A CONFORMAL INVARIANT FOR NON-VANISHING ANALYTIC
FUNCTIONS AND ITS APPLICATIONS
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ABSTRACT. The quantity Vp(p) = sup.cp pp(2) "¢ (2)/¢(2)] will be considered for a
non-vanishing analytic function ¢ on a plane domain D with hyperbolic metric pp(z)|dz|.
We see that this quantity has various nice properties such as conformal invariance and
monotoneity. As a special case, for a proper subdomain € of the punctured plane C* =
C\ {0}, we define the domain constant W (Q2) = Vu(id), which will be called the circular
width of Q about the origin, and we will see that W (Q2) dominates the value of Vp(p)
if (D) C Q. As applications, we provide boundedness and univalence criteria for those
functions f on the unit disk D for which f'(D) C . We also compute values of circular
width for typical domains.

1. INTRODUCTION

Conformal invariants play a central role in the modern theory of functions of a complex
variable. One of the most important is the hyperbolic metric pp(2)|dz| of a hyperbolic
plane domain D. Recall that a subdomain D of C is called hyperbolic if D admits an
analytic universal covering projection p of the unit disk D = {¢ € C : |[{| < 1} onto
D. Then the hyperbolic metric is defined by the equation pp(2)[p'(¢)| = 1/(1 — |(|?) for
¢ € p}(z). Note that the density pp(z) does not depend on the particular choice of
¢ or p. The Poincaré-Koebe uniformization theorem tells us that D C C is hyperbolic
if and only if D is neither the whole plane C nor the punctured plane C\ {a} for any
a € C. The hyperbolic metric is conformally invariant in the sense that the pull-back
[*pp(2) = pp (f(2))]f'(2)] of ppr(w)|dw| under a conformal map f: D — D' is equal to
pp(z). Throughout the paper, a conformal map means a conformal homeomorphism.

In this article, we propose a sort, of conformal invariants associated with a non-vanishing
analytic function. This quantity proves its usefulness in estimation of the hyperbolic sup-
norm of the pre-Schwarzian derivative of a locally univalent functions in various situations
as in [15]. Let ¢ be a non-vanishing analytic function on a hyperbolic domain D, namely,
¢: D — C" =C)\ {0} is holomorphic. Then we set

| ‘ ¢'(2)
o(2)

Vp(p) =sup pp(z)”
zeD
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This quantity measures the rate of growth of ¢ compared with the hyperbolic metric.
Note also that Vp(¢) can be thought of the Bloch semi-norm of the (possibly multi-
valued) function log¢. The quantity Vp(¢) does not depend on the source domain D,
more precisely, Vp,(¢ o f) = V() for a conformal map f : Dy — D (see Theorem 2.2
below). On the other hand, Vj(¢) may depend on the target domain.

One merit of this quantity is monotoneity in several respects. For instance, if w is a
holomorphic map of Dy into D, then V() < Vp, (¢ ow) holds (see Theorem 2.2). Many
more properties will be discussed in Section 2.

Let Q be a proper subdomain of the punctured plane C*. Then 2 admits an analytic
universal covering projection p of a simply connected proper subdomain D of C onto it.
Then the quantity W (Q2) = Vp(p) is independent of the particular choice of p : D — € and
will be called the circular width of Q (about the origin). An important property to note
is that W (Q2) < W (Qq) if Q@ € @ C C*. For instance, the sector {w € C : |argw| < ma/2}
has circular width 2a for 0 < a < 2 (see Section 5). Fundamental properties and a
geometric meaning of the circular width will be given in Section 3. Also, exact values of
W (Q) for some specific domains 2 are given in Section 5.

The circular widths (about boundary points) of a plane domain are closely related to
uniform perfectness of the boundary. We will explain it in Section 4. As an application,
we will give a proof of Osgood’s theorem [21, Theorem 2] in a quantitative way: 0D is
uniformly perfect if and only if the hyperbolic sup-norm of univalent analytic functions on
D s bounded.

The information on W ((2) is useful regarding univalence and boundedness criteria. For
example, let us consider an analytic function f in the unit disk with Re f’ > 0. In general,
the function f may not be bounded (e.g., f(z) = log(l — z)). As a consequence of our
results, we obtain the boundedness criteria stating that if f'(D) C € for a subdomain
of the right half-plane H = {w € C: Rew > 0} with W (Q2) < 2 then f must be bounded.
Note that W () < 2 holds always for Q@ C H.

Applying this to the function f = log F' for a non-vanishing locally univalent function
F on D gives another approach to the problem considered by MacGregor and Rgnning in
[17]. In Section 6, we will give some sufficient conditions for a domain Q@ C C* to have
circular width less than 2.

We have already used some facts about W (2) implicitly in [15]. Moreover, some results
in Section 5 were used by Ponnusamy and the second author [23] in order to deduce
univalence criteria for meromorphic functions outside the unit disk. See Section 6 for
more details about applications of circular width.

Acknowledgement. The second named author would like to thank Shinji Yamashita
for helpful comments on the Gelfer functions.

2. BASIC PROPERTIES OF THE QUANTITY V()

In this section, basic properties of the quantity Vp(y) and more refined results are
given. We first see that how V() measures the rate of growth of ¢ with respect to the
hyperbolic metric. We denote by dp(zo,z1) the hyperbolic distance between two points
2o and z; in D, namely,

(e, ) = inf / po(2)ldz],

v
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where the infimum is taken over all piecewise smooth curves joining 2y and z; in D. With
this notation, we have the following result.

Proposition 2.1. Let ¢ be a non-vanishing analytic function on a hyperbolic domain D
and let ¢ be a positive constant. Then Vp(p) < ¢ if and only if the inequality

lp(21)]
| (20)|

(2.1) exp (— cdp(z,21)) < < exp (cdp(zo, 21))

holds for every pair of points zy, z, in D.

