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Abstract

In this paper, we give two kind of proofs of topological complete-
ness of decorated exponential families.

1 Introduction and main results

As stated in [5], the exponential family and the sine family are topological
complete in the following sense.

Definition We say that a family of entire functions is topologically complete
if any entire function topologically conjugate to an element of it is actually
conformally conjugate to an element of it.

First, recall that topological completeness of the exponential family fol-

lows from the classical result as below.

Proposition 1 Any holomorphic universal covering surface of C,, — {0} is
conformally equivalent to the whole plane, say C.. Moreover, the covering
projection m s represented as

w=m(¢) = e

with suitable a (# 0) and b.



Similarly, since any element of the sine family is the projection of a holo-
morphic universal covering of the orbifold of (0,3;2,2,00) type, the sine
family is topologically complete.

But topological completeness seems to be known for few other families.
Some exceptions are decorated exponential families. Such families has been
getting more and more attentions. See [1], [4], [6] and [8].

In this paper, we give two proofs of the following

Theorem 2 For any positive integers k and n, the doubly decorated expo-
nential famaly

From = {P(Z) exp Q(Z)},
where P(z) and Q(z) move over all polynomials of degree k and n, respec-
tively, is topologically complete.

Remark The first proof of Theorem 2 in §2 is essentially due to Keen [3]
and Stallard [7], and relies on quasiconformal maps. The second one in §3
is more elementary, and gives concrete information of the covering structure
induced by an element of the family.

On the other hand, the additively decoreted exponential families such as
considered in [8] are not topologically complete. We only state the following

Theorem 3 The family
Fi={z+a+¢|aecC}
15 not topologically complete.

We prove Theorem 3 in §4 by giving an entire function quasiconformally
conjugate to an element, but conformally conjugate to no one, of F.

2 The first proof of Theorem 2

We begin with the following

Lemma 4 Let g be topologically conjugate to some f(z) = P(z)expQ(z) €
Fim- Then g is quasiconformally equivalent to f, namely, there are quasi-
conformal maps ¥, and s of C such that

Pao f=go.



Proof. Let ¢(z) be a homeomorphism of C onto itself such that o f = gog,
and Ey be the set of all singular values of f. Since E; is a finite set, there is
an isotopy ® relative to &y which connects ¢ with a quasiconformal map .

By the assumption, we can lift ® to an isotopy ® such that go® = ®o f.
And & connects ¢ with a quasiconformal map v satisfying 15 o f = g o 9.
]

The first proof of Theorem 2. We may assume that ¢(0) = 0. Then since
f71(0) and g~'(0) have the same number of points counting multiplicity, we
find a polynomial R(z) of degree k such that g(z)/R(z) has no zeros. Hence
we can write g(z) as R(z)exp h(z) with an entire function h(2).

Since quasiconformal maps are Holder continuous, there are some K > 1
and A > 1 such that

AT VE < ()] < Ale|

for each j and every z with sufficeintly large |z|. Hence on {|z| = r} with
large r, we have

l9(2)] = [$20 fodhr ' (2)] < AIM(f, A%rF)",

where M(f,r) = max, -, |f(z)|. Here since f € Fy,, log|M(f, AXrE)K
has a polynomial growth order with respect to r. Hence there are some C
and N such that

IRe h(z)| < Cr¥

for every z with sufficeintly large |z|, which implies that h(z) is a polynomial.

Finally, let n' be the degree of h(z). Then g(z) has exaxtly k +n' — 1
critical points including multiplicity, which should equals to k£ +n — 1. Thus
we have n’ = n. ]

3 The second proof of Theorem 2

We give here a more elementary proof of Theorem 2. For this purpose, fix an
entire function g which is topologically equivalent to an element f in Fj .
Let ¢(z) be a homeomorphism of C onto itself such that ¢ o f = g o ¢, and
we again assume that ¢(0) = 0. For the sake of simplicity, we explain only
the case that Q(z) = z and f(z) = P(z2)e® has exactly k non-zero critical



values, and let Fj, be the set of all such P(z)e*. Other cases can be treated
similarly.

First, we apply a cut-paste surgery to f; namely, let {aj}le be critical
values of f, and take mutually disjoint smooth arcs {L;}¥_; on C—{0} start-
ing from a; and tending to co. Consider f as a (branched and incomplete)
covering of the target C,, of f by the domain C, of f. (So all a; and L; are
on C,.) Cut C, along all lifts of L; with respect to this covering. Then C,
is decomposed into k + 1 components, say {Ry,- -, Ry, S}. Each component
can be re-pasted over L;, and we have k + 1 Riemann surfaces spreading
holomorphically over C,. Here, k of them corresponding to {fil, cee ﬁk}

are holomorphic universal covering surfaces of C,,, denoted by {Ry,---, Ry},
while the remaining one, say S, is a holomorphic universal covering surface
of C,, — {0}.

