00D OD0O0ODO0O0OODO0OOOOODOODODOODOO
Bergweiler [1] 000000

LEMMA 1.4.2. ¢gO0000O000K,n 000 00000000000 Joy| <
K, |g(z0)| >nM(r,g) 000000 |20l =r¢ EOODDOO|v(r,g)1 —o1] <€
00 g(ze™) = g(20)e” 0000 n 00000000 e<2r 0000 r¢ ED
goodooooobion,b0bbooogg

PROOF OF LEMMA 1.4.2. w; =g(20)e* 0000000 fi(r) := (zoe)
ﬁ@)_q%wmwﬂwqmm(rmTagDDDDDDDDwm) o1] =
00007 < (K+¢)/v(rg)DOOO0O0ODO |2|=r¢gE0000(1.4.1)0

fi(7) ~ g(20)e” 9T = fo(7)
ogooogo

(1.4.3) |(f1(7) = w1) = (fo(7) = wi)| = |f1(7) = fa(7)| = o[ f2(7)])

0000000w(rg)r—01|=c0000<e<2r0000000

(1.4.4) | f2(1) — wi| = lwi{exp(v(r, g)T — 01) — 1}
> d1fwi| = da| f2(7)]

06 >6>000000546,600000000000(1.43)00 (1.4.4)0
000 Rouché 00000000000 O



Chapter 1. Wiman—Valiron theory

LEMMA 1.4.3. ¢0000000CO7000000000;000000r¢E
0000 20 |z =70 |g(z0)| >nM(r,g) 0000000000000 000O
00z — 2| <Cr/u(r,g) D0000000000000 7(2)00

|7 (2)v(r,g) — 2mij| = 0, asr— oo
g(ze7®) = g(2)

goo

d
d—(zeTj(z)) ~1, asr— oo
z

gbooboogooboood

j=100000000 Bergweiler (3, Lemma 3]0 0000000000CO
00000000000 D00OBergweiler 2, Lemma 3|0 00000000000
obobboobooboobooboobo

PrROOF OF LEMMA 1.4.3. 00 |z — 20| < Cr/v(r,g) 0000

P P
~v(r,9)

‘ z

20

0000000 z2=€e"2 00000 w0 |uf <2C/v(r,g)D0O0O00O0OOO0O r
0000000000000 00 |2/ =r>0000 [u/2<[1—e* 000
0)000D00 (1.41) 00000 — v(r,g)ul=0(1) 00000000 o0000
9(2) = g(20)e” D0DOOD r000DO0O |o| <3¢0000000000

fi(w) = g(20¢”) — g(2)
0o
fa(w) = g(20)e" "9 — g(2)
000000(1.4.1)000w(r,g)w—(o+2mij)| =, 00 0<e< 27,0000
[f1(w) = fa(w)] = o(| f2(w)])

00000000000000 60000 |fo(w)| > 6lg(20)| 000000 Rouché
0000000|v(r,g)v— (oc+2mij)|<e0000 v O

o+ 2wy
v(r, g)

A = £ ) = sten)er 57 — g2) =0

gbooboogooboood

9(2) = g(z0€") = g(ze"™")

0000000 75(2):=v—uw 00000000 00000000 Lemma 1.4.3
gbobobooooobobbooooobbbooooobbboooobobobod



Section 1.4. Behavior near point where its maximum modulus is attained II

0000 ¢'(2e%®)£00000000(1.42) 000000000000 ¢gO0O
00 ¢ '0000 branch 000023 =g~ (g(2)) 00000 75(2) 0000
D000D0000000000000000000000 g(2e7®) =g(z) 00
Doooood

i(zefj(Z)) - M

dz g'(zemi(2))

0000(142)00 ¢(2) ~ vlr,9)g(z)/z ¢ (267 ) ~ v(r, g)g(z¢} (2))/(ze™ )
oodooogooogo

d
4 Len@y o I8 ) _ ) g

dz( g(ze7i(?))

Or—-o00o00000000D000 Lemma 1430000000 O

00000 (1.4.1)000000000000 Clunie [1, p. 762000000
gooo

LeEMMA 1.44. hD ¢g0000000000
M(r,hog)=M((1—o(1))M(r,g),h), r¢&E

0o
M(r,hog) = M(M((1—o(1))r,g), h)
0ooooo

000000000000 Theorem 22.1 0000000000000000
000001<j<mO00g:=fn f;(z)=20000000000 |#|0

googg
o1 < 1('5)

0000000000000000000 |9(z)] = [fuei (5] = i ()] <
M(Z],fm-;)0000000000 |2|000

Il
M), fey) <M( ) JW( hmgoﬂ)

2JClunied 200000

(1.4.6) M(r(1+o0(1)),hog) = M(M(r,g),h), [& M(r,hog)>M(M(r(1+o(1)),9),h)]

00
(1.4.7) M(r,hog) = M((1+o(1))M(r, ), h), r¢&E
Or— oo gbbodbboobdbboemU EOgx)000000

ooooo O
000000000 Cmie2 00 143)000000000000 47000
ooooo O

0000 000000000 M(nhog)<M(M(rg),h) 00000000



Section 1.4. Behavior near point where its maximum modulus is attained II

Oo00o0oooooooon /0000000
ZI
<L)
0000000000000 00 (146) 00000000000 r000O
(145) M(M(r,g).) < M(2r o g)

0000000000000 000000000 (145) 000000000000
OO000D0oDbOob0 ClwmieO0OOOO0OO

Proor oOF (1.4.5). OO0 FEOOO Lemma 1420000000r¢ EO0OOO
O zu, |2:] =7, O |g(z4)| = M(r,g) 00000000000 we = |g(2s)]e"%,
0<p<2r 0 |w =|g(z) 00000 h(w) 000 maximum modulus 0 O O
000000000000 |h(w)| = M(M(r,g), h)0

00000g(z) = |g(z)|e®, 0 < ¢ < 27, 00000 Lemma 1.42 0000
lv(r,g)m1 —i(p —9)| <eO000 7 O

g(z.e™) = glz)e ) = w,
00000000000000000 (hog)(ze™) =h(w,) 000
M(M(r,g),h) = |(h 0 g)(zc™)| < M(e™ r, o )

0000|n| < (e+4n)/v(r,g) 00000000000 »r00000 Je™] <2 <2
000000000 r¢ EOODOO (145000000
00 reE000D0O0O000 EO0O0OOOOOOOOO0OOOOOO

| 4 - / dt
og — —
3 EN[rg,o0) t

g ro>1000000000r>r, 0 [r,%r]¢EDDDDDDD
gbooboogooboood

dt dt (37 dt 4
- = -2 — = log
EN(rg,o0) t EN[r,00) t r t 3

000000000 ¢o€[rn47\EDODDO o000D000DO0OO0O

ﬂﬂﬂﬂgg%h)ﬁﬂi(g@hog>

000007 << 0 M(z,-)000D000000 (145 0000000

00000000000 r0000000Q0Q45)00000000000000
oog g

Chapter 2

Applications to complex dynamics



Chapter 2. Applications to complex dynamics

2.1. The Eremenko theorem
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2.2. Periodic points of entire functions
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