Proof. We first assume that Vp(¢) < ¢, namely, |¢'/¢| < cpp. Since

log o)l _ g, / P(z)

|o(20)] (2)
for v joining 2y and z; in D, we obtain the inequalities
log 12| / |dz| < c/ 2)|dz).
le(zo)l| — /4 y

Thus we can now see (2.1).

We next prove the converse. Set u(z) = log|p(z)| for z € D. Then the condition (2.1)
means that

lu(2") —u(2)| < edp(z,2'), z,2 €D.

By dividing both sides by |z’ — z| and taking upper limits as 2/ — z, we obtain the
inequality |Vu(z)| < cpp(z). Here V denotes the gradient. Since u is the real part of the
analytic function f = log ¢ (at least locally), one gets |Vu| = | f'| = |¢'/¢|. Therefore, we
have proved the inequality |¢'/¢| < cpp. O]

We next see fundamental properties of the quantity Vp(p). The following properties
are obvious: for non-vanishing analytic functions ¢ and 1 on a hyperbolic domain D, the
inequality

V(e -¥) < Vb(p) + V()
holds and the relation

(2.2) Vb (¥®) = [a|Vb(y)

holds for a € C as long as the power ¢“ is defined as a single-valued analytic function on
D. Note that ¢“ is always taken to be single-valued if « is an integer or if D is simply
connected.

Apart from these, we have the following important invariance properties.

Theorem 2.2. Let D be a hyperbolic domain and let ¢ be a non-vanishing analytic func-
tion on D.

(a) Letp: Dy — D be an analytic (unbranched and unlimited) covering projection. Then
Vpo (@ 0o p) = Vp(p). In particular, Vp(p) is conformally invariant in the sense that
this does not depend on the source domain.

(b) Vp(L o @) = Vp(p) holds for any conformal automorphism L of C*. In particular,
Vb(1/¢) = Vp(p) = Vp(cp) for any constant ¢ € C*.

(c) Let w: Dy — D be a holomorphic map. Then Vi, (v ow) < Vp(p).



4 Y. C. KIM AND T. SUGAWA

(d) If ¢ : D — C* is univalent and if (D) C (D) then Vp(p) < Vp(v).

Proof. The assertion (a) follows from the invariance property pp(p(2))[p'(2)| = pp,(z) of
the hyperbolic density, and (b) is easily deduced by a straightforward computation. Next
we prove property (¢) when D = Dy = D by the Schwarz-Pick lemma: (1 — |2|?)|w'(2)| <
1 —|w(2)[% |z| <1, for a holomorphic map w : D — D. We now have the inequality

! ! !
(1 - |Z|2) ((pow) (Z) — (1 _ |z|2)|w'(z)| ‘90 (u)(z))‘ S (1 _ |w(z)|2) ¥ (w(z)) ‘ )
(pow)(z) p(w(z)) p(w(z))

We note that equality holds in the above for some (and thus all) point z € D if and only
if w is an automorphism of D. Thus (c¢) has been proved for this special case. We proceed
to the general case. Let p: D — Dy and ¢ : D — D be holomorphic universal covering
projections of D onto Dy and D, respectively. We take a lift @ of w o p via the projection
q. Namely, a holomorphic map @ : D — D satisfies w o p = g o @. Then, by using (a) and
the special case of (c), we have

Vpy(pow) =Vp(powop) =Vp(peqgow) < Vplpoq)=Vplp)
We show property (d) by applying (c¢) to the function w =v¢~'op: D — D. O

The following result ensures that the inequality Vj(¢) < 4 holds for any non-vanishing
univalent function ¢ on D.

Proposition 2.3. Let ¢ be a non-vanishing univalent function in the unit disk. Then
¢'(2)
o(2)

where equality holds at z = zy if and only if C\ p(D) is a ray emanating from the origin
and the value @(zy) lies in the line containing the ray.

(1—12%) <4

— )

Proof. By the conformal invariance of the quantity (1 — |z|*)|¢'(2)/@(2)] (see the proof of
Theorem 2.2 (c)), it suffices to show the above inequality at the origin: |¢’(0)/¢(0)| < 4.
Then, f(z) = (p(z) — ¢(0))/¢'(0) is a normalized univalent function in |z| < 1. The
Koebe one-quarter theorem now implies that f(D) contains the disk {|w| < 1/4}. On
the other hand, by assumption, the function f omits the value —p(0)/¢’(0), therefore
|©(0)/¢'(0)] > 1/4 and equality holds if and only if f is a rotation of the Koebe function
K(z) = z/(1 — 2)? (see [7, p. 31]). Now the assertion follows. O

Remarks. (1) Proposition 2.3 can also be deduced directly from Macintyre’s inequality
[18] (see also [30, p.102 and p.112]). This was pointed out to the authors by Shinji
Yamashita.

(2) On the other hand, the above proof is same as that of the well-known estimate
pp(2)0p(z) > 1/4 for a simply connected domain D, where dp(z) = dist(z, 0D). Actually,
the quantity Vp has the following geometric meaning. Let pp(z)|dz| denote the Hahn
metric of the domain D. A paper [19] of D. Minda contains the following fundamental
properties of the Hahn metric. i) If f : D — D’ is holomorphic and injective, then
po (f)|f'(2)] < pp(z). ii) If D is simply connected, pp = pp. iii) For the punctured
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plane C* = C\ {0}, we know that pc-(2) = 1/(4|z]). In particular, the quantity Vp(p)
for ¢ : D — C* has the expression

~

V() = dsup 22 PG _ o, #10e).
z€D pp(2) D PD
Therefore, the proposition is nothing but an expression of the decreasing property of the
Hahn metric under univalent maps: ¢*(pc-) < pp = pp, thus it may be thought of a
corollary of the above-mentioned results due to Minda [19].

A holomorphic function g : D — C is called Gelfer if g(z) + g(w) # 0 for any pair of
points z,w € D. In particular, a Gelfer function is always non-vanishing. (Note here that
we drop the usual normalization condition ¢(0) = 1.)

