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Program

January 12 (Saturday).
13:30–14:20 Ege Fujikawa (Chiba Univeristy)
The order of periodic elements of the asymptotic Teichmuller modular
group

14:30–15:20 Kasra Rafi（University of Toronto）
Geometry of Teichmüller space (part I)

15:40–16:30 Toshihiro Nogi (Osaka City University)
On extendibility of a map induced by Bers isomorphism

16:40–17:30 Eiko Kin (Osaka University)
Minimal dilatations of pseudo-Anosovs generated by the magic 3-manifold
and their asymptotic behavior

January 13 (Sunday).
10:00–10:50 Yuichi Kabaya (Osaka University)
Parametrization of PGL(n, C)-representations of surface groups

11:00–11:50 Hidetoshi Masai (Tokyo Institute of Technology)
On commensurability of fibrations on a hyperbolic 3-manifold

Lunch Break
13:30–14:20 Ken-ichi Sakan (Osaka City University)
Quasiconformal and Lipschitz harmonic mappings of the unit disk onto
bounded convex domains

14:30–15:20 David Kalaj (University of Montenegro)
Energy-minimal diffeomorphisms between doubly connected Riemann sur-
faces

15:40–16:30 Erina Kinjo (Tokyo Institute of Technology)
On the length spectrum metric in infinite-dimensional Teichmuller spaces

16:40–17:30 Kasra Rafi (University of Toronto)
Geometry of Teichmüller space (part II)

January 14 (Monday).
10:00–10:50 Yuki Iguchi (Tokyo Institute of Technology)
On accumulation points of geodesics in Thurston’s boundary of Teichmüller
spaces

11:00–11:50 Masaharu Tanabe (Tokyo Institute of Technology)
On the combinatorial Hodge star operator and holomorphic cochains

Lunch Break
13:30–14:20 Masahiro Yanagishita (Waseda University)
Teichmüller distance and Kobayashi distance on subspaces of the universal
Teichmüller space

14:30–15:20 Katsuhiko Matsuzaki (Waseda University)
Circle diffeomorphisms and Teichmüller spaces
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Abstruct

Ege Fujikawa.

Title. The order of periodic elements of the asymptotic Teichmuller modular group

Abstruct. We give a sufficient condition for an asymptotic Teichmuller modular
transformation to be of finite order. Furthermore, we estimate the order by using
hyperbolic geometry.

Yuki Iguchi.

Title. On accumulation points of geodesics in Thurston’s boundary of Teichmüller
spaces

Abstract. In this talk, we detect accumulation points of arbitrary Teichmüller geo-
desic rays in Thurston’s compactification of a Teichmüller space. We showed that
accumulation points of a ray are written as a sum of measured foliations supported
on the partitions of minimal decomposition of the vertical foliation associated with
the ray. We also showed that there exists a boundary point to which no ray accu-
mulates.

Yuichi Kabaya.

Title. Parametrization of PGL(n, C)-representations of surface groups

Abstruct. Let S be a surface of genus g with n boundary components. The interior
of S is ideally triangulated into 2(2g − 2 + n) ideal triangles. Fock and Goncharov
gave a parametrization of (framed) PGL(n, C)-representations of the fundamental
group of S by (n−1)(n−2)/2 parameters for each ideal triangle and (n−1) parame-
ters for each edge of the triangulation. In this talk, we will give a parametrization of
PGL(n, C)-representations as an analogue of the Fenchel-Nielsen coordinates using
the Fock-Goncharov coordinates. This is joint work with Xin Nie.

David Kalaj.

Title. Energy-minimal diffeomorphisms between doubly connected Riemann sur-
faces

Abstruct. Let N = (Ω,σ) and M = (Ω∗, ρ) be doubly connected Riemann surfaces
and assume that ρ is a smooth metric with bounded Gauss curvature K and finite
area. We establishes the existence of homeomorphisms between Ω and Ω∗ that
minimize the Dirichlet energy. Among all homeomorphisms f : Ω ! Ω∗ between
doubly connected domains such that ModΩ ≤ ModΩ∗ there exists, unique up to
conformal authomorphisms of Ω, an energy-minimal diffeomorphism which is a
harmonic diffeomorphism. The results improve and extend some recent results of
Iwaniec, Koh, Kovalev and Onninen (Inven. Math. (2011)). Further, the case of
radial metrics is discussed in details.



4

Eiko Kin.

Title. Minimal dilatations of pseudo-Anosovs generated by the magic 3-manifold
and their asymptotic behavior

Abstract. Let δg > 1 be the minimal dilatation of pseudo-Anosovs defined on a
closed surface of genus g. Penner proved that log δg behaves like 1

g . We are in-
terested in McMullen’s question: Does lim

g→∞
g log δg exist? What is its value? We

examine his question in the large set M̂ of pseudo-Anosovs on closed surfaces
“generated by” the magic manifold N which is homeomorphic to the 3-chain link
exterior. Let δ̂g be the minimum among dilatations of elements in M̂ defined on
a closed surface of genus g. We prove that lim

g→∞
g log δ̂g = log( 3+

√
5

2 ). Moreover

for large g, δ̂g is achieved by the monodromy of some Σg-bundle over the circle
obtained from either N( 3

−2 ) (# (−2, 3, 8)-pretzel link exterior) or N( 1
−2 ) (# 62

2 link
exterior) by Dehn filling both cusps, where N(r) is the manifold obtained from N
by Dehn filling one cusp along the slope r ∈ Q. This is a joint work with Sadayoshi
Kojima and Mitsuhiko Takasawa.

Erina Kinjo.

Title. On the length spectrum metric in infinite-dimensional Teichmuller spaces

Abstruct. We consider Teichmuller metric and the length spectrum metric in Te-
ichmuller spaces. It is known that these metrics define the same topology in finite-
dimensional Teichmuller spaces. In this talk, we study infinite-dimensional Teich-
muller spaces where they define the same topology.

Hidetoshi Masai.

Title. On commensurability of fibrations on a hyperbolic 3-manifold

Abstruct. We discuss the fibered commensurability of fibrations on a hyperbolic 3-
manifold. The notion of fibered commensurability is defined by Calegari, Sun and
Wang (2010). Calegari, Sun and Wang asked in their paper if there is a manifold
with a pair of commensurable fibrations whose fiberes are of different topology.
In this talk we will construct an infinite sequence of manifolds with such pairs of
fibrations. We further show that two fibrations of each pair belong to the same
fibered face.

Katsuhiko Matsuzaki.

Title. Circle diffeomorphisms and Teichmüller spaces

Abstruct. By characterizing a diffeomorphism of the circle with Hölder continu-
ous derivative in terms of the quasiconformal Teichmüller theory, we show certain
rigidity of groups of circle diffeomorphisms.
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Toshihiro Nogi.

Title. On extendibility of a map induced by Bers isomorphism

Abstruct. Let T (S) be the Teichmüller space of a closed Riemann surface S of
genus g(> 1). Denote by U the universal covering surface of S, that is, the upper
half-plane and denote by Ṡ the surface obtained by removing a point from S. By
the Bers isomorphism theorem, we have a homeomorphism of T (S)×U onto T (Ṡ).
The Bers embedding shows that the spaces T (S) × U and T (Ṡ) are embedded in
(3g−2)-dimensional complex vector space. Thus the boundaries of both spaces are
naturally defined.

Let A be a subset of the boundary ∂U of U consisting of all points filling S. In this
talk, we show that the homeomorphism of T (S) × U onto T (Ṡ) has a continuous
extension to T (S) × (U ∪ A). This is a joint work with Hideki Miyachi (Osaka
University).

Kasra Rafi.

Title. Geometry of Teichmüller space (part I and II).

Abstruct. We review recent results about the Teichmüller space equipped with the
Teichmüller metric. We give an inductive description of a Teichmüller geodesic
using the Teichmüller geodesics of surfaces with lower complexity. We use these
results to compare how the Teichmüller space is similar or different from the hy-
perbolic space.

Ken-ichi Sakan.

Title. Quasiconformal and Lipschitz harmonic mappings of the unit disk onto
bounded convex domains

Abstract. For a sense-preserving univalent harmonic self-mapping F of the unit
disk, Pavlović showed that F is quasiconformal iff F is bi-Lipschitz. He gave another
characterization,too, for the quasiconformality of F by means of some properties of
the boundary-valued mapping of F . If the target of F is a bounded convex domain,
then this result does not hold in general as it stands. If the Lipschitz property of F
is pre-assumed, however, then we could obtain a variant of the result by Pavlović.
In other words, in this talk we show some characterizations of a quasiconformal and
Lipschitz harmonic mapping of the unit disk onto a bounded convex domain.This
is a joint work with Dariusz Partyka.

Masaharu Tanabe.

Title. On the combinatorial Hodge star operator and holomorphic cochains

Abstruct. For cochains equipped with an inner product of a triangulated manifold,
S.O. Wilson defined the combinatorial Hodge star operator " in his paper of 2007
and showed that for a certain cochain inner product which he named the Whitney
inner product, this operator converges to the smooth Hodge star operator if the
manifold is Riemannian. He also stated that "" '= ±Id in general and raised a
question if "" approaches ±Id as the mesh of the triangulation tends to zero. In
this talk, we solve this problem affirmatively.
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Masahiro Yanagishita.

Title. Teichmüller distance and Kobayashi distance on subspaces of the universal
Teichmüller space

Abstruct. It is known that the Teichmüller distance on the universal Teichmüller
space T coincides with the Kobayashi distance. For a metric subspace of T having a
comparable complex structure with that of T , we can similarly consider whether or
not the Teichmüller distance on the subspace coincides with the Kobayashi distance.
In this talk, we give a sufficient condition for metric subspaces under which the
problem above has a affimative answer. Moreover, we introduce an example of such
subspaces.
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Notations

surface = compact orientable surface of negative Euler
characteristic possibly with boundary.

hyperbolic manifold = orientable manifold whose interior
admits complete hyperbolic metric of finite volume.

F : surface

φ : F → F , automorphism (isotopy class of
self-homeomorphisms) which may permute components of
∂F .

(F ,φ): pair of surface F and automorphism φ.
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Fibered Manifolds

.

Definition

.

.

.

. ..

.

.

[F ,φ] = F × [0, 1]/((φ(x), 0) ∼ (x , 1)) is called the
mapping torus associated to (F ,φ).

A 3-manifold M is called fibered if we can find (F ,φ) s.t.
[F ,φ] ∼= M .

.

Mapping tori and classification of automorphisms

.

.

.

. ..

.

.

φ is periodic ⇐⇒ [F ,φ] is a Seifert fibered space.

φ is reducible ⇐⇒ [F ,φ] is a toroidal manifold.

φ is pseudo Anosov ⇐⇒ [F ,φ] is a hyperbolic manifold.
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Thurston norm

M : fibered hyperbolic 3-manifold.

F = F1 & F2 & · · ·Fn : (possibly disconnected) compact
surface .

χ−(F ) =
∑

|χ(Fi)|
(Fi : components with negative Euler characteristic).

.

Definition (Thursotn)

.

.

.

. ..

.

.

ω ∈ H1(M ; Z) ⊂ H1(M ; R).
We define ‖ω‖ to be

min{χ−(F ) |(F , ∂F ) ⊂ (M , ∂M) embedded, and
[F ] ∈ H2(M , ∂M ; Z) is the Poincare dual of ω. }
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Thurston norm

.

Definition

.

.

.

. ..

.

.

F is called a minimal representative of ω ⇐⇒ F realize the
minimum χ−(F ).

We can extend this norm to H1(M ; Q) by ‖ω‖ = ‖rω‖/r .

.

Theorem (Thursotn)

.

.

.

. ..

.

.

‖ · ‖ extends continuously to H1(M ; R),

‖ · ‖ turns out to be semi-norm on H1(M ; R), and

The unit ball U = {ω ∈ H1(M ; R) | ‖ω‖ ≤ 1} is a
compact convex polygon

.

Definition

.

.

.

. ..

.

.

‖ · ‖ is called the Thurston norm on H1(M ; R).
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Fibered cone

Figure: H1(M, R)
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Thurston norm

.

Question.

.

.

.

. ..

.

.

What is ”a relationship” among fibrations on a hyperbolic
manifold (or, on the same fibered cone)?

.

Example.

.

.

.

. ..

.

.

(Fried) Mapping tori of (un)stable laminations with respect to
the pseudo Anosov monodromies on the same fibered cone are
isotopic.
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Fibered Commensurability

Commensurability of Automorphisms

.

Definition (Calegari-Sun-Wang (2011))

.

.

.

. ..

.

.

A pair (F̃ , φ̃) covers (F ,φ) if there is a finite cover π : F̃ → F
and representative homeomorphisms f̃ of φ̃ and f of φ so that
πf̃ = f π as maps F̃ → F .

.

Definition (CSW)

.

.

.

. ..

.

.