As noted above, f restricted on S considered as a subset of S , Which in
turn we denote as C¢, can be expressed as

fls(¢) = et

with suitable a and b.

Definition We call S the exponential part of the covering surface C,, and
each R; a C-decoration.

Conversely, such decoration structure characterizes the family Fj. See
Proposition 9.

We begin with the definitions. Let S° be a universal covering surface of
C,, —{0}. We decorate k copies R? of the whole plane inductively as follows:
take mutually disjoint k& arcs {L}} starting from a point in C,, — {0} and
tending to oco. Fix alift of LY on S® and decorate R} by connecting crosswise
along this lift. Then, we have a branched incomplete covering of C,,. Next
we fix a lift of LY to this new covering surface, and decorate R along the lift.
Repeating this process, we have a branched and incomplete covering surface
D of the whole plane.

Definition We call D a k-th decorated exponential covering surface, and
the projection 7 to C,, a k-th decorated exponential function.

The domain D of 7 is clearly simply connected. Moreover, the following
fact is essentially well-known.



Lemma 5 Fvery k-th decorated exponential function m can be regarded as
an entire function.

Proof. For the sake of convenience, we include a standard proof. Roughly
speaking, on the neighborhood of the infinity, the covering structure is the
logarithmic one, and also so does for the non-compact component of the
covering surface restricted on a neighborhood of 0. Thue we can conctruct a
ring domain with atrbitrary large modulus as follows.

First fix A < (1 <) B so that {A < |w| < B} contains all critical values.
Fix a positive N so large that each crirical points are contained in some p-th
sheet with |p| < N (under a suitable choice of the 0-th sheet of S”). Take
a sufficiently large n (> N). When [p| < N, then let W, be the part of the
p-th sheet of SV over

{A/n < |w| < A} U{B < |w| < Bn},

possibly with the part of R} decorated to the p-th sheet over { B < |w| < Bn}.
When |p| > N, let W, be the part of the p-th sheet over

{A/n < |w| < Bn}.

Then the union W = Uj__, W, can be considered as a doubly conneted
region on the domain D of w. Define the conformal density p on W as
follows; on W, with |p| < N, we set p as the pull-back of |dw|/|w| by 7, and
on any other W,, we set p as the pull-back of |dw|/(p|w|). Then, we can
see that the p-length of any arc connecting boundary components is greater

than C'logn with a positive C' independent of n. Since the p-area of W is

n 21 " 1 BA
42N +k+ D)rlogn + 47 > O%“+20g( /4)

p=N+1 p

we can conclude that the modulus of W is greater than C’log n with a positive
C' independent of n, which shows that the domain D of 7 is conformally
equivalent to the whole plane. [

Now, the covering structure of 7 depends on the choice of the isotopy class
of the arcs {L?} relative to end points, and the configuration tree induced
from the order of the C-decorations.



Definition The configuration tree for a k-th decoreated exponential function
consists of vertices {rq,---,7;,n € Z}, where each r; represents R? and each
n represents the n-th sheet of S and they are connected by sides which are
given by the following injunctions;

1. Add one side connecting n with n + 1 for every n.

2. Add one side connecting 7, with 0 (, which determines the 0-th sheet

of SY).

3. Add one side connecting r, with r; if RY is connected to R}. And if
not, some sheet, say no-th sheet, of S is connected with RS. Then Add
one side connecting 7, with n..

4. Add one side connecting r; with one of {rq,---,7;_1, n € Z} by similar
injunctions as in (3), for every j > 2.

The configuration tree determines a k-th decorated exponential function
in the following sence.

Lemma 6 Suppose that two k-th decorated exponential function hy and hs
has the same singular values and the same configuration tree (with respect to
the same cut arcs), then there is a conformal automorphism A of the whole

plane such that
hy = hy o A.

Proof. Let S™ be the exponential part and {R;"} the C-decorations for

each m = 1,2. Then there is a conformal map A : 51 — 52 such that the
branch point for R} is sent to that for ]%% and 90 Ay 0 7?;1 is the identitical
automorphism of C*, where 7, is the natural projection of S™. Then Ay
can be extended to a biholomorphic maps from 51 decorated with ]?} to 52
decorated with ]A%%, which should send the branch point for Rﬁ to that for
R% Repeating this, we have an affine map A as desired. [

On the other hand, every k-th decorated exponential covering surfaces
can be realized by an element of Fj. To show this, first we recall that
critical values moves biholomorphically with respect to coefficients of monic
polynomials in the following sense.