As a corollary of Proposition 2.3, we can show the following result on Gelfer functions,
which was first shown by S. A. Gelfer in his paper [9] written in Russian by means of
a known result on Bieberbach-Eilenberg functions and which was effectively used by S.
Yamashita in [31]. The authors could not find a short account for its proof in the literature
other than the original article by Gelfer, and could not attribute anyone to the equality
condition below. We thus include a simple proof of this for the convenience of the reader.

Theorem 2.4 (Gelfer [9], see also [29]). For a Gelfer function g,
q'(2)
9(2)
for |z| < 1, where equality holds at z = zy precisely when g maps the unit disk univalently

onto a half-plane H whose boundary contains the origin and the orthogonal projection of
the point g(2o) to OH is equal to the origin.

<2

(112

Proof. Let g be a Gelfer function. Without loss of generality, we may assume that
g(0) = 1. Let C = CU {oc} be the Riemann sphere. We set f(z) = g(z)?, then the
unique unbounded component C' of @\ f(D) connects the origin and the point at infinity.
Thus D = C \ C is a simply connected domain in C* with 1 € D. (For this part, see

also [8, Théorem 8] or [24, Lemmal.) Now let ¢ : D — D be a conformall map. By the
Schwarz-Pick lemma and Proposition 2.3, we can see that

£(2) o) /)|,
f(z) p(w) plw) [~

where w = ¢~ o f. In the above, (1 — |2|?)|f'(20)/f(20)| = 4 holds at the point z, if
and only if f maps D univalently onto the complex plane off a ray emanating from the
origin and f(zp) lies in the line containing this ray. Since g(z) = \/f(z) and f'(2)/f(2) =
2¢'(2)/g(z), now the desired statement follows. O

(1= 12 = (1 [z[")|w' < (1-|wf)

In view of the above proof, we also have the next result which is a generalization of
Proposition 2.3.

Proposition 2.5. Let f be a non-vanishing holomorphic function on the unit disk D
such that the image f(D) does not separate the origin from the point at infinity. Then the
inequality (1 — |2|?)|f'(2)/f(2)| < 4 follows and equality holds at some point if and only
if f maps D conformally onto the complex plane off a ray emanating from the origin.
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3. CIRCULAR WIDTH OF A PROPER SUBDOMAIN OF C*

Let €2 be a hyperbolic plane domain with 0 € C\ Q. The quantity

(@)= (g wlmi))

will be called the circular width of Q (about the origin). In general, it is not easy to
compute the values of the density po(w) of the hyperbolic metric of Q. Therefore, another
expression of W(€2) is often useful.

Lemma 3.1. Let ) be a proper subdomain of the punctured plane C* and let p be an
analytic (unbranched) covering projection of a domain D onto Q2. Then W (Q2) = Vp(p).

Proof. First we note that the circular width of Q can be written in the form W(Q) =
Va(id). Theorem 2.2 (a) now implies the relation Vi (id) = Vp(p). O

We now collect basic properties of the circular width. Before that, we recall the notion of
circular symmetrization. For a subdomain 2 of C* we define the circular symmetrization
2* (about the origin) by

Q = {re’:0€I(r,Q),0<r < oo},

where I(r,2) denotes the interval in the form (—¢/2,t¢/2) of the same length as I, = {# €
[—m, 7] : re?? € Q} if I, # [—m, 7] otherwise I(r,Q) = [—7, 7).

Theorem 3.2. Let Q and Q' be proper subdomains of the punctured plane C*.
(i) W(QQ) =W (L(Q)) for any conformal automorphism L of C*.

(i) If Q C Q' then W(Q) < W ().

(iii) Circular symmetrization does not decrease circular width; W(2) < W(Q*).

(iv) If Q is simply connected, then W () < 4.

Proof. In view of the formula W () = V(id), we can deduce (i) and (ii) from Theorem
2.2 (b) and (d), respectively. Part (iii) lies much deeper. We will employ Weitsman’s
theorem [28]: po(w) > po-(Jw]). Then
1 1

—_— = 1 > 1 * > 1 * = -

W@ — onh [wlea(w) 2 1nf [wlpe-(jwl) 2 inf fwlpe- (w) = 77,
which proves (iii). Part (iv) follows from the Koebe one-quarter theorem. This also
follows from (ii) and (iii). Indeed, if 2 is simply connected the symmetrized domain Q*
is contained in the slit domain ©; = C\ (—o0, 0]. A simple computation gives W (£2;) = 4
(see Example 5.1). Thus (ii) and (iii) now yield W(Q2) < W (Q*) < W(§,) = 4. O

In general, the circular width may not be finite. We give here a characterization of

domains with infinite circular width. In particular, if the origin is an isolated boundary
point of €, then W () = oo.

Proposition 3.3. Let Q be a proper subdomain of the punctured plane C*. The circular
width W () is infinite if and only if there is a sequence of annuli A, = {w € C:r, <
|lw| < Ry} with A,, C Q such that Ry, /r, — oo.



A CONFORMAL INVARIANT FOR NON-VANISHING ANALYTIC FUNCTIONS 7
As a preparation, first we show the following.
Lemma 3.4. Let Q) be a proper subdomain of the punctured plane C* and set

M(Q) = sup inf
()= 2ol

w
os 3]
0og b

Then the inequalities

%M(Q) <W(Q) < 2M(Q) + C

hold, where C =T'(1/4)*/(27?) ~ 8.7538.