Two pairs (F1,φ1) and (F2,φ2) are said to be commensurable

if ∃ (F̃ , φ̃i), ki ∈ Z \ {0} (i = 1, 2) such that φ̃1
k1

= φ̃2
k2

.

This commensurability generates an equivalence relation.
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Fibered Commensurability

Commensurability

(F1,φ1)

(F̃1, φ̃1
k1

) = (F̃2, φ̃2
k2

)

(F2,φ2)
! !

Remark. The above is different from the below.

(F1,φ1)

(F̃1, φ̃
k1
1 ) = (F̃2, φ̃

k2
2 )

(F2,φ2)
! !
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Fibered Commensurability

Fibered Commensurability

.

Definition (CSW)

.

.

.

. ..

.

.

A fibered pair is a pair (M ,F) where

M is a compact 3-manifold with boundary a union of tori
and Klein bottles,

F is a foliation by compact surfaces.

Remark. Since [F ,φ] has a foliation whose leaves are
homeomorphic to F , fibered pair is a generalization of the pair
of type (F ,φ).
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Fibered Commensurability

Fibered Commensurability 2

.

Definition (CSW)

.

.

.

. ..

.

.

A fibered pair (M̃ , F̃) covers (M ,F) if there is a finite covering
of manifolds π : M̃ → M such that π−1(F) is isotopic to F̃ .

.

Definition (CSW)

.

.

.

. ..

.

.

Two fibered pairs (M1,F1) and (M2,F2) are commensurable if
there is a third fibered pair (M̃ , F̃) that covers both.
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Fibered Commensurability

Minimal Elements

.

Proposition. [CSW]

.

.

.

. ..

. .

The covering relation on pairs of type (F ,φ) is transitive.

.

Definition

.

.

.

. ..

.

.

An element (F , φ) (or (M ,F)) is called minimal if it does not
cover any other elements.
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Periodic Case [CSW]

∃ exactly 2 commensurability classes; with or without
boundaries.

each commensurability class contains ∞-many minimal
elements.

(hint: consider elements with maximal period)
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Fibered Commensurability

Reducible Case

.

Theorem (CSW)

.

.

.

. ..

. .

∃ manifold with infinitely many incommensurable
fibrations.

∃ manifold with infinitely many fibrations in the same
commensurable class.

Remark. The manifolds in this theorem are graph manifolds.
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Fibered Commensurability

Pseudo Anosov Case

.

Theorem (CSW)

.

.

.

. ..

.

.

Suppose ∂M = ∅. Then every hyperbolic fibered
commensurability class [(M ,F)] contains a unique minimal
element.

Remark. The assumption ∂M = ∅ is not explicitly written in
their paper.

.

Result 1

.

.

.

. ..

.

.

Every hyperbolic fibered commensurability class [(M ,F)]
contains a unique minimal element.
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Fibered Commensurability

.

Corollary (CSW)

.

.

.

. ..

.

.

M: hyperbolic fibered 3-manifold.
Then number of fibrations on M commensurable to a fibration
on M is finite.

Recall that if (the first Betti number of M) > 1, then M
admits infinitely many distinct fibrations (Thurston).

.

Question[CWS].

.

.

.

. ..

.

.

When two fibrations on M are commensurable?

Are there any example of two commensurable fibrations
on M with non homeomorphic fiber?
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Invariants , pseudo-Anosov case(CSW)

Commensurability class of dilatations.

Commensurability class of the vectors of the numbers of
n-pronged singular points on Int(F ).

Example. (0,0,1,1,1,0,...) means it has one 3 (4, and
5)-pronged singularity.
Remark. Let {pi}i∈I be the set of singular points and
{ni}i∈I their prong number, then

∑

i

2 − ni

2
= χ(F ).
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Fibered Commensurability

.

Definition

.

.

.

. ..

.

.

Two fibrations ω1 /= ω2 ∈ H1(M ; Z) are symmetric if
∃ homeomorphism ϕ : M → M such that ϕ∗(ω1) = ω2 or
ϕ∗(ω1) = −ω2.

.

Result 2

.

.

.

. ..

. .

Two fibrations on S3 \ 62
2 or the Magic 3-manifold are either

symmetric or non-commensurable.

Figure: the fibered link associated to a braid σ ∈ B3
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Fibrations on a manifold

.

Result 3

.

.

.

. ..

.

.

M : fibered hyperbolic 3-manifold which does not have hidden
symmetry.
Then, any two non-symmetric fibrations of M are not fibered
commensurable.

.

Remark

.

.

.

. ..

.

.

”Most” hyperbolic 3-manifolds do not have hidden
symmetry.

S3 \ 62
2 and the Magic 3-manifold have lots of hidden

symmetries.
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Hidden Symmetries

M : hyperbolic 3-manifold
ρ : π1(M) → PSL(2, C): a holonomy representation.
Γ := ρ(π1(M))

.

Definition

.

.

.

. ..

.

.

N(Γ) := {γ ∈ PSL(2, C) | γΓγ−1 = Γ}.
C (Γ) :=
{γ ∈ PSL(2, C) | γΓγ−1 and Γ are weakly commensurable}

N(Γ) and C (Γ) are called normalizer and commensurator
respectively.
Two groups Γi < PSL(2, C) (i = 1, 2) are said to be weakly
commensurable if [Γi : Γ1 ∩ Γ2] < ∞ for both i = 1, 2.
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Manifold with (no) Hidden Symmetry

.

Definition

.

.

.

. ..

.

.

An elements in C (Γ) \ N(Γ) is called a hidden symmetry.

.

Definition

.

.

.

. ..

.

.

A hyperbolic 3-manifold M said to have no hidden symmetry
⇐⇒ the image Γ := ρ(π1(M)) of a holonomy representation
ρ does not have hidden symmetry.

Remark. By Mostow-Prasad rigidity theorem, this definition
does not depend on the choice of a holonomy representation.
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Fibered Commensurability

Commensurable fibrations on the same
fibered cone

.

Result 4

.

.

.

. ..

. .

One can construct an infinite sequence of manifolds {Mi} with

non-symmetric (fiberes are of different topology), and

commensurable

fibrations whose corresponding elements in H1(Mi ; Z) are on
the same fibered cone.
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Construction

.

Lemma

.

.

.

. ..

.

.

M : fibered hyperbolic 3-manifold.
ω1 /= ±ω2 ∈ H1(M ; Z) : primitive elements correspond to
symmetric fibrations.
Then, for all n >> 1(n ∈ N), there exists a finite cover
pn : Mn → M of degree n such that p∗

n(ω1) and p∗
n(ω2)

correspond to commensurable but non-symmetric fibrations.
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Idea

Let (F1, φ1) and (F2,φ2) be corresponding pair of ω1 and ω2,
respectively.
Then let pn : Mn → M be the covering that corresponds to
(F1,φn

1) (dynamical cover).
Then for large enough n, we see that p−1

n (F2) is not
homeomorphic to F1.

Figure: Schematic picture of the dynamical covering
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To be precise

( b is the first Betti number of M)

H1(M ; Z) ∼= Hom(H1(M)/Tor, Z) ∼= Zb

0 → π1(Fi) → π1(M)
ρi−→ π1(S1) ∼= Z → 0.

Ai = ab(π1(Fi))/Tor ⊂ H1(M) (ab : abelianization)

Ai = Ker(ωi) ∼= Zb−1

ρ1 : π1(M)
ab−→ H1(M)

ω1−→ Z → Z/nZ.

for sufficiently large n, ∃b ∈ A2 s.t. ρ1(b) /= 0
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S3 \ 62
2

S3 \ 62
2 has a symmetry that permutes the components of

cusps.

Figure: 62
2(Generated by ”Kirby Calculator”)
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Thurston Norm on H1(S3 \ 62
2, R)[Hironaka]

Figure: H1(S3 \ 62
2, R)
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By taking conjugate we can prove that ∃h1 : M → M s.t.
h∗

1(ω) = −ω.

!"#$%&%'$(

%)

+ the fact that 62
2 is amphicheiral, we can find a

symmetry h2 : M → M s.t.
h∗2(U) = −U, and
h∗2(T ) = T .

⇒ Fibrations aU + bT and −aU + bT are symmetric.
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Construction

⇒ By taking covers of S3 \ 62
2, we prove

.

Result 4

.

.

.

. ..

. .

One can construct an infinite sequence of manifolds with
non-symmetric but commensurable fibrations (whose
corresponding elements in H1(M ; Z) are in the same fibered
cone).
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Questions

.

Question 1.

.

.

.

. ..

.

.

When a manifold has non-symmetric but commensurable
fibrations.

S3 \ 62
2 and the Magic 3-manifold have many hidden

symmetry.

.

Question 2.

.

.

.

. ..

.

.

How many commensurable fibrations can a manifold have up
to symmetry?
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Thank you for your attention

Figure: Marseille
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Quasiconformal and Lipschitz harmonic

mappings of the unit disk onto bounded

convex domains

Ken-ichi Sakan
(Osaka City Univ., Japan)
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(The John Paul II Catholic University of Lublin, Poland)
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D := {z ∈ C : |z| < 1}
T := {z ∈ C : |z| = 1}

Hom+(T) :=




f : T → T
∣∣∣∣∣∣

sense-preserving
homeomorphisms






Radó-Kneser-Choquet Theorem
f ∈ Hom+(T)

⇒ P[f ](z) :=
1

2π

∫

T
f(u)Re

u + z

u − z
|du| , z ∈ D

is a harmonic and homeomorphic self-mapping of D.



For a continuous mapping f : T → C which gives a rectifiable curve,

ḟ(z) :=
df

dθ
(eiθ) a.e. z = eiθ ∈ T,

df := ess inf
z∈T

|ḟ(z)|,

ef := ess sup
z∈T

|ḟ(z)| .

For h ∈ L1(T)

A(h)(z) :=
1

2π
lim
ε→0+

∫

ε<|t−x|≤π
h(eit) cot

x − t

2
dt ,

a.e. z = eix ∈ T .



Theorem A (Pavlović ’02).

Let f ∈ Hom+(T) and F = P[f ]. Then
(i) ⇔ (ii) ⇔ (iii).

(i) F is a quasiconformal self-mapping of D,
(ii) F is a bi-Lipschitz self-mapping of D,
(iii) f is absolutely continuous on T,

0 < df ≤ ef < ∞ and A(ḟ) ∈ L∞(T).

F = H + G : D → Ω a sense-preserving univalent harmonic mapping,
( H, G holomorohic mappings, G(0) = 0),



Theorem B (Partyka-Sakan ’11).

Let Ω := F (D) be a convex domain. Then the following five conditions
are equivalent to each other:
(i) F is a quasiconformal mapping;
(ii) ∃ a constant L1 such that 1 ≤ L1 < 2 and

|F (z2) − F (z1)| ≤ L1|H(z2) − H(z1)| , z1, z2 ∈ D ;

(iii) ∃ a constant l1 such that 0 ≤ l1 < 1 and

|G(z2) − G(z1)| ≤ l1|H(z2) − H(z1)| , z1, z2 ∈ D ;

(iv) ∃ a constant L2 ≥ 1 such that

|H(z2) − H(z1)| ≤ L2|F (z2) − F (z1)| , z1, z2 ∈ D ;

(v) H ◦ F−1 and F ◦ H−1 are bi-Lipschtz mappings.

Moreover, (ii) ⇒ ‖µF‖1,∞ ≤ L1 − 1, (iii) ⇒ ‖µF‖1,∞ ≤ l1,

(iv) ⇒ ‖µF‖1,∞ ≤ 1 − 1
L2

.



H : D → {z ∈ C| Imz > 0}, H(z) =
i(z + 1)

1 − z
, conformal, not Lipschitz

the Schwarz-Christoffel mapping H(z), conformal, not Lipschitz

F (z) = H(z) + tH(z), |t| < 1, quasiconformal, not Lipschitz



Theorem 1 (a generalization of [PS’07,Th.2.2] ). Let F = H + G

be a sense-preserving locally univalent harmonic mapping of D onto
a bounded domain Ω ⊂ C, where H, G are holomorphic mappings with
G(0) = 0.Then

(i) ⇔ (ii) ⇔ (iii) ⇔ (iv).

(i) F is Lipschitz.
(ii) ∂

∂θF, S ∈ h∞(D),
where S(z) := |z| ∂∂rF (z), z = reiθ ∈ D,

(iii) ∂F ∈ H∞(D),
(iv) F has a continuous extension F̃ to D, and f := F̃ |T is absolutely
continuous, and ef < ∞ , A(ḟ) ∈ L∞(T).



Theorem 2. Let F = H + G be a sense-preserving univalent harmonic
mapping of D onto a bounded convex domain Ω ⊂ C, where H, G are
holomorphic mappings with G(0) = 0.Then

(i) ⇔ (ii) ⇔ (iii) ⇔ (iv) ⇔ (v)

(i) F is quasiconformal and Lipschitz.
(ii) F is quasiconformal and its boundary valued function f is Lipschitz
(iii) F is quasiconformal and H is bi-Lipschitz
(iv) F is bi-Lipschitz
(v) F has a continuous extension F̃ to D, and f := F̃ |T is absolutely
continuous, and 0 < df ≤ ef < ∞ , A(ḟ) ∈ L∞(T).