Lemma 7 Let Py(z)e* be an element of Fy, with a monic polynomial

P(z) =24+ 4 4 S

and mutually different non-zero critical values ay = (al,---,a)). Then the

map from ¢ = (¢1,-+-,¢p) toa = (ay,---,ax) is btholomorphic in a neighbor-
hood of ¢y = (¢, -+, cY).

Proof.  First, since critical points p = (py,---,pr) of Py(z)e* are zeros of
P(z)+ P'(z), p is clearly a holomorphic function of ¢, and

Ip; - B
(P+P)(p) 77 =—p; = (L=1)p; %
8C£
Here by the assumption, (P + P’)'(p;) is non-zero for every 7, and hence the
Jacobian is non-degenerate.
Next, since a = (P(py)e?, - - -, P(pr)el*), we have

Hence, we conclude the assertion. [ ]

Actually, for every point p = (py,- -+, px) in the region

Q={p=(p1, o) € C*| [[(wi — pj) # 0},
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it is easily to give an element of F; with monic polynomial which has the
critical points p. And we have shown that the map ® from Q into C*,
which sends p to critical values a of the corrsponding element, is locally
biholomorphic.

So set

:{a:(a’la"'7ak)eck|a1 akH 750}

£

and consider to take lifts of arcs in Q' starting from a, with respect to ®,
where a( is as in Lemma 7. And we have the following

Lemma 8 The germ of ® ' which sends a, to py can be continued ana-
lytically along any arc in Q' starting from ay, where py corresponds to ¢y in
Lemma 7.



Proof. Suppose that there were an arc v : [0, 1] — Q' starting from a, which
can not be lifted into 2 from p,y with respect to ®. Further, we may assume
that v : [0,7] — ' has such a lift for every r < 1.

If the end of the lift of v : [0,1) — Q' from p; accumulates to a point
of €2, then by the fact noted before Lemma 8, we would have a lift of the
whole given arc 7. So the end should diverge to the boundary. Here since ~y
is in €, the end can not tend to the relative boundary of © in C*. Hence it
diverges to the infinity. But then, v should end at {a; - -- a;, = 0} or diverge
to the infinity, which is impossible. [

Thus perturbation of critical values can be realized by elements of F;, with
monic polynomials, and hence we can deform a k-th decorated exponential
function within the family F; rather freely. Thus we have the following

Proposition 9 The family Fy, contains all k-th decorated exponential func-
tions modulo conformal conjugation.

Proof. Fix an element h of Fj, with a monic polynomial and a k-th decorated
exponential function 7, arbitrarily. First, by starting from h; and moving
critical values of hy so that they are always mutually distinct, we obtain by
Lemma 8 an element in Fj, whose critical values is just the same as those of
7o including the order.

When the configuration trees are not the same, we deform it by moving
each critical value around another critical value or 0. Then again by Lemma
8, applying finite number of such deformations along suitable loops, we can
get an element h of F; which has the same configuration tree as that of 7.

Then by Lemma 6, we can lift the identical map between the target planes
of the exponential parts to a conformal map A of the domain of 7y such that

FOOA:h.

This implies that 7, is conformally conjugate to an element of Fj. ]

The second proof of Theorem 2. Now back to g in the beginning of this
section, it is clear that g gives a k-th decorated exponential covering surface,
for g is topologically conjugate to f. Hence Proposition 9 gives the assertion.
|



4 A proof of Theorem 3

To show Theorem 3, we take a, so that each critical values of f(z) = z+ao+e€”
belongs to mutually distinct attractive basins for fixed points of f. For
instance, take 1/2 as ay.

The grand orbits of such attractive basins are mutually disjoint. The
crutial fact is the following

Proposition 10 For every g € F,, the complex dynamics of g is invariant
under conjugation by the translation T'(z) = z + 2mi:

g=TogoT

Proof of Theorem 3. Fix the grand orbit of an attractive basin D of f,
and denote it by [D]. (See [2] and [8] for terminologies and fundamental
facts.) For an invariant Beltrami coefficeint p supported on [D], let ¢, be
a quasiconformal map of C with the Beltrami coefficient  on [D] and 0 on
C — [D]. Then g = ¢o f o ¢! with ¢ = ¢, is again an entire function and
#([D]) is the grand orbit of an attractive basin of a fixed point of g. Since
the Teichmiiller space of R = [D]/f is non-trivial, we can choose p so that
$[D] gives a once-punctured torus not conformally equivalent to R.

Here the grand orbit of any other attractive basin of g still gives the same
R. Thus we conclude that g does not belong to F, by Proposition 10. ]

Remark Actually, we have shown that F is not quasiconformally complete.

Also note that, when we start with
f(z) =z+1+4¢€,

then every critical point of f determines a superattractive basin. And we
can not deform f quasiconformally on the grand orbits of such basins. The
situation is similar when we start with

z+ €,

which has infinitely many Baker domains (cf. [8]).
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