Proof. For the proof, we need the following estimate (see [26, Theorem 1.5]):

< lulpa(w) < o, wED
2m(w) +C — wipatt) = 4m(w)’ v ’
where w
= inf [log|7||.
m(w) bé%\ﬂ 8 b
By the definitions of W (€2) and M (2), now the required inequalities follow. O

Proof of Proposition 3.3. By Lemma 3.4, W(§2) = oo if and only if M () = co. Suppose
that A = {r < |w| < R} € Q. Then m(w) > (1/2)log(R/r) for |w| = v/rR. Therefore,
we have M(Q) > (1/2)lim log(R,/r,) = oo if A, = {r, < |w| < R,} C Q satisfies
R, /r, — oo. Conversely, we assume that W (Q) = oo, equivalently, M () = co. Then,
there exists a sequence w, such that m, = m(w,) — oo as n — oo. Then the annulus
A, =A{e ™ |w,| < |w| < €™ |w,|} does not meet C \ Q by the definition of the function
m, therefore, A, C €. It is evident that the sequence A,, is what we wanted. O

The circular width may not behave continuously in ). For instance, consider the se-
quence of domains 2, = {|{w—1| < 1+1/n}. Then 2, converges to Q,, = {Jw—1| < 1} in
the Hausdorff topology. But W (£2,,) = oo by Proposition 3.3 whereas W () < W(H) =
2 (see Example 5.1). We can, however, show a continuity property of circular width in
the following form.

Proposition 3.5. Let 2, be a sequence of domains with €2, C 2,1 such that the union
Q =1U8,9Q, is a proper subdomain of C*. Then W(Q,) — W(Q) as n — oo.

Proof. By the monotoneity of circular width (Theorem 3.2 (ii)), W(Q;) < W (Qy) < -+ <
W (Q), therefore lim,, o W (£2,) < W(). On the other hand, for any number m < W (Q
we can find a point wy € Q such that |wy|pa(wy) < 1/m. Since pq, (wy) — pa(wy) (se
for example, [12, Theorem 1]), we obtain

),
e7
1 : : 1
— > lim |wyg|pa, (W) > lim W (Q,)"".
m n—0o0 n—o00

Since m was arbitrary as far as m < W(Q), we now obtain W (Q)™" > lim, ., W (Q,)7",
namely, lim,_,, W(€,) > W (). The proof is now complete. O

The circular width W (€2) dominates the quantity Vp(¢) for holomorphic maps ¢ : D —
Q.
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Theorem 3.6. Let €2 be a proper subdomain of C* and let ¢ : D — Q be holomorphic.
Then Vp(p) < W(Q).

Proof. By Theorem 2.2 (c), we have V() = Vp(idg o p) < Vo(idg) = W(Q). O

Combining this with Proposition 2.1, we have the following, which is a slight general-
ization of a result of J.-H. Zheng [32].

Corollary 3.7. Under the same hypotheses in Theorem 3.6,

z
exp (— W(Q) dp (20, 21)) < :iE;;: < exp (W(Q) dp(z0, 7)), 70,21 € D.
0
We remark that a similar result can be obtained by applying the Harnack inequality
to the harmonic function log |p| on D. The latter idea is even efficient for quasiregular
mappings in higher dimensional Euclidean space (see [27, §. 13]).

4. CONNECTION WITH UNIFORM PERFECTNESS

In general, we can define the circular width W, (D) of a hyperbolic domain D about a
point a € C\ D by

1
Wo(D) = - .
(D) inf,ep |z — alpp(2)
Note that this can also be written as W, (D) = Vp(7,), where 7,(2) = 2 — a. It is known
that the domain constant

1
C(D) = sup W,(D) =sup —————
A Frere
is finite if and only if the set 0D is uniformly perfect (see, for example, [22] or [25]).
Here we recall that 0p(z) = dist(z,0D). In this context, the constant W, (D) appeared
essentially in a paper [32] by J.-H. Zheng. We remark that we may replace 0D by the
complement of D in the above without any essential change. The constant C(D) or,
equivalently, the constant ¢(D) = 1/C(D) is studied by many authors (see, for instance,
[11], [16], [25] and [30]). Note that C'(D) > 2 holds for an arbitrary hyperbolic domain D
with equality if and only if D is convex [11, Theorem 4].
Let us introduce a variant of the quantity Vp(¢). For a non-vanishing analytic function
p on D, we set
(2
v(2)
Since pp(2)dp(z) < 1 for z € D, we have Vp(p) < Vp (). Let N(D) be the least number
such that

~—

Vi () = supdp(2)
zeD

V() < N(D)Vp(e)
holds for every holomorphic map ¢ : D — C*. If there is no such a number, then we set
N(D) = 4o0. It is interesting to observe that the quantities C'(D) and N (D) are equal.

Proposition 4.1. Let D be a hyperbolic plane domain. Then C(D) = N(D) holds. In
particular, 0D is uniformly perfect if and only if N(D) < oc.
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Proof. Since pp! < C(D)dp, the inequality N(D) < C(D) is trivial. We now show
C(D) < N(D). First we note the simple fact that Vj(,) < 1 holds for each a € C\ D.
We now apply the inequality Vp(p) = N(D)Vp(p) to the function ¢ = 7, to obtain
W.(D) = Vp(r,) < N(D) for a € 0D. Taking the supremum over a, we obtain C'(D) <
N(D). 0

As a simple application of the above proposition, we give a proof of Osgood’s theorem.
In order to state it, we introduce the domain constant

U(D) = sup Vo (f"),

where the supremum is taken over all univalent analytic functions f on D. Note that
Vp(f') is nothing but the hyperbolic sup-norm of the pre-Schwarzian derivative f”/f’ of
f. Osgood’s theorem [21, Theorem 2] states that D is uniformly perfect if and only if
U(D) < oo. In view of his proof, a quantitative form can be presented in the following
way.

Theorem 4.2 (Osgood). Let D be a hyperbolic plane domain. Then
2C(D) < U(D) <4C(D).

Proof. First we show the inequality 2C(D) < U(D). For a € 0D, we consider the
function f,(z) = 1/(a — z). It is clear that f, is univalent analytic on D. In particular,
Vo (f)) < U(D). Since f, = 7,72, the relation (2.2) implies Vp(f!) = 2Vp(1,) = 2W,(D).
Thus 2W, (D) < U(D), from which the required inequality follows.