A function f : T → C is called Dini-smooth if f is differentiable on T
and the derivative ḟ is not vanishing, and Dini-continuous on T, i.e. its
modulus of continuity

ω(δ) := sup{|ḟ(ei t) − ḟ(ei s)| : t, s ∈ R , |t − s| ≤ δ} , δ ∈ [0; 2π] ,

satisfies the following condition
∫ 2π

0

ω(t)

t
d t < +∞ .

Corollary 3. Let f : T → C be a Dini-smooth and injective function. If
f(T) is the boundary curve of a convex domain Ω in C, then F := P[f ]
is a bi-Lipschitz mapping of D onto Ω. If additionally J[F](0) > 0 then
F is quasiconformal.



Harmonic Schwarz Lemma

F : D → D (into) harmonic, F (0) = 0

⇒ |F (z)| ≤
4

π
arctan |z| , z ∈ D

Lemma 4 ( [PS’09,Lemma 1.1] ). a, b ∈ R, −a < b, u : D → R harmonic,
u(0) = 0, −a ≤ u(z) ≤ b, z ∈ D

⇒ u(z) ≤ 2
b + a

π
arctan

|z| + |p|
1 + |p||z|

+
b − a

2
, z ∈ D,

where p = −i tan
π

4

b − a

b + a
.



Let J[F] stand for the Jacobian of a differentiable mapping F : D → C:
J[F](z) := |∂F(z)|2 − |∂̄F(z)|2 , z ∈ D .

For R > 0, D(0, R) := {z ∈ C : |z| < R}.

Theorem 5. Let f : T → C be a function of bounded variation and
differentiable at a point z ∈ T such that P[f ](0) = 0, the limit
limr→1−

d
d r P[f ](rz) exists and the inequality lim infr→1− J[P[f]](rz) ≥ 0 .

holds. If f(z) is a point linearly accessible from outside of Ω := P[f ](D),
i.e. there exists ζ ∈ T satisfies Re(ζw) ≤ Re(ζf(z)) , w ∈ Ω ,

and Re(ζ P(f)(u)) is not a constant function ,
then the following limit exists and
limr→1− J[P[f]](rz) ≥ |f ′(z)|R1+R2

π tan
(
π
2

R1
R1+R2

)
≥ |f ′(z)|R1

2
for all R1, R2 > 0 satisfying the condition
D(0, R1) ⊂ P[f ](D) ⊂ D(0, R2) .



Ω ⊂ C and a function F : Ω → C we denote by L(F) the Lipschitz
constant of F , i.e.

L(F) := sup
{∣∣∣∣

F(z)−F(w)
z−w

∣∣∣∣ : z,w ∈ Ω , z .= w
}

.

Note that F is a Lipschitz function iff L(F) < +∞. If the last condition
holds, then F is a L-Lipschitz function for every L ≥ L(F), i.e.

|F (w) − F (z)| ≤ L|w − z| , w, z ∈ Ω .

Theorem 6. F : D → C harmoic and Lipschitz
⇒ F has the continuous extension to D̄ and its boundary valued function
f is absolutely continuous and satisfies

‖A[ḟ ]‖∞ ≤
√

2L(F) , ‖ḟ‖∞ ≤ L(F) and L(f) ≤ L(F) .

Conversely, if F has the continuous extension to D̄ and its boundary
valued function f is absolutely continuous, A[ḟ ] ∈ L∞(T) and ḟ ∈ L∞(T),
⇒ F is a Lipschitz mapping with

L(F) ≤
√
‖A[ḟ ]‖2∞ + ‖ḟ‖2∞ .



A simply connected domain Ω ⊂ C is linearly connected if there exists a
constant M < ∞ such tat for any points w1, w2 ∈ Ω are joined by a path
γ ⊂ Ω of length l(γ) ≤ M |w1 − w2|.

Lemma 7. Let F = H + G be a sense-preserving univalent harmonic
mapping of D onto a convex domain Ω ⊂ C, where H, G are holomorphic
mappings with G(0) = 0.(Then it is known that H is univalent.) If
H(D) is linearly connected, then H is co-Lipschitz. In particular, H(D)
is linearly connected and H ′(z) is bounded iff H is bi-Lipschitz.



Set D(R) := {z ∈ C : |z| < R} for R > 0.
Assume that F is a univalent harmonic mapping of the unit disk
D := D(1) onto itself and normalized by F (0) = 0.
In 1958 E. Heinz proved that

|∂xF (z)|2 + |∂yF (z)|2 ≥
2

π2 , z ∈ D .

Theorem C (Kalaj ’03).

If F is a sense-preserving univalent harmonic mapping of D onto a convex
domain Ω satisfying Ω ⊃ D(R1) and F (0) = 0, then

|∂xF (z)|2 + |∂yF (z)|2 ≥
1

8
R2

1 , z ∈ D , (1)



Theorem D (Partyka-Sakan ’09).

If F is a sense-preserving univalent harmonic mapping of D onto a
bounded convex domain Ω including 0 and F (0) = 0, then for all
R1, R2 > 0 satisfying D(R1) ⊂ Ω ⊂ D(R2) the following inequalities hold

|∂F (w)| ≥
R1 + R2

2π
tan

(
π

2

R1

R1 + R2

)

, w ∈ D ,

as well as

|∂xF (w)|2 + |∂yF (w)|2 ≥ 2

(
R1 + R2

2π
tan

(
π

2

R1

R1 + R2

))2

, w ∈ D .



Theorem E (Partyka-Sakan ’09).

Let F be a sense-preserving univalent harmonic mapping of D onto a
bounded convex domain Ω including 0 such that F (0) = 0, and that F

has a continuous extension F̃ to D. If f := F̃ |T is Dini-smooth, both the
functions ∂F and ∂̄F have continuous extensions to the closure D and

|∂F (z)|2 − |∂̄F (z)|2) ≥ |ḟ(z)|
R1 + R2

π
tan

(
π

2

R1

R1 + R2

)

. (2)

for every z ∈ T and all R1, R2 > 0 satisfying D(R1) ⊂ Ω ⊂ D(R2).



Theorem F.

Let Ω ⊂ C be a Jordan domain with a C1,µ, (0 < µ ≤ 1), parametrization
of ∂Ω, and F : D → Ω be a sense-preserving univalent (onto) harmonic
mapping.
(i) (Kalaj ’08) If Ω is convex, then
F is quasiconformal ⇐⇒ F is bi-Lipschitz
(ii) (Boz̆in and Mateljević, to appear)
F is quasiconformal ⇐⇒ F is bi-Lipschitz



Lemma 8. Let V be a linearly connected Jordan domain (resp. a quasi-
disk) and let S : V → S(V ) ⊂ C be a bi-Lipschitz diffeomorphism. Then
S(V ) is a linearly connected Jordan domain (resp. a quasi-disk).
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Harmonic mappings between Riemann

surfaces

Let (M , σ) and (N , ρ) be Riemann
surfaces with metrics σ and ρ,
respectively. If a mapping
f : (M , σ) → (N , ρ) is C

2, then f is said
to be harmonic (to avoid the confusion
we will sometimes sayρ-harmonic) if
fzz + (log ρ2)w ◦ ffz fz̄ = 0, (1) where z

and w are the local parameters on M

and N respectively.
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Also f satisfies (1) if and only if its
Hopf differential Ψ = ρ2 ◦ ffz fz̄ is a
holomorphic quadratic differential on
M. For g : M �→ N the energy integral
is defined by
Eρ[g ] =

�
M(|∂g |

2
+ |∂̄g |2)dVσ.

Then f is harmonic if and only if f is
a critical point of the corresponding
functional where the homotopy class
of f is the range of this functional.
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Mappings of finite distortion

A homeomorphism w = f (z) between
planar domains Ω and D has finite
distortion if a) f lies in the Sobolev
space W

1,1
loc (Ω,D) of functions whose

first derivatives are locally integrable,
and b) f satisfies the distortion
inequality |fz̄ | ≤ µ(z)|fz |, 0 ≤ µ(z) < 1

almost everywhere in Ω. Such
mappings are generalizations of
quasiconformal homeomorphisms.
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The Nitsche conjecture

The conjecture in question concerns
the existence of a har. homeo.
between circular annuli A(r , 1) and
A(τ, σ), and is motivated in part by the
existence problem for doub.-conn.
min. surf. with prescribed boundary.
In 1962 J. C. C. Nitsche observed that
the image annulus cannot be too thin,
but it can be arbitrarily thick (even a
punctured disk).
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Indeed Nitsche observed that a radial
harmonic mapping f : A(r , 1) → A(τ, σ),
i.e. satisfy. the condition
f (se

it
) = f (s)e

it (f (z) = az + b/z̄), is a
homeomorphism if and only if
σ
τ ≥ 1

2

�
1
r + r

�
(Nitsche bound).

Then he conjectured that for arbitrary
harmonic homeomorphism between
annuli we have Nitsche bound. Some
partial solutions are presented by
Weitsman, Lyzzaik, Kalaj (2001,2003).
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The Nitsche was right

The Nitsche conjecture for Euclidean
harmonic mappings is settled recently
by Iwaniec, Kovalev and Onninen
(2010, JAMS), showing that, only
radial harmonic mappings

h(ζ) = C

�
ζ − ω

ζ

�
, C ∈ C, ω ∈ R,

|C |(1− ω) = σ, which inspired the
Nitsche conjecture, make the extremal
distortion of rounded annuli.
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Radial ρ−harmonic mappings

We state a similar conjecture (see
Kalaj, arXiv:1005.5269) with respect
to ρ− harmonic mappings. In order to
do this, we find all examples of radial
ρ-harmonic maps between annuli. We
put w(z) = g(s)e

it, z = se
it in harm.

eq. hzz + (log ρ2)w ◦ hhz hz̄ = 0 where g is
an increasing or a decreasing function.
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The resulting functions are
w(z) = g(s)e

it, z = se
it, where g is the

inverse of

h(γ) = exp

�� γ
σ

dy√
y2+c�2

�
, τ ≤ γ ≤ σ,

� = 1/ρ. Moreover they are
homeomorphisms iff we have
ρ−Nitsche bound:

r ≥ exp(

� τ

σ

ρ(y)dy�
y 2ρ2(y)− τ 2ρ2(τ )

).
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Generalization of Nitsche conjecture

Let ρ be a radial metric. If r < 1, and
there exists a ρ− harmonic mapping of
the annulus A

�
= A(r , 1) onto the

annulus A = A(τ, σ), then there hold
the ρ−Nitsche bound. Notice that if
ρ = 1, then this conjecture coincides
with standard Nitsche conjecture. For
some partial solution see Kalaj (2011,
Israel J. of Math)
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Another justification of the previous

conjecture

Assume that a homeomorphism
f : A(1, r) → A(τ, σ) has a finite
distortion and minimize the integral
means Kρ[f ] =

�
ΩK(z , f )ρ2(z)dxdy . Here

K(z , f ) = (|fz |2 + |fz̄ |2)/(|fz |2 − |fz̄ |2) is
Distortion function. If the annuli
A(1, r) and A(τ, σ) are conformaly
equivalent then the absolute minimum
is achieved by a conformal mapping.

David Kalaj Energy-minimal diff. between doubly conn. Riemann surfaces11/47



If the annuli A(1, r) and A(τ, σ) are not
conformaly equivalent then the
absolute minimum is achieved by a
homeomorphism f whose inverse h is a
ρ harmonic mapping between A(τ, σ)
and A(1, r) if and only if the annuli
satisfy the ρ−Nitsche bound.
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The previous result is generalization of
a result of Astala, Iwaniec and Martin
(2010, ARMA) and has been obtained
by Kalaj (2010, arXiv:1005.5269).
If the annuli A(1, r) and A(τ, σ) do not
satisfies the ρ−Nitsche condition, then
no such homeomorphisms of finite
distortion exists between them.
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Energy minimizers, radial metric, (Kalaj,

arXiv:1005.5269)

Let ρ be a regular metric. Within the
Nitsche rang, for the annuli A and A

�,
the absolute minimum of the energy
integral h → Eρ[h], h ∈ W

1,2
(A,A�

) is
attained by a ρ−Nitsche map
h
c
(z) = q

−1
(s)e

i(t+β), z = se
it, β ∈ [0, 2π),

where

q(s) = exp

�� s
σ

dy√
y2+c�2

�
, τ < s < σ.
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Energy minimizers, Euclidean metric

Let A and A
� be doub. conn. domains

in compl. plane such that
Mod(A) ≤ Mod(A�

). The absolute
minimum of the energy integral
h → E [h], h ∈ W

1,2
(A,A�

) is attained by
an Euclidean harmonic
homeomorphism between A and A

�.
(Iwaniec, Kovalev, Onninen,
Inventiones, (2011))
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Energy minimizers, Arbitrary metric with

bounded Gauss curvature

Let A and A
� be doub. conn. domains

in Riemann surfaces (M , σ) and (N , ρ),
such that Mod(A) ≤ Mod(A�

). The
absolute minimum of the energy
integral h → Eρ[h], h ∈ W

1,2
(A,A�

) is
attained by an ρ− harmonic
homeomorphism between A and A

�.
(See Kalaj, arXiv:1108.0773)
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The proof uses

The so called deformations
D

ρ
(Ω,Ω∗

) which make a compact
family.