We now show the inequality U(D) < 4C'(D). Let f : D — C be univalent and analytic.
Then the sharp inequality V5 (f’) < 4 holds (see [21, Lemma 1]). Thus U(D) < 4N (D)
is obtained. Now we employ Proposition 4.1 to get U(D) < 4C(D). O

5. COMPUTATIONS OF CIRCULAR WIDTHS

In the present section, we give exact values of circular width for several concrete ex-
amples. These will be useful to give upper bounds of circular width for various domains.
In view of Theorem 3.2 (iii), we see that circularly symmetric domains are particularly
important.

Example 5.1 (sectors). For S(8) = {w : |argw| < 73/2}, 0 < B < 2, we have
W(S(B)) = 28

Indeed, by Theorem 2.4, we have W (H) = 2. Since S(3) = pg(H) for pgz(z) = 27, we
obtain by (2.2)

W(S(8)) = Va(es) = [#|Va(id) = 3 - W(H) = 2.

We remark that the above computation remains valid even when [ is a complex number.
It is easy to see that g is univalent in H if | — 1| < 1 and  # 0. Therefore, we have
also W (pg(H)) = 2|4| for such a (. Note that ¢3(H) is a Jordan domain bounded by two
logarithmic spirals ending at 0 and oo when | — 1] < 1.
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Example 5.2 (half-sectors). Let S(3,r) = {w : |argw| < 73/2, |w| < r} and S'(B,r) =
{w : |Jargw| < 76/2,|w| > 1/r} for 0 < f§ < 2 and 0 < r < oo. Then W(S(f,r)) =
W(Ss'(8,r)) = 26.

Since circular width is invariant under dilations, we see that W (S(3,r)) = W(S(5,1)).
On the other hand, by Proposition 3.5, we have lim,_,,, W(S(3,7)) = W(S(5)) = 20.
Thus we obtain W (S(3,r)) = W(S(8,1)) = 24. For the other case, the same computation
works.

It is interesting to see that an arbitrary domain 2 with S(8,7) C Q C S(3) for some
r > 0 has circular width 23 because 26 = W(S(8,r)) < W(Q) < W(S(8)) = 28 by
monotoneity.

Example 5.3 (annuli). For the annulus A(r,R) = {w:r < |Jw| < R}, 0 <7 < R < o0,
we have W(A(r, R)) = (2/7) log(R/r).

We may assume that R = €™ and r = e¢™™ for some m > 0 for the proof. Then the
mapping ¢(z) = exp((2mi/7)log z) = 2™/ gives an analytic universal covering projec-
tion of the right half-plane H onto A(r, R). Thus the same computation as in Example
5.1 gives W(A(r, R)) = V() = 2|2mi/n| = 4m/m = (2/7) log(R/T).

Example 5.4 (disks). Let D(a,r) = {w : |{w —a| < r} for 0 < r < a. Then

2r/a
W(D(a,r)) = .
(Ba,)) 1+ +/1—(r/a)?
Let ¢(2) = a+rz. Then
r r(l — a?)
W(D(a, 7)) = Va(p) = sup(L — |22 = s 2
(D(a,7)) = Vb(y) igg( 2] )|a+m| .

Since 7(1 — z%)/(a — rx) takes its maximum at x = (a — va? — r2)/r, we obtain the
required expression of W (D(a,r)).

Note that W (D(a, a)) = 2 for a > 0. Since circular width is invariant under the inversion
z + 1/z (see Theorem 3.2 (i)), we also obtain W(H) = 2 for the half-plane H = {w :
Rew > b} for b =1/(2a) > 0.

Example 5.5 (parallel strips). Let P(a,b) = {w : a < Rew < b} for 0 < a < b < oc.
Then
2t cos O
P(a,b)) = —
WD) = B2, Tt

where ¢ is a number with 0 < ¢ < 2/7 determined by

ﬂt_b—a

2  b+a

Note that the function ¢(z) = 1+ itlog z maps the right half-plane H onto the parallel
strip P(1 — wt/2,1 + wt/2). Therefore, if we choose ¢ as above, then this strip is similar
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to P(a,b) and thus they have the same circular width. If we write z = re?, we compute

W (P(a.b)) = Vis(e) = sup 2Re s— L2

2€H |1+ it log z|
o 2t cos
a 0<T<oo,§l7lrl/)2<9<7r/2 |1 —t0 + itlogr|
2t cos B

= sup )
_n/j2<0<njz 1 — 10
Clearly we can discard the case # < 0, and thus we have the required form.
We remark that these parallel strips are not circularly symmetric.

Example 5.6 (truncated wedges). Let S(3,7, R) = {w : |argw| < 76/2,r < |w| <
R}, 0<(3<2,0<r<R<oco. Then

log(R/T)
(1+)K(t)’

! dx
K= || ==

is the complete elliptic integral of the first kind and 0 < ¢ < 1 is a number such that

K(V1—1?) 273

K(t)  log(R/r)

Note that the quantity u(t) = (7/2)K(v/1 — t2)/K(t) is the modulus of the Grétzsch
ring D\ [0, ¢] for 0 < ¢ < 1 and decreasing from +oo to 0 (see, for example, [1]). Therefore,
we can always take such a t satisfying the above relation.

We set K = K(t) and K’ = K(v/1 — t2). Since the rectangles Q; = (- K, K) x (0, K')
and Q2 = (logr,log R) x (—mwf/2,73/2) are similar by the choice of ¢, there is a linear
function L(z) = az + b with a > 0 such that L(Q);) = (). Note that

log(R/r) _ 7

1 _ loglfi/r)
(5.1) “ 9K K’

W(Q) =

where

It is well known that the function

Flz) = / d
0o V(1 -1 -
maps the upper half-plane H onto the rectangle ();. Therefore, the composed function
¢(z) = exp(aF(z) + b) is a conformal map of H onto S(3,r, R). We now have

2alm z

We write z = x + iy with £ € R,y > 0. Then we have
(1 =221 =222 — (1+1)'y"
= (1 — 2 — 227 + 22" — 2y + 21 + )P (t® + ty® — 1)?
+ 2222 [2t(1 — t)° + (P2® + 7y — 1) + ' (2° + y* — 1)?]
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and thus
(1= 251 = 22°) "2 > (1 + 1)y,
where equality holds when x = 0 and ty? = 1. Therefore, in view of (5.1), we obtain

_ 2a  log(R/r) = 27f
S 1+t (1+HK  (1+ )K"

Observe that the limiting case S(3,0,00) = S(f3) corresponds to t = 1~. Since K’ —
7/2 as t — 17, we reproduce the relation W (S(5)) = 25. We also see that the other
limiting case S(oo,r, R) = A(r, R) corresponds to ¢t = 0F. (We have to regard S(f,r, R)
as an overlapped domain when 3 > 2.) Since K — 7/2 as t — 07, we reproduce the
relation W (A(r, R)) = (2/7) log(R/T).

We remark that the essentially same observations were made by Avhadiev and Ak-
sent’ev [2] (see also Corollary 6.9 below) though they did not make systematic use of
circular width.

We end the present section with a criterion for a subdomain of the right half-plane H
to have circular width 2.

W(S(8,r R))

Proposition 5.1. Let Q be a subdomain of H. Suppose that for each number § € (0,1)
there is a number § > 0 such that S(5,0) C Q. Then W(Q) = 2.

Proof. Since 2 C H, we have W(Q2) < W(H) = 2. On the other hand, by assumption,
W(Q) > W(S(3,0)) = 2 for each 3 < 1 (see Example 5.2). Thus we conclude that
W(Q) = 2. O

Obviously, we may replace S(f3,d) by S’(/3,9) in the assertion of the last proposition.
For instance, if 2 contains a disk whose boundary contains the origin, then W () > 2
(see also Example 5.4).

6. APPLICATIONS

In this section, we give a few applications of circular width. More concrete applications
can be found in [15] and [23].

Let us introduce some notation. For a locally univalent function f on D, the quantity
Ty = f"/f"is called the pre-Schwarzian derivative of f and measured by the norm

1 T¢ll = sup(1 — |2[*)[T}(2)]-
z€D

Note that this can be described by ||T%||p = Vb(f’). Let A denote the class of holomorphic
functions f on D normalized by f(0) =0, f’(0) = 1.

Theorem 6.1. Let Q2 be a proper subdomain of the punctured plane C* with W () < 2.
If f € A satisfies f'(D) C Q, then |f(2)| < M, z € D. Here M is a constant depending
only on W(Q).

The assumption implies ||T¢||p = Vb(f') < W() < 2 by Theorem 3.6. Though it is
known that the condition ||T||p < 2 implies boundedness of f (see [14]), we will give a
proof for completeness.
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Proof. Set A = W()/2. By Corollary 3.7, we have |f'(2)| < exp(2Adp(z,0)). Since
dp(z,0) = arctanh(|z|) = (1/2) log((1 + |z])/(1 — |z|)), this inequality is equivalent to

7)< (”'Z')A.

1 -1z

Since A < 1, the function ((1 + z)/(1 — z))* is integrable over (0,1). Thus we have

U\ ; oA W (0)/2
< dr < 22 1—x2) Nz = = .
£ —/0 <1—x) r< /0 (1—2) e = 7— 1—W(Q)/2

We remark that the above integral can be expressed by

[ () ae=afo- - we)] -1

1—=x

where ¢(x) = I"(x)/T'(x) is the digamma function (see [14]).

If W(2) > 2, there is no guarantee that f is bounded. For instance, consider the
function f(z) = —2log(1 — 2) — 2. Though f'(D) C H and W (H) = 2, the function f is
unbounded.

It may be interesting to find a characterization of such subdomains €2 of H that f/'(D) C
Q2 implies boundedness of f € A. The last theorem gives the sufficient condition W (Q2) < 2
for that. A similar problem was considered by MacGregor and Rgnning [17]. They tried
to find conditions for subdomains 2 of H to have the property that ¢'(z)/g(z) € Q, z €
D, implies boundedness of log|g(z)| for non-vanishing locally univalent function g on
D. Letting f = logg, we see that the latter conclusion is weaker than the former. In
particular, the condition W () < 2 is sufficient for MacGregor-Rgnning’s problem. Their
conditions, however, are more refined because they cover even cases where W (Q) = 2.

Note also that the condition f’(D) C H implies univalence of f (Noshiro-Warschawski
theorem). Recently, Chuaqui and Gevirtz [6] gave a characterization of such subdomains
Q of H that f'(D) C € implies quasiconformal extensibility of f € A.

We now consider sufficient conditions for proper subdomains €2 of C* to satisfy W (£2) <
2, which implies boundedness criterion by Theorem 6.1. Note that if Q@ C H then W (Q) <
2. Thus, the following result gives a sufficient condition for such €2 to have circular width
less than 2. We also remind the reader that we gave a sufficient condition for subdomains
Q2 of H to have circular width 2 (see Proposition 5.1).

Let 7q(r) denote the half of the length of the set {# € [, 7] : re?® € Q}. By Theorem
3.2, we see that W (Q) < 2 if 7q(r) < 7/2 for every r > 0. Furthermore, we have the
following result.

Theorem 6.2. Let Q be a proper subdomain of the punctured plane C* with the property
that Tq < m/2 on (0,00). If lim, o 7o(r) < /2 and if im ., To(r) < 7/2, then W(Q2) <
2.

Proof. Let Q* be the circular symmetrization of {2. By Theorem 3.2 (iii), we have W (§2) <
W (Q*). Note that Q* is contained in the right half-plane H by assumption.
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For positive constants m and R, we define the domains Q. (m, R) and Qq(m, R) by
{w=u+iv:u>0,lv] <mu+ R} and {1/w: w € Qy(m, R)}, respectively.

By assumption, * is contained in the domain ' = Qq(m, R)NQ (m, R) for sufficiently
large m and R. Since W (Q2) < W(Q*) < W ('), it suffices to show W (Q') < 2.