A modification of
Choquet-Rado-Kneser theorem for
Riemann surfaces with bounded
Gauss curvature

The fact that energy integral is
weak lower semicontinuous.
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And the key lemma

Let Ω = A(r ,R) be a circular annulus,
0 < r < R < ∞, and Ω

∗ a doubly
connected domain. If h ∈ D

ρ
(Ω,Ω∗

) is a
stationary deformation, then the Hopf
differential of the mapping h:
ρ2(h(z))hzhz̄ ≡ c

z2
in Ω where c ∈ R is a

constant. This lemma follows by a
result of Jost.
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Conjecture a)

If f is a minimizer of the energy E
ρ

between two doubly connected
domains Ω, (τ = Mod(Ω)) and Ω

∗, then
f is harmonic and K (τ )-quasiconformal
if and only if τ is smaller that the
modulus τ� of critical Nitsche domain
A(τ�).
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Conjecture b)

b) Under condition of a) we
conjecture that c� < 0 and

K (τ ) = max{
�

c� − c

c�
,

�
c�

c� − c
}. (1)

Notice that, this is true if the image
domain is a circular annulus with a
radial metric.
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Quasiconformal harmonic mappings (HQC)

The first author who studied the class
HQC is Olli Martio on 1968 (AASF).
The class of HQC has been studied
later by: Hengartner, Schober,
Mateljević, Pavlović, Partyka, Sakan,
Kalaj, Vuorinen, Manojlović, Nesi,
Alessandrini, Božin, Marković, Wan,
Onninen, Iwaniec, Kovalev etc.
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Lipschitz and co-Lipschitz mappings

Let w : Ω → D be a mapping between
two domains Ω and D. Then w is
called Lipschitz (co-Lipschitz)
continuous if there exists a constant
C > 1 (c > 0) such that

|w(z)− w(z
�
)| ≤ C |z − z

�|,

(c|z − z
�| ≤ |w(z)− w(z

�
)|) z , z � ∈ Ω.
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Kellogg theorem

Let w : Ω → D be a conformal map
between two Jordan d. Ω,D ∈ C

1,α.
Then w ∈ C

1,α
(Ω), w−1 ∈ C

1,α
(D) .

Corollary

Under the conditions of Kellogg theorem w

is bi-Lipschitz continuous.

There exists a conf. mapp. of the
unit disk onto a C

1 Jordan domain
which is not Lips. cont. (Lesley &
Warschawski, 1978, Math Z).
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Motivation

Let f (e
it
) = e

i(t+α sin t), 0 ≤ α ≤ 1 and let
w = P [f ](z) be harmonic extension of f
in the unit disk. In my master thesis
(1997), I posed the following question,
is w q.c. At that time I was not aware
of the paper of Martio (1969, AASF).
It follows by results of Martio that, w
is q.c. if and only if α < 1, or what is
the same iff f is bi-Lipschitz.
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Kellogg type results, Lipschitz continuity

Let w : Ω → D be a q.c and U be the
unit disk. Then w is Lipschitz provided
that

Ω = D = U and ∆u = 0:
(Pavlovic-AASF 2002)

Ω = D = U and ∆u = 0: (Partyka
& Sakan quant. estim. - AASF,
2005, 2007)

Ω = D =Half-plane and ∆u = 0:
(Pavlovic & Kalaj, 2005, AASF)
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Kellogg type results, Lipschitz continuity

Ω = D =Half-plane and ∆u = 0,
explicit constants (Mateljević&
Knežević, 2007, JMAA)

If ∂Ω, ∂D ∈ C
2,α and

|∆w | ≤ A|∇w |2 + B, (Mateljević &
Kalaj, J. D. Analyse, 2006 &
Potential Analysis 2010)

If ∂Ω, ∂D ∈ C
1,α, and ∆w = 0

(Kalaj, Math Z, 2008)
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Kellogg type results, bi-Lipschitz continuity

with respect to quasihyperbolic metric

If w is hyp. harm. q.c. mapping of
the unit disk onto itself, then w is
bi-Lipschitz w. r. to hyp. metric
(Wan, J. Dif. Geom. 1992).

If f : Ω → D is a quasiconformal
and harmonic mapping, then it is
bi-Lipschitz with respect to
quasihyperbolic metric on D and
D

�, (Manojlović, 2009, Filomat)
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Higher dimensional, Lipschitz continuity

If ∂Ω, ∂D ∈ C
2,α and

|∆w | ≤ A|∇w |2 + B, (Kalaj, to
appean in J. d’ Analyse)

Some other High. dim. gen.
(Mateljevic & Vuorinen, JIA-2010)

Hyperbolic harmonic (Tam &
Wan, Pac. J. math, 1998)

If Ω = D= Unit ball and ∆w = g ,
then u is C (K ) Lipschitz with
C (K ) → 1 as K → 1 and |g |∞ → 0

(Kalaj, AASF).
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Kellogg type results, co-Lipschitz continuity

Let w : Ω → D be a q.c. Then w is
co-Lipschitz provided that

Ω = D = U and ∆u = 0: (Follows
by Heinz theorem)

If ∂Ω ∈ C
1,α, D is convex and

∆w = 0 (Kalaj-2002,)

If ∂Ω, ∂D ∈ C
2,α and ∆w = 0,

(Kalaj, AASF-2009)

If ∂Ω, ∂D ∈ C
2 and ∆w = 0, (Kalaj,

Annali SNSP, 2011.)
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Main tools of the proofs of results for HQC

Poisson integral formula

Lewy’s theorem

Choquet-Rado-Kneser theorem

Mori’s theorem

Kellogg theorem

Isoperimetric inequality

Hopf’s Boundary Point lemma

Heinz inequality

Max. principle for (sub)harmonic
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Distance function from the
boundary of the domain Ω:
d(x) = dist(x , ∂Ω).

Möbius transformations of the
unit disk

w = e
it z − a

1− za
, |z | < 1, |a| < 1

or of the unit ball Bn.

The Carleman-Hartman-Wintner
lemma
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Composing by conformal mappings

If w is a harmonic and g a conformal
mapping, then the function w ◦ g is
harmonic, but the function g ◦ w need
not be harmonic. Thus the results, for
example for the half plane and for the
unit disk are not equivalent.
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The Poisson integral formula

Let P(r , x) = 1−r2

2π(1−2r cos x+r2)
denote the

Poisson kernel. Then every bounded
harm. func. w defined on the unit disk
U := {z : |z | < 1} has the foll. rep.
w(z) = P [f ](z) =

� 2π
0 P(r , x − ϕ)f (e ix)dx ,

where z = re
iϕ and f is a bounded

integr. func. def. on the unit circle T.
There exist Poisson integral formula
for the halp-plane (space) and for the
unit ball.
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The Mori’s theorem (Fehlmann & Vuorinen

(AASF))

If u is a K quasi-conformal
self-mapping of the unit ball Bn with
u(0) = 0, then there exists a constant
M1(n,K ), satisfying the condition
M1(n,K ) → 1 as K → 1, such that

|u(x)−u(y)| ≤ M1(n,K )|x−y |K1/(1−n)
. (2)
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The Lewy theorem

If f = g + h is a univalent harmonic
mapping between two plane domain,
then Jf := |g �|2 − |h�|2 > 0. Some
extensions of this theorem have been
done by: Schulz and Berg.
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The Choquet-Rado-Kneser theorem

If f = g + h is a harmonic mapping
between two Jordan domains Ω and D

such that D is convex, and
f |∂Ω : ∂Ω → ∂D is a homeomorphism
(or more general if f |∂Ω is a pointwise
limit of homeomorphisms) then f is
univalent.
Some extensions are given by:
Alessandrini and Nessi, Kalaj, Duren,
Schober, Jost, Yau and Schoen.
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The Heinz theorem, Pac. J. Math, 1959

If f = g + h is a univalent harmonic
mapping of the unit disk onto itself
with f (0) = 0, then there holds the
inequality

|g �
(z)|2 + |h�(z)|2 ≥ 2

π2
, z ∈ U.

This theorem has been generalized by
Kalaj on 2002 (Comp. Variabl.)
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The Hilbert transformation

of a function χ is defined by the
formula

H(χ)(ϕ) = −1

π

� π

0+

χ(ϕ + t)− χ(ϕ− t)

2 tan(t/2)
dt

for a.e. ϕ and χ ∈ L
1
(S

1
). Assume that

w = P [F ](z), z = re
it ∈ U, F � ∈ L

1
(S

1
).

Then, if wt and rwr are bounded, there
hold

wt = P [F
�
] and rwr = P [H(F

�
)]. (3)
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Characterization theorem for HQC

Let F : S
1 → γ be a sense pr. homeo.

of the unit circle onto the Jordan
curve γ = ∂D ∈ C

2. Then w = P [F ] is a
q.c. mapping of the unit disk onto D if
and only if F is abs. cont. and

0 < l(F ) := ess inf l(∇w(e
iτ
)), (4)

||F �||∞ := ess sup |F �
(τ )| < ∞ (5)

||H(F �
)||∞ := ess sup |H(F �

)(τ )| < ∞. (6)
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If F satisfies the conditions (4), (5) and
(6), then w = P [F ] is K quasiconformal,
where

K :=

�
||F �||2∞ + ||H(F �)||2∞ − l(F )2

l(F )
. (7)

The constant K is the best possible in
the following sense, if w is the identity
or it is a mapping close to the identity,
then K = 1 or K is close to 1

(respectively).
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Remark

a) This theorem has been proved by
Pavlović in (AASF, 2002) for D = U.
b) If the image domain D is convex,
then the condition (4) is equivalent
(and can be replaced) with

0 < l(F ) := ess inf |F �
(τ )|, (8)

(Kalaj, Math z. 2008)
c) In this form by Kalaj (Arxiv). It is a
general. of a theorem of Choquet.
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Elliptic operator

Let A(z) = {aij(z)}2i ,j=1 be a symm.
matrix function, z ∈ Ω ⊂ C. Assume
that

Λ
−1 ≤ �A(z)h, h� ≤ Λ for |h| = 1,

Λ ≥ 1

|A(z)− A(ζ)| ≤ L|ζ − z | z , ζ ∈ D.

For L[u] :=
�2

i ,j=1 a
ij
(z)Diju(z) under

previous cond. consider the diff. ineq.
|L[u]| ≤ B|∇u|2 + Γ, (ell. part. diff. ineq.),
B > 0 and Γ > 0. If A = Id , then L = ∆
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Theorem 1

(To appear in Proceedings A of The
Royal Society of Edinburgh)
If w : U → U is a q.c. solution of the
elliptic partial differential inequality

|L[w ]| ≤ a|∇w |2 + b,

then ∇w is bounded and w is Lipschitz
continuous.
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The main steps of the proofs

The proofs are differs from the proof
of corresponding results for the class
HQC. Some methods of the proof are
borrowed from the paper of Nagumo.
Two main steps in the proof are the
following two lemmas
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Global behaviour

Let D be a complex domain with
diameter d satisfying exterior sphere
cond. Let u(z) be a twice diff.
mapping satisfying the ell. diff. ineq.
in D, u = 0 (z ∈ ∂D). Assume also that
|u(z)| ≤ M, z ∈ D, 64BΓM < π and
u ∈ C (D). Then |∇u| ≤ γ, z ∈ D,
where γ is a constant depending only
on M, B, Γ, L, Λ and d .
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Interior estimate of gradient

Let D be a bounded domain, whose
diameter is d . Let u(z) be any C

2

solution of elliptic partial differential
inequality such that |u(z)| ≤ M. Then
there exist constants C

(0) and C
(1),

depending on modulus of continuity of
u, Λ, L, B, Γ, M and d such that
|∇u(z)| <
C

(0)ρ(z)−1
max|ζ−z |≤ρ(z){|u(ζ)|} + C

(1)

where ρ(z) = dist(z , ∂D).
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The idea of the proof of Theorem 1

By using the interior estimates of
gradient and estimates near the
boundary we show global and a priory
bondedness of gradient of a q.c.
mapping w . It is previously showed
that the function u = |w | satisfies a
certain elliptic differential inequality
near the boundary of the unit disk. By
using the quasiconformality, we prove
that ∇w is bounded by a constant not
depending on w .
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Some open problems

Is every q.c. harmonic between
smooth domains on the space
bi-Lipschitz continuous?