Let ¢ : H — €' be a conformal homeomorphism. Since Q' is a Jordan domain, by the
Carathéodory extension theorem, ¢ extends uniquely to a homeomorphism from H onto
V. We may take ¢ so that ¢(0) = 0 and 1)(cc) = oo. Consider the function

V'(2)
b(2)

in H. Since ¢((1 + z)/(1 — 2)) is Gelfer, Theorem 2.4 implies that ®(z) < 2 for every
z € H. Therefore, in order to show W (') < 2, it is enough to show that lim , ,; ®(2) < 2
for each ¢ € 0€Y. Since v is symmetric, we may further assume that Im ¢ > 0. Let ia and
ib be the inverse images of i/R and iR, respectively, under the mapping 1. We can see
that the function ¢'(2)/v(z) analytically extends to a holomorphic function across the
boundary point iy for y > 0 except for y = a, b. Therefore, lim ,_,;, ®(2) = 0 for such y.

When y = b or y = a, we need more efforts. First we note that the opening angle of
at iR is w8 = arctanm + /2. Therefore, ¢ = (1) — iR)"? extends to a conformal map
around ¢b. In particular, ¢(z) = c(z —ib)(1 + o(1)) and ¢'(z) = ¢(1 + o(1)) as z — 1b,
where ¢ = ¢'(ib) # 0. Since ¢ = iR + ©”, we see

Ble(2) 1" ¢'(2)]
iR+ p(2)7)|

Bly — iblP-1
< (0t o)z - AT

= (R™" +0(1)Blel’|z — ib|” = o(1)

o(:) = Rez,

®(2) = Re(z — ib)

as z — ib. Considering 1/1) instead of ¢, we can also see that ®(z) = o(1) as z — ia.
Finally, we consider the cases where ( = 0 and ¢ = oco. We first claim that

lim ®(z) < éarctaun m(< 2).

H>z—0 ™
To show this, letting o > (2/7)arctanm, we consider the function h(z) = 1(dz2) in
Dy ={z€D:Rez >0} for 6 > 0. We can choose ¢ so small that h(Dy) is contained in
the sector S = {w : |argw| < ma/2}. As we saw in Example 5.1, W(S) = 2«. Therefore, by
Theorem 3.6, Vi, (h) < W(S) = 2a. Note that the function f(z) = (¥2)? maps the right
half-disk D, conformally onto the upper half-plane. A direct computation shows that the
hyperbolic density pp,(z) = |f'(z)|/2Im f(z) satisfies that pp,(z)~' = 2Rez + O(|z]?) as
z — 0in Dy. Hence, we see

W (z)
h(z)

Since o was arbitrary as far as a > (2/m) arctan m is satisfied, we have now proved the
above claim. By considering 1/, we have the same inequality when z — oo in H. O

lim ®(z) = lim Reéz

z2—0 z2—0

1

= lim 5PDg (Z)_l
N
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We next apply Theorem 3.6 to the problem of quasiconformal extensibility. Our result
is based on the following theorem due to J. Becker. See, for sharpness, Becker and
Pommerenke [5].

Theorem 6.3 (Becker [4]). Let f € A be locally univalent. If || Tf|lp < 1, then f is
univalent. Furthermore, if ||Ty|| < k for k € [0,1), then f has a K-quasiconformal
extension to the whole plane, where K = (1 +k)/(1 — k).

We are now in a position to show the following result.

Theorem 6.4. Suppose that a proper subdomain 2 of the punctured plane C* satisfies
W(Q) <k for some k < 1. If f'(D) C Q for f € A, then f is univalent and, moreover, f
has a K-quasiconformal extension to the whole plane when K = (1+k)/(1 — k) < oo.

See [23] for a counterpart of the theorem for meromorphic functions.

Proof. As we noted, the condition f'(D) C € implies that ||T¢||p < W(2) < k. We now
apply Theorem 6.3 to deduce the assertions. O

Combining this with examples presented in the previous section, we obtain a series of
corollaries. (Remember the fact that circular width is invariant under rotations.) Note
that since most domains are contained in half-planes, univalence assertion is implied by
the Noshiro-Warschawski theorem in those cases.

The first corollary was noted by Avhadiev and Aksent’ev [3, pp. 33-34] at least when

v =0.
Corollary 6.5. Let 0 < k <1 and f € A. If largf'(2) — 7| < mk/4 in |z| < 1 for some

real constant vy, then f is univalent and, moreover, it extends to a K-quasiconformal
mapping of the whole plane when K = (1 4+ k)/(1 — k) < oc.

Note that the condition |argf’(2)| < M, |z| < 1, implies quasiconformal extensibility
of f when M < 7/2 (see [6]).

Corollary 6.6. Let k,r, R be positive numbers with 0 < log(R/r) < wk/2,k <1 and let
fe A Ifr <|f'(2)| < M for |z| <1, then f is univalent and, moreover, it extends to a
K -quasiconformal mapping of the whole plane when K = (1 +k)/(1 — k) < oc.

This sort of univalence criterion was first given by John [13]. The greatest number
v > 1so that 1 < [f'(2)| < 7 for |2] < 1 implies univalence of f is called the John
constant. He proved that logy > 7/2, while Gevirtz [10] showed that logy < 0.62797.

Corollary 6.7. Letk € (0,1),a € C andr > 0 with r < |a| and 2r < k(|a|++/]al? — r?).
If f € A satisfies |f'(z) —a| < r in |z| < 1, then f is univalent and extends to a K-
quasiconformal mapping of the whole plane when K = (1 +k)/(1 — k) < oc.

Note that the inequality |a — 1| < r must be satisfied under the assumptions in the last
corollary because f'(0) = 1.