Is every q.c. solution of elliptic
PDE between smooth domains on
plane or on the space bi-Lipschitz
continuous?

Do some q.c. harmonic mappings
on the space have critical points?
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Thanks for attention
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Abstract.
We study when the length spectrum metric and Teichmüller metric define

the same topology on Teichmüller space.
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1. Introduction

R0: a Riemann surface (�= Ĉ,C,C− {0}, torus)
T (R0): the Teichmüller space of R0

:= {(R , f ) | f : R0 → R a quasiconformal map }/ Teich.∼

(R , f )
Teich.∼ (S , g)

def.⇔ ∃ h : R → S conformal s.t. h ∼= g ◦ f −1
.

We denote the equivalence class of (R , f ) by [R , f ].
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We define Teichmüller metric and the length spectrum metric on T (R0).

Teichmüller metric dT

dT ([R1, f1], [R2, f2]) = inf
f∼=f2◦f1−1

logK (f ),

where the infimum is taken over all quasiconformal maps which are

homotopic to f2 ◦ f1−1
and K (f ) is the maximal dilatation of f .

dT ([R1, f1], [R2, f2]) = 0 ⇔ f2 ◦ f1−1
is homotopic to some conformal map.
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the length spectrum metric dL

dL([R1, f1], [R2, f2]) = sup

α∈ΣR0

����log
�R2(f2(α))

�R1(f1(α))

���� ,

where ΣR0 := {α | α is a closed curve in R0} and �Ri (α) is the hyperbolic

length of a geodesic which is freely homotopic to α.

dL([R1, f1], [R2, f2]) = 0 ⇔ �R1(f1(α)) = �R2(f2(α)) for any α ∈ ΣR0 .
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Lemma (Sorvali, 1972)

For any p1, p2 ∈ T (R0),

dL(p1, p2) ≤ dT (p1, p2)

holds.
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Question:

When do dT and dL define the same topology on Teichmüller space?

dT and dL define the same topology on T (R0).

⇔ For sequence {pn}∞n=0 ⊂ T (R0),

lim
n→∞

dL(pn, p0) = 0 ⇔ lim
n→∞

dT (pn, p0) = 0

Lemma⇔ For sequence {pn}∞n=0 ⊂ T (R0),

lim
n→∞

dL(pn, p0) = 0 ⇒ lim
n→∞

dT (pn, p0) = 0

We write dT ∼ dL on T (R0) if both metrics define the same topology.
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� History

1972: T. Sorvali conjectures that dT ∼ dL on T (R0) if R0 is a

topologically finite Riemann surface (i.e., a compact surface from which at

most finitely many points have been removed).

1999: Z. Li and L. Liu prove that Sorvali’s conjecture is true.

We consider Teichmüller spaces of topologically infinite Riemann surfaces

below.
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2003: H. Shiga shows that there exists a topologically infinite Riemann

surface R0 s.t. dT � dL on T (R0). Also he gives a sufficient condition for

dT and dL to define the same topology.

2008: Liu-Sun-Wei give a sufficient condition for dT and dL to define

different topologies.

Our results

We extend a theorem of Liu-Sun-Wei.

We show that the converse of Shiga’s theorem is not true.

We extend Shiga’s theorem.
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2. Extension of a theorem of Liu-Sun-Wei

Liu-Sun-Wei gave a sufficient condition for dT and dL to define different

topologies on the Teichmüller space.

Theorem (Liu-Sun-Wei)

R0: a Riemann surface,

∃{αn}∞n=1 ⊂ ΣR0 s.t. �R0(αn) → 0 (n → ∞).

⇒ dT � dL on T (R0).

Example.
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We extend a theorem of Liu-Sun-Wei as follows.

Theorem 1

R0: a Riemann surface.

∃{αn}∞n=1 ⊂ ΣR0 s.t. for ∀{βn}∞n=1 ⊂ ΣR0 with αn ∩ βn �= ∅ (n = 1, 2, . . . ),

�(αn ∩ βn)�R0(αn)

�R0(βn)
→ 0 (n → ∞).

⇒ dT � dL on T (R0).

Example 1.
Any Riemann surface R0 satisfying the assumption of Theorem of

Liu-Sun-Wei satisfies the assumption of Theorem 1 by the collar lemma.

Erina Kinjo (Tokyo Institute of Technology) The length spectrum Teichmüller spaces January 13, 2013 11 / 26



We extend a theorem of Liu-Sun-Wei as follows.

Theorem 1

R0: a Riemann surface.

∃{αn}∞n=1 ⊂ ΣR0 s.t. for ∀{βn}∞n=1 ⊂ ΣR0 with αn ∩ βn �= ∅ (n = 1, 2, . . . ),

�(αn ∩ βn)�R0(αn)

�R0(βn)
→ 0 (n → ∞).

⇒ dT � dL on T (R0).

Example 1.
Any Riemann surface R0 satisfying the assumption of Theorem of

Liu-Sun-Wei satisfies the assumption of Theorem 1 by the collar lemma.

Erina Kinjo (Tokyo Institute of Technology) The length spectrum Teichmüller spaces January 13, 2013 11 / 26



Example 2.
The Riemann surface R0 constructed by Shiga (the first example of R0 s.t.

dT � dL on T (R0)) satisfies the assumption of Theorem 1. (This does not

satisfy the assumption of Theorem of Liu-Sun-Wei.)

Example 3.
Except for Examples 1 and 2, we can construct a Riemann surface R0

satisfying the assumption of Theorem 1 as follows:
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P0: a pair of pants with boundary lengths (a0, b0, b0).
Make countable copies of P0 and glue them as in the below Figure.

{an}∞n=1: a monotone divergent sequence of positive numbers.

Pn: a pair of pants with boundary lengths (a0, an, an).
Make two copies of Pn and glue each copy with the union of the copies of

P0 as in the below Figure.

Let R �
0 denote a Riemann surface with boundary we have obtained.

Take some pants {P �
m}∞m=1 and define R0 := R �

0 ∪
�∞

m=1 P
�
m.
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We prove Theorem 1. (We write it again.)

Theorem 1

R0: a Riemann surface.

∃{αn}∞n=1 ⊂ ΣR0 s.t. for ∀{βn}∞n=1 ⊂ ΣR0 with αn ∩ βn �= ∅ (n = 1, 2, . . . ),

�(αn ∩ βn)�R0(αn)

�R0(βn)
→ 0 (n → ∞).

⇒ dT � dL on T (R0).

The proof is short.

We use the following lemma.

Matsuzaki’s Lemma

α: a simple closed geodesic on a Riemann surface R0,

f : R0 → R0 : the n-times Dehn twist along α.
⇒ The maximal dilatation K (f ) of an extremal quasiconformal map of f

satisfies

K (f ) ≥
��

(2|n|− 1)�R0(α)

π

�2

+ 1

�1/2

.
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f : R0 → R0 : the n-times Dehn twist along α.
⇒ The maximal dilatation K (f ) of an extremal quasiconformal map of f

satisfies

K (f ) ≥
��

(2|n|− 1)�R0(α)

π

�2

+ 1

�1/2

.
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3. A counterexample to the converse of Shiga’s theorem

Shiga gave a sufficient condition for dT and dL to define the same

topology on the Teichmüller space.

Theorem (Shiga)

R0: a Riemann surface

∃ a pants decomposition R0 = ∪∞
k=1Pk satisfying following conditions:

(1)Each connected component of ∂Pk is either a puncture or a simple

closed geodesic of R0.(k = 1, 2, . . . )
(2)∃M > 0 s.t. if α is a boundary curve of some Pk then

0 < M
−1 < �R0(α) < M.

⇒ dT ∼ dL on T (R0).

Example 1.
All Riemann surfaces of finite topological type satisfy Shiga’s condition.
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Example 2.
Some Riemann surfaces of infinite topological type satisfy Shiga’s

condition.

Now, we show that the converse of Shiga’s theorem is not true

by giving a counterexample.
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Counterexample (to the converse of Shiga’s theorem)

Γ: a hyperbolic triangle group of signature (2,4,8) acting on D
P : a fundamental domain for Γ with angles (π,π/4,π/4,π/4).
O, a, b, c : the vertices of P , where the angle at O is π.
ε > 0: a sufficiently small number

b�: the point on the segment [Ob] whose hyperbolic distance from b is ε.
Similarly, we take a� and c � in P .

We define a Riemann surface R0 by removing the Γ-orbits of a�, b�, c � from
the unit disk D; R0 := D− {γ(a�), γ(b�), γ(c �) | γ ∈ Γ}.
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It is not difficult to show that R0 does not satisfy the assumption of

Shiga’s Theorem.

It is difficult to show that dT ∼ dL on T (R0).

Outline of the proof (that dT ∼ dL on T (R0)).

We show that for the sequence {pn}∞n=o ⊂ T (R0) s.t. dL(pn, p0) → 0

(n → ∞), dT (pn, p0) converges to 0 as n → ∞ .

We may assume that p0 = [R0, id ]. Put pn = [Rn, fn].
Step 1: We divide R0 into punctured-disks and hyperbolic right-hexagons.

Also, we divide Rn for a sufficiently large n similarly.
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In Step 1, we note the following lemma.

Lemma

R0: a hyperbolic Riemann surface.

α1, α2: disjoint simple closed geodesics in R0.

β12: a simple arc connecting α1 and α2.

Assume that a closed curve α12 := α1 · β12 · α2 · β−1
12 is non-peripheral.

⇒ ∃ β�
12: a geodesic connecting α1 and α2 s.t.

(1) β12 and β�
12 are homotopic, where the homotopy map moves each

endpoint on each closed geodesic;

(2) β�
12 is orthogonal to α1 and α2;

(3) the length of β�
12 is determined by �R0(α1), �R0(α2) and �R0(α12).

Proof. This follows from properties of pants and right-hexagons. �
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Step 2: We construct (1 + Cn)-qc maps from right-hexagons in R0 to

right-hexagons in Rn, where Cn → 0 (n → ∞).

Step 3: We construct (1 + Cn)-qc maps from punctured-disks in R0 to

punctured-disks in Rn, where Cn → 0 (n → ∞). Consequently, we obtain

a quasiconformal map gn of the whole of R0 such that gn is homotopic to

fn and K (gn) → 1 (n → ∞). Thus dT (pn, p0) → 0 (n → ∞).
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In Steps 2 and 3, we use Bishop’s Lemma.

Bishop’s Lemma

T1,T2 ⊂ D: two hyperbolic triangles with sides (a1, b1, c1) and (a2, b2, c2).
Suppose all their angles are bounded below by θ > 0 and

ε := max(| log a1

a2
|, | log b1

b2
|, | log c1

c2
|) ≤ A.

⇒ ∃ C = C (θ,A) > 0 and ∃ a (1 + Cε)-quasiconformal map ϕ : T1 → T2

such that ϕ maps each vertex to the corresponding vertex and ϕ is affine

on the edge of T1.

�
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4. Extension of Shiga’s theorem

We extend Shiga’s theorem as follows.

Theorem 2.

R0: a Riemann surface.

∃ M > 0 and ∃ a decomposition

R0 = S ∪ (R0 − S)

s.t.

(1) S is an open subset of R0 whose relative boundary consists of simple

closed geodesics and each connected component of S has a pants

decomposition satisfying the same condition as that of Shiga’s theorem for

M

(2) R0 − S is of genus 0 and dR0(x , S) < M for any x ∈ R0 − S.

⇒ dT ∼ dL on T (R0).
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Examples 1.
The above counterexample to the converse of Shiga’s theorem satisfies

Theorem 2. Let Si (i = 1, 2, ...) be a punctured disk, then S = ∪∞
i=1Si .

Also, we can construct a Riemann surface R0 satisfying Theorem 2 by

replacing a hyperbolic triangle group Γ with an arbitrary Fuchsian group

with a compact fundamental region.
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Examples 2.
In a Riemann surface of Example 1, we replace a punctured disk Si with a

Riemann surface satisfying Shiga’s condition. We regard it as a block and

construct a Riemann surface R0 with two or more holes. (See figure.)

Then R0 satisfies Theorem 2.
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Corollary 3.

Let R0 be a Riemann surface with bounded geometry. Also, assume that

R0 has finite genus.

⇒ dT ∼ dL on T (R0).

We say that a Riemann surface R0 has bounded geometry if it satisfies the

following condition:

There exists a constant M > 0 such that any closed geodesic has the

length greater than 1/M and for any x ∈ R0, there exists a closed curve

based on x with the length less than M.
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Teichmüller spaces

X,Y : Riemann surfaces of genus g ≥ 2

f : X → Y : a quasi-conformal mapping (q.c.)
(Y, f) : a marked Riemann surface of genus g

(Y1, f1) ∼ (Y2, f2)
def⇔ ∃h : Y1 → Y2 : biholo. 　　　　　　　

　　　　　　　　　　　 s.t. the diagram is commutative.

Y1

h
!!

X

f1

""!!!!!!!!

f2

## Y2

.

Definition (Teichmüller spaces)

.

.

.

Tg := {marked Riemann surfaces of genus g}/ ∼
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Teichmüller distance

.

Definition (Teichmüller distance)

.

.

.

d([Y1, f1], [Y2, f2]) := log inf
h

Kh,

where h : Y1 → Y2 moves over all q.c. homotopic to f2 ◦ f−1
1 ,

and whereKh is the maximal dilatation of h.

! (Tg, d) is a complete, geodesic metric space.
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Fenchel-Nielsen cordinates of Tg

.

.

Tg
∼= R6g−6 (homeomorphic)

P := {αi}3g−3
i=1 : a pants curve system ofX

"αi : lengh parameter of αi,　 tαi : twist parameter of αi

("αi, tαi)
3g−3
i=1 : a Fenchel-Nielsen coordinate of Tg
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Asymptotic problems of Tg

.

Problem

.

.

.

Formalize the boundary behavior of geodesics in (Tg, d).

.

.

.

1 Determine a condition that geodesics converge.

.

.

.

2 Find a divergent geodesic.

.

.

.

3 Find a boundary point to which no geodesic accumulates.

.

.

.

4 Determine the limit sets (the set of all accumulation points
in the boundary) of geodesics.
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Thurston’s compactification of Tg

From the uniformization theorem,

Tg
∼= {hyperbolic metrics onX}/ ∼ .

S := {non-trivial simple closed curves onX}/free homotopy
"ρ(α) := inf

α′"α
lengthρ(α′) (α ∈ S, ρ ∈ Tg)

The map "ρ : α (→ "ρ(α) is an element of the space RS
≥0. So

we define the map " as

" : Tg ) ρ (→ "ρ ∈ RS
≥0.
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Thurston’s compactification of Tg

We consider the map

"̃ : Tg
#−→ RS

≥0
proj.−→

(
RS
≥0 \ {0}

)/
R+.

.

Theorem (Thurston)

.

.

.

.

.

.

1 "̃ is an embedding and "̃(Tg) is relatively compact.

.

.

.

2 "̃(Tg) ∼= B6g−6 ∪ S6g−7(closed ball)

.

.

.

3 ∂"̃(Tg) ∼= PMF ∼= S6g−7 (sphere)
(Projective Measured Foliations)

♦ The action of the mapping class group on Tg extends
continuously to the boundary.
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Teichmüller geodesics

Around a regular point of a holomorphic quadratic differential
ϕ = ϕ(z)dz2 onX, the local coordinates

w =

∫ √
ϕ(z)dz

determine a (singular) flat structure onX. LettingXt be the
Riemann surface with the local coordinates

wt = et/2u + ie−t/2v (w = u + iv),

we can get the map

R ) t (→ Xt ∈ Tg.

This map is an isometric embedding (Teichmüller geodesic)．
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Limit sets of Teichmüller geodesics

.

Definition (convergence in PMF )

.

.

.

A sequence ρn on Tg converges to [G] ∈ PMF if ∃cn → ∞
s.t.

"ρn(α)

cn
→ i(G,α) (α ∈ S),

where i(·, ·) : MF ×MF → R≥0 (the geometric intersection
number function).

F : the vertical foliation of ϕ
Gt : the hyperbolic metric uniformizing the surfaceXt

GF,X = {Gt}t≥0 : the Teichmüller geodesic ray fromX

♦ The limit set L(GF,X) is a non-empty, connected, closed
subset of PMF .
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Asymptotic problems of Tg

.

Problem

.

.

.

Formalize the asymptotic behavior of geodesics in Thurston’s
compactification of Tg.

.

.
.

1 Determine a condition for &L(GF,X) = 1.

.

.

.

2 Find a geodesic with &L(GF,X) ≥ 2.

.

.

.

3 For allX ∈ Tg, show

PMF /=
⋃

F∈MF
L(GF,X).

.

.

.

4 Examine a relation between two foliations F and G
representing an accumuration point of GF,X .
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Problem 1 : On the convergence of geodesics

.

Theorem (Masur, 1982)

.

.

.

.

.
.

1 If F =
∑N

i=1 aiαi is rational, namely, F has only closed
leaves, then

lim
t→∞

Gt = [α1 + · · · + αN ] ∈ PMF .

.

.

.

2 If F is uniquely ergodic, namely, F has only one
transverse measure up to multiplication, then

lim
t→∞

Gt = [F ] ∈ PMF .
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Problem 2 : On the existance of diverging geodesics

.

Remark

.

.

.

{F ∈ MF | F is uniquely ergodic } is full measure and
{F ∈ MF | F is rational } is dense.

.

Corollary

.

.

.

Limit sets L(GF,X) are null sets, and they have no interior
point.

.

Theorem (Lenzhen, 2008)

.

.

.

There exists a Teichmüller geodesic that do not have a limit in
PMF .
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Problem 3 : On unreachble points of geodesics

.

Theorem (I)

.

.

.

Let G =
∑N

i=1 biαi be a rational measured foliation. Then the
following holds.

.

.

.

1 If bi /= bj for some i /= j, then there is no Teichmüller
geodesic which accumulates to [G].

.

.

.

2 If b1 = · · · = bN , then the following three conditions are
equivalent.
(a) [G] ∈ L(GF,X).
(b) F =

∑N
i=1 aiαi for some ai > 0.

(c) L(GF,X) = {[
∑N

i=1 αi]}.
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Sketch of the proof

.

Proof by contradiction

.

.

.

Suppose that [G] is an accumulation point of some geodesic
GF,X .

Since i(F,G) = 0, we see i(F,αi) = 0 for all i.
We show that i(F,β) = 0 for any curve β ∈ S with
i(β,αi) = 0 for all i.

These imply that F =
∑

aiαi where ai ≥ 0. It follows from
Masur’s theorem that

GF,X → [α1 + · · · + αN ] /= [G].

This is a contradiction.
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Minimal decompositions of foliations

♦ Each leaf of a measured foliation F either is closed or is
dense in a subsurface Ω (called a minimal domain). We write F
as the sum

F =
∑

Ω

FΩ +
N∑

i=1

aiαi (minimal decomposition),

where FΩ is a minimal foliation on Ω, and where αi is a closed
curve and ai ≥ 0．
　
Remark If ai = 0, then αi is homotopic to a boundary
component of a minimal domain.
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Problem 4 : On accumulation points of geodesics

.

Theorem (I)

.

.

.

F =
∑

Ω

FΩ +
N∑

i=1

aiαi (minimal decomposition)

If
∑

Ω FΩ /= 0, then [G] ∈ L(GF,X) is written as the sum

G =
∑

Ω

GΩ +
N∑

i=1

biαi

satisfying the following properties.

.

.

.

1
∑

Ω GΩ /= 0.

.

.

.

2 GΩ and FΩ are topologically equivalent unless GΩ = 0.

.

.

.

3 If b1 + · · · + bN > 0, then GΩ /= 0 for all Ω.

.

.

.

4 ai = 0 implies bi = 0.
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Problem 4 : On accumulation points of geodesics

We say a sequence ρn ∈ Tg is thick along a curve α ∈ S if

inf
n

"ρn(αn) /= 0,

where αn ∈ S denotes the ρn-shortest curve intersecting α
essentially.

.

Theorem (I)

.

.

.

Under the same condition for the previous theorem, we write
Gtn → [G]. If there exist a minimal domain Ω0 and a
non-peripheral curve α0 ⊂ Ω0 such that Gtn is thick along α0,
then

G =
∑

Ω

GΩ,

where GΩ
∼= FΩ unless GΩ = 0 and GΩ0 /= 0.
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Example(Lenzehn’s construction)

!"#$%&' !"#$%&'( )

!"*+, !"*+,

.

.

.

1 Take two square toriX1 andX2.

.

.

.

2 Cut along the slits (=red lines).

.

.

.

3 Glue together along the slits crosswise.
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Example(Lenzehn’s construction)

The resulting Riemann surfaceX is of genus two.

θ1, θ2 : the slopes of slits
σ : the curve inX corresponding to the slits
Fθi : the vertical foliation onXi (i = 1, 2)
F : the vertical foliation onX

Then
F = Fθ1 + 0 · σ + Fθ2.
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Case 1 : θ1 and θ2 are rational

∃αi ∈ S s.t. Fθi = aiαi (ai > 0)

So F = a1α1 + a2α2. Since F is rational,

L(GF,X) = {[α1 + α2]}

from the theorem of Masur.
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Case 2 : θ1 is irrational and θ2 is rational

F = a1α1 + 0 · σ + Fθ2 (minimal decomposition),

where α1 ∈ S and Fθ2 is minimal and uniquely ergodic inX2.
Then

L(GF,X) = {[Fθ2]}.
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Case 3 : θ1 and θ2 are irrational

F = Fθ1 + 0 · σ + Fθ2 (minimal decomposition).

So
L(GF,X) ⊂ {[a1Fθ1 + a2Fθ2] | a1 + a2 = 1} .

.

Theorem (Lenzhen, 2008)

.

.

.

Under the above notation, suppose that θ1 is of bounded type
as a continued fraction and that θ2 is of unbounded type. Then

&L(GF,X) ≥ 2 and [Fθ2] ∈ L(GF,X).
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Continued fractions

Every real number θ has a continued fraction expantion of the
form

a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

,

where a0 ∈ Z, ai ∈ N ∪ {0}.
θ is irrational⇔ the number of ai /= 0 is infinite
θ is of bounded type⇔ {ai}i∈N is bounded
θ is unbounded type⇔ {ai}i∈N is unbounded
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The meaning of Lenzehn’s condition

「θ1, θ2 : irrational」・・・They determine the minimal ergodic
foliation on the torusXi induced by the parallel line field of
slope θi.
　
「θ1 : bounded type」・・・There is a curve inX1 along which Gt

is thick.
　
「θ2 : unbounded type」・・・There are sequences sn, tn of time
such that Gsn is thick along a curve inX2 but Gtn is thin along
a curve inX2.
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A sufficient condition for diverging

.

Theorem (I)

.

.

.

Suppose that F has at least two minimal domains and that
there exist two minimal domains Ω1, Ω2 which satisfy the
following three conditions.
(a) There is a sequence sn such that Gsn is thick along a

curve in Ω1.
(b) There is a sequence tn such that Gtn is thick along a

curve in Ω2.
(c) There is a pants curve system Ptn(Ω2) of Ω2 such that

max
γ∈Ptn(Ω2)

"Gtn
(γ) → 0 as n → ∞.

Then
&L(GF,X) ≥ 2.
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Future task

Suppose that F is minimal, namely, every leaf of F is dense in
the surfaceX, and that F is not uniquely ergodic.
　
It is known that there are finitely many ergodic measures
{µi}pi=1 such that any transverse measures of the foliation F
are written as the sum a1µ1 + a2µ2 + · · · + apµp where
ai ≥ 0. Hence

L(GF,X) ⊂
{

p∑

i=1

aiµi

∣∣∣ai ≥ 0,
p∑

i=1

ai = 1

}
.

Question is whether the above inclusion is equal or not.
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. . . . . .

1. Outline

.

S.O. Wilson, 2007

.

.

.

. ..

.

.

!; combinatorial Hodge star operator defined on cochains equipped with
an inner product of a triangulated manifold.

Wilson showed that for a certain cochain inner product which he named
the Whitney inner product, this operator converges to the smooth Hodge
star operator as the mesh of the triangulation tends to zero if the manifold
is Riemannian.

He also stated that !! != ±Id in general and raised a question if !!
approaches ±Id.
In this talk, we solve this problem affirmatively.

Remark; The (smooth) Hodge star ! on forms satisfies

!! = (−1)j(n−j)Id,

where j is the degree of differential forms and n is the dimension of the
manifold.
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. . . . . .

2. Preliminaries

.

Notation 2.1

.

.

.

. ..

.

.

M; a closed oriented C∞ manifold of dimension n.

K ; a fixed C∞ triangulation of M.

C j(K ); the simplicial j-cochains of K with values in R, where
j = 0, 1, · · · , n.

Λj(M); C∞ differential forms of degree j on M.

Λ(M) :=
⊕
Λj(M).
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. . . . . .

Coboundary operator δ and its adjoint δ∗

Giving an ordering of the verticies, we have a coboundary operator

δ : C j → C j+1.

If the cochains C (K ) =
⊕

j C j(K ) are equipped with an inner product
〈 , 〉, then we can define the adjoint of δ denoted by δ∗ as

〈δ∗σ, τ〉 = 〈σ, δτ〉.
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. . . . . .

.

Definition 2.2

.

.

.

. ..

.

.

The combinatorial Laplacian is defined to be " = δ∗δ + δδ∗, and the space
of harmonic j-cochains of K is defined to be

HC j(K ) = {a ∈ C j |"a = 0}.

Recall that for forms the Laplacian is ∆ = d∗d + dd∗. The following
theorem is formally analogous to the Hodge decomposition of forms.

.

Theorem 2.3 (Eckmann )

.

.

.

. ..

.

.

Let (C , δ) be a finite dimensional complex with inner product and induced
adjoint δ∗. There is an orthogonal direct sum decomposition

C j(K ) = δC j−1(K ) ⊕HC j(K ) ⊕ δ∗C j+1(K )

and HC j(K ) ∼= H j(K ), the cohomology of (K , δ) in degree j.
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. . . . . .

Suppose M is a Riemannian manifold. The Riemannian metric provides
the space Λ(M) =

⊕
Λj(M) of smooth differential forms on M with an

inner product

〈ω, ψ〉 =

∫

M
ω ∧ !ψ, ω, ψ ∈ Λ(M),

where ! is the Hodge star operator.

We denote by L2Λj the completion of Λj(M) with respect to this inner
product.
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. . . . . .

Whitney map

We now define the Whitney map W of C j(K ) into L2Λj .
To do so

identify K with M and fix some ordering of the set of vertices of K .

Denote by µk the barycentric coordinate corresponding to the k-th
vertex pk in K .

Write every cochain c ∈ C j(K ) as the sum c =
∑

cτ · τ with cτ ∈ R
and τ running through all j-simplexes [p0, p1, · · · , pj ] whose vertices
form an increasing sequence with respect to the ordering of K .

Now we define W τ for such simplexes τ .
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. . . . . .

Whitney map

.

Definition 2.4

.

.

.

. ..

.

.

Let τ = [p0, p1, · · · , pj ], where p0, p1, · · · , pj is an increasing sequence of
vertices of K . Define W τ ∈ L2Λj by the formula

W τ = j!
j∑

i=0

(−1)iµidµ0 ∧ dµ1 ∧ · · · ∧ d̂µi ∧ · · · ∧ dµj

where ̂ over a symbol means deletion.

We extend W by linearity to all of C j(K ) and call it the Whitney map.
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. . . . . .

Examples

.

Example 2.5

.

.

.

. ..

.

.

If τ = [p0] ∈ C 0(K ), then
W τ = µ0.

If τ = [p0, p1] ∈ C 1(K ), then

W τ = µ0dµ1 − µ1dµ0.
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. . . . . .

Some properties of W

.

Lemma 2.6

.

.

.

. ..

.

.

The following hold:
(1) W τ = 0 on M \ St(τ),
(2) dW = W δ,
where St denotes the open star and the bar denotes closure.
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. . . . . .

de Rham map

There is a map of converse direction, the de Rham map R from differential
forms to C j(K ) which is given by integration, i.e.

.

Definition 2.7

.

.

.

. ..

.

.

for any differential form ω and chain c we have:

Rω(c) =

∫

c
ω.

One can check that RW = Id . In general WR != Id , but Dodziuk and
Patodi showed that WR is approximately equal to the identity.
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. . . . . .

.

Definition 2.8

.

.

.

. ..

.

.

K : a triangulation of a Riemaniann manifold M.
The mesh η = η(K ) of a triangulation is:

η = sup r(p, q),

where r means the geodesic distance in M and the supremum is taken over
all the pair of vertices p, q of a 1-simplex in K .

.

Theorem 2.9 (Dodziuk and Patodi)

.

.

.

. ..

.

.

Let M be a Riemannian manifold with triangulation K of mesh η. There
exist a positive constant C and a positive integer m, independent of K,
such that

‖ω − WRω‖ ≤ C · ‖(Id +∆)mω‖ · η

for all C∞ differential forms ω on M.

..

Theorem 2.14
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. . . . . .

Whitney inner product

Using W , we can define an inner product on C (K ) which is induced by the
inner product on differential forms, namely,

.

Definition 2.10

.

.

.

. ..

.

.

For σ, τ ∈ C (K )

〈σ, τ〉 =

∫

M
Wσ ∧ ! W τ = 〈Wσ, W τ〉,

where we use the same notation 〈 , 〉 for the inner product on C (K ) and
for the inner product on Λ. We call this inner product the Whitney inner
product.
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. . . . . .

Product operation

Whitney also defined a product operation.

.

Definition 2.11

.

.

.

. ..

.

.

We define ∪ : C j(K ) ⊗ C k(K ) → C j+k(K ) by

σ ∪ τ = R(Wσ ∧ W τ).
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. . . . . .

combinatorial Hodge star operator

Wilson defined the combinatorial Hodge star operator and showed that for
the Whitney inner product, this operator converges to the smooth Hodge
star operator as the mesh of the triangulation tends to zero.

.

Definition 2.12

.

.

.

. ..

.

.

Let K be a triangulation of a closed oriented manifold M, with simplicial
cochains C =

⊕
j C j . Let 〈 , 〉 be an inner product on C such that C i is

orthogonal to C j for i != j . For σ ∈ C j we define !σ ∈ Cn−j by:

〈!σ, τ〉 = (σ ∪ τ)[M],

where [M] denotes the fundamental class of M.

Remark; (σ ∪ τ)[M] = R(Wσ ∧ W τ)[M] =
∫
M Wσ ∧ W τ .

..

app of Lemma 3.1
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. . . . . .

Several properties of !

.

Lemma 2.13

.

.

.

. ..

.

.

The following hold:
(1) !δ = (−1)j+1δ∗!, i.e. ! is a chain map.
(2) For σ ∈ C j and τ ∈ Cn−j , 〈!σ, τ〉 = (−1)j(n−j)〈σ, !τ〉, i.e. ! is
(graded) skew-adjoint.
(3) ! induces isomorphisms HC j(K ) → HCn−j(K ) on harmonic
cochains.
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. . . . . .

! converges to "

.

Theorem 2.14 (Wilson)

.

.

.

. ..

.

.

Let M be a Riemannian manifold with triangulation K of mesh η. There
exist a positive constant C ′ and a positive integer m, independent of K,
such that

‖ ! ω − W!Rω‖ ≤ C ′ · ‖(Id +∆)mω‖ · η

for all C∞ differential forms ω on M.

..

Theorem 2.9

..

Proof of the thm
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. . . . . .

Useful lemma

.

Lemma 2.15

.

.

.

. ..

.

.

For a ∈ C j and b ∈ Cn−j ,

〈W!a, Wb〉 = 〈!Wa, Wb〉,

where 〈 , 〉 is the inner product on L2Λn−j .

In general, 〈W!a, ω〉 != 〈!Wa, ω〉 for a form ω ∈ L2Λn−j .
If ω ∈ W (Cn−j), = holds.

Tanabe (Tokyo Tech.) On the combinatorial Hodge star January 14. 2013 18 / 29



. . . . . .

3. Main theorem

For the remainder, we fix the inner product on C j(K ) the Whitney inner
product unless otherwise mentioned. (Thus M must be Riemannian.)

.

Lemma 3.1

.

.

.

. ..

.

.

For an arbitrary a ∈ C j(K ),

〈a, a〉 ≥ 〈!a, !a〉.

This means
‖Wa‖ ≥ ‖W!a‖.

..

pf of the theorem
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. . . . . .

.

Proof.

.

.

.

. ..

.

.

We put V = W (C j(K )), the image of C j(K ) in L2Λj via the Whitney map
W . Since V is a finite dimensional subspace of L2Λj , we have an
orthogonal direct sum decomposition

L2Λj = V ⊕ V⊥.

We write !Wa = α1 + α2, where α1 ∈ V and α2 ∈ V⊥. Then

〈a, a〉 = 〈Wa, Wa〉 = 〈!Wa, !Wa〉 = 〈α1, α1〉 + 〈α2, α2〉.

On the other hand, by Lemma 2.15,

〈!a, !a〉 = 〈W!a, W!a〉 = 〈!Wa, W!a〉 = 〈α1, W!a〉
= 〈α1, !Wa〉 = 〈α1, α1〉.
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. . . . . .

Application of Lemma 3.1 to holomorphic cochains

To define holomorphic 1-cochains we need to extend some of our
definitions to the case of complex valued cochains.

〈 , 〉; any hermitian inner product on the complex valued simplicial
1-cochains of a triangulated topological surface K .

.

Definition 3.2

.

.

.

. ..

.

.

We define the associated combinatorial star operator ! by

〈!σ, τ〉 = (σ ∪ τ)[M],

where the bar denotes complex conjugation and ∪ is as Definition 2.11,
extended over C linearly.

..

Definition 2.12

Just as with real coefficients, we have the Hodge decomposition

C 1(K ) = δC 0(K ) ⊕ H1(K ) ⊕ δ∗C 2(K )

where H1 is the space of complex valued harmonic 1-cochains.
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. . . . . .

.

Definition 3.3

.

.

.

. ..

.

.

The space of holomorphic 1-cochains H1,0(K ) is defined to be

H1,0(K ) = {ω ∈ H1(K )|!ω = −iλω, (λ > 0)}.

The space of anti-holomorphic 1-cochains H0,1(K ) is defined to be

H0,1(K ) = {ω ∈ H1(K )|!ω = iλω, (λ > 0)}.

.

Lemma 3.4

.

.

.

. ..

.

.

Let K be a triangulation of a surface M of genus g . A hermitian inner
product on the simplicial 1-cochains of K gives an orthogonal direct sum
decomposition

H1(K ) = H1,0(K ) ⊕H0,1(K ).

Each summand on the right has complex dimension g and complex
conjugation maps H1,0(K ) to H0,1(K ) and vice versa.
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. . . . . .

Riemann’s bi-linear relations

.

Definition 3.5

.

.

.

. ..

.

.

Let {a1, · · · , ag , b1, · · · , bg} be a canonical homology basis for M. For
h ∈ H1,0(K ), the A-periods and B-periods of h are the following complex
numbers:

Aj = h(aj), Bj = h(bj) for 1 ≤ j ≤ g .

.

Theorem 3.6 (Riemann’s bi-linear relations)

.

.

.

. ..

.

.

If σ, σ′ ∈ H1,0(K ) have A-periods Aj , A′
j and B-periods Bj , B ′

j
respectively, then

g∑

j=1

(AjB
′
j − BjA

′
j) = 0.
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. . . . . .

Corollary to Lemma 3.1

.

Corollary 3.7

.

.

.

. ..

.

.

Let K be a triangulation of a compact Riemann surface M. Let ! be the
combinatorial Hodge star induced by the Whitney inner product.
Then for any ω ∈ H1,0(K ), the negative imaginary eigenvalue −iλ of !
satisfies λ ≤ 1, that is,

!ω = −iλω, λ ∈ (0, 1].

Yamaki-kun found this fact independently, by a different method.

.

Proof.

.

.

.

. ..

.

.

〈ω, ω〉 ≥ 〈!ω, !ω〉 = λ2〈ω, ω〉.

Thus λ ≤ 1.
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. . . . . .

Main theorem

.

Theorem 3.8

.

.

.

. ..

.

.

Let M be a Riemannian manifold with triangulation K of mesh η. There
exist a positive constant C and a positive integer m, independent of K,
such that

‖ ! ! ω − W!!Rω‖ ≤ C · ‖(Id +∆)mω‖ · η

for all C∞ differential forms ω on M.

Remark;
! ! ω = (−1)j(n−j)ω,

where j is the degree of the form ω.
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. . . . . .

Proof of the theorem

‖ ! !ω − W!!Rω‖ ≤ ‖ ! !ω − !W!Rω‖ + ‖ ! W!Rω − W!!Rω‖
= ‖ ! ω − W!Rω‖ + ‖ ! W!Rω − W!!Rω‖

The first term satisfies

‖ ! ω − W!Rω‖ ≤ C ′ · ‖(Id +∆)mω‖ · η (1)

by Theorem 2.14.

..

Theorem 2.14

For the second term, we calculate
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. . . . . .

‖ ! W!Rω − W!!Rω‖
≤ ‖ ! W!Rω − ! ! ω‖ + ‖ ! ! ω − W!R ! ω‖

+‖W!R ! ω − W!!Rω‖
≤ C ′‖(Id +∆)mω‖ · η + C ′‖(Id +∆)m ! ω‖ · η

+‖W!R ! ω − W!!Rω‖
= 2C ′‖(Id +∆)mω‖ · η + ‖W!R ! ω − W!!Rω‖. (2)
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. . . . . .

Using Lemma 3.1, we have

..

Lemma 3.1

‖W!R ! ω − W!!Rω‖ = ‖W!(R ! ω − !Rω)‖
≤ ‖W (R ! ω − !Rω)‖ = ‖WR ! ω − W!Rω‖
≤ ‖WR ! ω − !ω‖ + ‖ ! ω − W!Rω‖
≤ C‖(Id +∆)m ! ω‖ · η + C ′‖(Id +∆)mω‖ · η
= (C + C ′)‖(Id +∆)mω‖ · η. (3)

Combining (2) with (3), we have

‖ ! W!Rω − W!!Rω‖ ≤ (C + 3C ′)‖(Id +∆)mω‖ · η.

With the inequality (1), we see that

‖ ! ! ω − W!!Rω‖ ≤ (C + 4C ′)‖(Id +∆)mω‖ · η.
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Purpose

(1) Giving a sufficient condition for metric subspaces

on which the Teichmüller distance coincides with

the Kobayashi distance;

(2) Introducing examples of such subspaces.



The universal Teichmüller space

∆ = {|z| < 1} : the unit disk in the complex plane,

QC = {f : ∆ → ∆ quasiconformal mapping |f fixes 1, i,−1}.

We introduce the following equivalence relation: For f, g ∈ QC,

f ∼ g
def⇐⇒ f |∂∆ = g|∂∆.

This relation is called Teichmüller equivalence.

T = QC/ ∼ : the universal Teichmüller space;

[f ] : the Teichmüller equivalence class represented by f ∈ QC.

Especially, [id|∆] is called the base point of T and denoted by 0.



Another representation of the universal Teichmüller space

µ =
∂̄f

∂f
: the Beltrami coefficient of f ∈ QC,

B : the open unit ball of measurable functions in ∆.

Then

B ' µ ←→ fµ ∈ QC i.e. QC = {fµ|µ ∈ B}.

We introduce the following equivalence relation: For µ, ν ∈ B,

µ ∼B ν
def⇐⇒ fµ|∂∆ = fν|∂∆.

Then it follows that T = B/ ∼B= {[µ]|µ ∈ B}.

[µ] : the Teichmüller equivalence class represented by µ ∈ B



Two distances on the universal Teichmüller space

The Teichmüller distance

For p, q ∈ T ,

dT (p, q) =
1

2
inf{logK(g ◦ f−1)|f ∈ p, g ∈ q},

where K(f) =
1+‖µf‖∞
1−‖µf‖∞

is the maximal dilatation of f ∈ QC.

This function dT is called the Teichmüller distance on T .

The Teichmüller distance on T is complete and T is contractible in dT .



The Kobayashi distance

This distance is defined for complex manifolds.

(Contractility of the Kobayashi distance)

M,N : two complex manifolds,

dK,M, dK,N : the Kobayashi distances on M and N .

Then for any holomorphic map F of M into N and for any p, q ∈ M ,

dK,N(F (p), F (q)) ≤ dK,M(p, q).

Especially, if F is biholomorphic of M onto N , then F becomes a isomorphism

between M and N .

B = {φ : holomorphic on ∆| sup
z∈∆

|φ(z)|ρ(z)−2 < ∞},

where ρ is the Poincaré metric on ∆.Then there exists a homeomorphism β

of T into B (the Bers embedding). By identifying T as β(T ), T becomes a

complex manifold modeled on B.



Theorem (Gardiner, Earle-Kra-Krushkal). The Teichmüller dis-
tance dT on T coincides with the Kobayashi distance dK.

Main Theorem. Let T ′ be a complex manifold with a holomor-

phic embedding ι of T ′ into T , and identify T ′ with ι(T ′). If

T ′ satisfies the following three conditions, then the Teichmüller

distance on T ′ coincides with the Kobayashi distance.

(1) The set T ′ \ {0} is contained in the set of Strebel points
of T ;

(2) For any τ ∈ T ′, the right translation map for τ maps T ′

onto itself;
(3) For every τ ∈ T ′ \ {0}, there exists a representative µ ∈ τ

corresponding to a frame mapping such that, for every µ′ ∈ τ
that coincides with µ outside some compact subset of ∆ and
for every t ∈ ∆, [tµ′] is in T ′.



Strebel’s Frame Mapping Theorem

Definition. For τ ∈ T , let f0 be a extremal mapping for τ . If f1 ∈ τ satisfies

the following condition, then f1 is called a frame mapping for τ :

Condition There exists a compact subset E of ∆ such that

K(f1|∆\E) < K(f0).

If a point of T has a frame mapping, then it is called a Strebel point.

The set of Strebel points is open and dense in T .

Theorem (Strebel’s frame mapping theorem, Teichmüller’s uniqueness the-

orem). If a point τ ∈ T is a Strebel point, then it has the unique extremal

mapping with Beltrami coefficient of the form k φ
|φ|, where 0 < k < 1 and φ

is a holomorphic function with
∫∫
∆ |φ(z)|dxdy = 1.



Sketch of the main theorem’s proof

dT ′ = dT |T ′, dK′ : the Kobayashi distance on T ′.

We show that dT ′ = dK′.

(About dT ′ ≤ dK′)

From dT = dK and the contractility of the Kobayashi pseudo distance,

for p, q ∈ T ′,

dK′(p, q) ≥ dK(p, q) = dT (p, q) = dT ′(p, q).

This implies that dT ′ ≤ dK′.



(About dT ′ ≥ dK′)

Let [g] ∈ T and define

α([f ]) = [f ◦ g−1] : the right translation map for [g].

Then by condition (2), α becomes a biholomorphic self map of T and an

isomorphism in dK. Moreover, α also becomes an isomorphism in dT .

Hence it is sufficient to show that for any τ ∈ T ′ \ {0},

dK′(0, τ) ≤ dT ′(0, τ) =
1

2
logK0,

where K0 = 1+k0
1−k0

is the extremal maximal dilatation of τ .

(Process)

I. Composing a sequence {Kn} satisfying dK′(0, τ) ≤ 1
2 logKn;

II. Showing the existence of a subsequence of {Kn} converging to K0.



(About I)

By condition (1), τ has a frame mapping f with Beltrami coefficint µ.

It follows from Strebel’s frame mapping theorem that τ has the unique

extremal mapping with Beltrami coefficient of the form k0
φ0
|φ0|

, where φ0 is

a holomorphic function with
∫∫
∆ |φ0(z)|dxdy = 1.

Let Dn = {|z| < 1 − 1
n}. It follows that f |Dn becomes a frame mapping

for [f |Dn] ∈ T (Dn) (T (Dn) is the Teichmüller space of Dn).

By Strebel’s frame mapping theorem, [f |Dn] has the unique extremal

mapping f̃n : Dn → f(Dn) with Beltrami coefficient of the form kn
φn
|φn|, where

0 < kn < 1 and φn is a holomorphic function with
∫∫
Dn

|φn(z)|dxdy = 1.

Set

fn(z) =






f̃n(z) (z ∈ Dn)

f(z) (z ∈ ∆ \Dn).



Let µn be the Beltrami coefficient fn and Kn = K(fn). Then for each n,

(a) Kn > K0

(b) [µn] = τ.

Let g(t) = [(tµn)/kn] for t ∈ ∆. It follows from condition (3) that g is a

holomorphic map of ∆ into T ′. By condition (b),

dK′(0, τ) ≤
1

2
log

1+ kn
1− kn

=
1

2
logKn,



(About II)

We show there exists a subsequence of {Kn} converging to K0.

There exists a subsequence of {φn} converging locally uniformly in ∆

to a holomorphic function φ∗ satisfying
∫∫
∆ |φ∗|dxdy ≤ 1. It follows that

∫∫
∆ |φ∗|dxdy > 0.

From 0 < kn < 1 for any n, there exists a convergent subsequence of

{kn}. Let k∗ be the limit and µ∗ = k∗ φ∗
|φ∗|. Then it follows that [µ∗] = τ . By

Teichmüller’s uniqueness theorem, we obtain k∗ = k0. Hence there exists a

subsequence of {Kn} converging to K0.

Therefore it follows that dT ′ = dK′. !



Examples of the main theorem

Example 1. asymptotically conformal classes

Definition. A quasiconformal mapping f of ∆ is asymptotically conformal if

∀ε > 0, ∃E ⊂ ∆ : a compact subset s.t. K(f |∆\E) < 1+ ε.

If a point of T has an asymptotically conformal map, then we call it an

asymptotically conformal class. Let

T0 = {τ ∈ T |τ is a asymptotically conformal class}.

The subset T0 becomes a closed submanifold of T . Indeed, let

B0 = {φ : holomorphic on ∆| lim sup
|z|→1

|φ(z)|ρ(z)−2 = 0}.

Then B0 becomes a closed subspace of B and β(T0) = β(T ) ∩ B0.



Theorem (Earle-Gardiner-Lakic, Hu-Jiang-Wang). The Teich-
müller distance on T0 coincides with the Kobayashi distance.

(Proof)

(1) ∀τ ∈ T0, f ∈ τ : an asymptotically conformal map.

If we take a sufficient large compact subset E of ∆, then it follows that

K(f |∆\E) < K(τ).

(2) ∀τi ∈ T0 (i = 1,2) fi ∈ τi : two asymptotically conformal maps.

∀ε > 0, ∃E ⊂ ∆ : a compact subset s.t.

K((f1 ◦ f−1
2 )|∆\E) ≤ K(f1|∆\E)K(f2|∆\E) < (1 + ε)2.

(3) ∀τ ∈ T0, f ∈ τ : an asymptotically conformal map.

This is equivalent to that ‖µf |∆\Dn
‖∞ → 0 (n → ∞). Then for any t ∈ ∆

and any µ′ ∈ τ satisfying µ′ = µf on ∆ \ E (E ⊂ ∆ : compact), by taking n

sufficiently largely,

‖tµ′|∆\Dn
‖∞ = |t|‖µf |∆\Dn

‖∞ → 0 (n → ∞).



Example 2. p-integrably asymptotic affine classes

Definition. Let p ≥ 2. If the Beltrami coefficient µ of ∆ satisfies
∫∫

∆
|µ(z)|pρ(z)2dxdy < ∞,

then we call µ p-integrably asymptotic affine. If a point of T has a p-

integrably asymptotic affine Beltrami coefficient, then we call it a p-integrably

asymptotic affine class.

Let

Tp = {τ ∈ T |τ is a p-integrably asymptotic affine class} .

If p = 2, then T2 becomes contractible in the Weil-Petersson distance of T .

Diff = {C∞-deffeomorphism on ∂∆ fixing -1, i, 1}.

The subspace T2 becomes a completion of Diff in the Weil-Petersson dis-

tance of T (these results are proved by Cui ).



Let

Ap = {φ : holomorphic on ∆|
∫∫

∆
|φ(z)|pρ(z)2−2pdxdy < ∞}.

Theorem. β(Tp) ⊂ β(T ) ∩Ap.

Then Tp becomes a complex manifold modeled on Ap.

Theorem. The Teichmüller distance on Tp coincides with the
Kobayashi distance.

Remark. Let [f ] ∈ T and h be a boundary function on ∆ corresponding to

[f ]. Then there exists a quasiconformal extension E([f ]) of h to ∆ such that

for any two Möbius transformations γ, δ preserving ∆ and fixing 1, i,−1,

E([γ ◦ f ◦ δ]) = γ ◦ E([f ]) ◦ δ.

This map E([f ]) is called the Douady-Earle extension for [f ].



(Proof)

(1) It follows that Ap ⊂ B0. Then β(Tp) ⊂ β(T0) i.e. Tp ⊂ T0.

(3) The following theorem follows:

Theorem. For any τ ∈ Tp, the Beltrami coefficient µ of E(τ) becomes

p-integrably asymptotic affine.

Moreover, the Douady-Earle extension E(τ) for each τ ∈ T0 is asymptot-

ically conformal (Earle-Markovic-Saric).

For any t ∈ ∆ and any µ′ ∈ τ satisfying µ′ = µ on ∆ \ E (E ⊂ ∆ :

compact), it follows that
∫∫

∆
|tµ′(z)|pρ(z)2dxdy <

∫∫

∆
|µ(z)|pρ(z)2dxdy +

∫∫

E
|µ′(z)|pρ(z)2dxdy < ∞

Then we have [tµ′] ∈ Tp.



(2) The following theorem follows:

Theorem. For any Beltrami coefficient µ of E(τ). Then there exist constants

C1, C2 > 0 such that

C1ρ(z)
2 ≤ Jfµ(z)ρ(f

µ(z))2 ≤ C2ρ(z)
2.

For any τ1, τ2 ∈ Tp, let µi be the Beltrami coefficient of E(τi) (i = 1,2)

and η be the Beltrami coefficient of fµ1 ◦ (fµ2)−1. Hence
∫∫

∆
|η(z)|pρ(z)2dxdy =

∫∫

∆
|η(fµ2(ζ))|pρ(fµ2(ζ))2Jfµ2(ζ)dξdη

≤ C
∫∫

∆

∣∣∣∣∣
µ1(ζ)− µ2(ζ)

1− µ1(ζ)µ2(ζ)

∣∣∣∣∣

p

ρ(ζ)2dξdη

≤ C
∫∫

∆

2p−1(|µ1(ζ)|p + |µ2(ζ)|p)
(1− ‖µ1‖∞‖µ2‖∞)p

ρ(ζ)2dξdη < ∞.

Therefore it follows that τ = [η] ∈ Tp.
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