Corollary 6.8. Let a,b, k be positive numbers with 0 < k < 1 such that 2t cos < k(1 —
t0) for all 0 < 0 < /2, where t = (2/7)(b— a)/(b+ a). If f € A admits the inequality
a < Re (e f'(z)) <bin|z| <1 for some real constant vy, then f is univalent and extends
to a K-quasiconformal mapping of the whole plane when K = (1 +k)/(1 — k) < oo.
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Corollary 6.9. Let k,r, R, 3 be positive numbers with 0 < log(R/r)/((1+t)K(t)) <k <

L,
m
m

where t is as in Example 5.6 and let f € A. If |largf'(2)—~v| < 7w(/2 andr < |f'(2)| < R
|z] < 1 for some real constant vy, then f is univalent and extends to a K -quasiconformal
apping of the whole plane when K = (1 +k)/(1 — k) < oc.

Note that the last result was first shown by Avhadiev and Aksent’ev [2] (see also [3,

Theorem 34]) for the case v = 0. Related results are also given by Minda and Wright [20].

10.
11.
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13.
14.
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17.
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20.
21.

22.
23.

24.
25.

REFERENCES

. G.D. Anderson, M. K. Vamanamurthy, and M. K. Vuorinen, Conformal Invariants, Inequalities, and
Quasiconformal Maps, Wiley-Interscience, 1997.

F. G. Avhadiev and L. A. Aksent’ev, Sufficient conditions for the univalence of analytic functions,
Dokl. Akad. Nauk SSSR 198 (1971), 743-746, English translation in Soviet Math. Dokl. 12 (1971),
859-863.

F. G. Avkhadiev and L. A. Aksent’ev, The main results of sufficient conditions for an analytic
function to be schlicht, Russian Math. Surveys 30 (1975), 1-64.

J. Becker, Lownersche Differentialgleichung und quasikonform fortsetzbare schlichte Funktionen, J.
Reine Angew. Math. 255 (1972), 23-43.

J. Becker and Ch. Pommerenke, Schlichtheitskriterien und Jordangebiete, J. Reine Angew. Math.
354 (1984), 74-94.

M. Chuaqui and J. Gevirtz, Quasidisks and the Noshiro-Warschawski criterion, Complex Variables
48 (2003), 967-985.

P. L. Duren, Univalent Functions, Springer-Verlag, 1983.

S. Eilenberg, Sur quelques propriété topologiques de la surface de sphére, Fund. Math. 25 (1935),
267-272.

S. A. Gelfer, On the class of regqular functions which do not take on any pair of values w and —w,
Mat. Sb. 19 (1946), 33-46, in Russian.

J. Gevirtz, An upper bound for the John constant, Proc. Amer. Math. Soc. 83 (1981), 476-478.

R. Harmelin and D. Minda, Quasi-invariant domain constants, Israel J. Math. 77 (1992), 115-127.

D. A. Hejhal, Universal covering maps for variable regions, Math. Z. 137 (1974), 7-20.

F. John, On quasi-isometric mappings 11, Comm. Pure Appl. Math. 22 (1969), 265-278.

Y. C. Kim and T. Sugawa, Growth and coefficient estimates for uniformly locally univalent functions
on the unit disk, Rocky Mountain J. Math. 32 (2002), 179-200.

, Norm estimates of the pre-Schwarzian derivatives for certain classes of univalent functions,
Preprint (2004).

W. Ma and D. Minda, Behavior of domain constants under conformal mappings, Israel J. Math. 91
(1995), 157-171.

T. H. Macgregor and F. Rgnning, Conditions on the logarithmic derivative of a function implying
boundedness, Trans. Amer. Math. Soc. 347 (1995), 2245-2254.

A. J. Macintyre, Two theorems on “schlicht” functions, J. London Math. Soc. 11 (1936), 7-11.

D. Minda, The Hahn metric on Riemann surfaces, Kodai Math. J. 6 (1983), 57-69.

D. Minda and D. Wright, Univalence criteria and the hyperbolic metric, Rocky Mountain J. Math.
12 (1982), 471-479.

B. G. Osgood, Some properties of f"/f' and the Poincaré metric, Indiana Univ. Math. J. 31 (1982),
449-461.

Ch. Pommerenke, Uniformly perfect sets and the Poincaré metric, Arch. Math. 32 (1979), 192-199.
S. Ponnusamy and T. Sugawa, Norm estimates and univalence criteria for meromorphic functions,
Preprint (2004).

W. Rogosinski, On a theorem of Bieberbach-Eilenberg, J. London Math. Soc. 14 (1939), 4-11.

T. Sugawa, Various domain constants related to uniform perfectness, Complex Variables Theory
Appl. 36 (1998), 311-345.




A CONFORMAL INVARIANT FOR NON-VANISHING ANALYTIC FUNCTIONS 17

26. T. Sugawa and M. Vuorinen, Some inequalities for the Poincaré metric of plane domains, to appear
in Math. Z.

27. M. Vuorinen, Conformal Geometry and Quasireqular Mappings, Lecture Notes in Mathematics, vol.
1319, Springer-Verlag.

28. A. Weitsman, Symmetrization and the Poincaré metric, Ann. of Math. (2) 124 (1986), 159-169.

29. S. Yamashita, Gelfer functions, integral means, bounded mean oscillation, and univalency, Trans.
Amer. Math. Soc. 321 (1990), 245-259.

, The derivative of a holomorphic function and estimates of the Poincaré density, Kodai Math.

J. 15 (1992), 102-121.

, Norm estimates for function starlike or convex of order alpha, Hokkaido Math. J. 28 (1999),
217-230.

32. J.-H. Zheng, Uniformly perfect sets and distortion of holomorphic functions, Nagoya Math J. 164
(2001), 17-34.

30.

31.

DEPARTMENT OF MATHEMATICS EDUCATION, YEUNGNAM UNIVERSITY, 214-1 DAEDONG, GY-
ONGSAN 712-749, KOREA
E-mail address: kimyc@yumail.ac.kr

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, HIROSHIMA UNIVERSITY, HIGASHI-
HirOSHIMA, 739-8526 JAPAN
E-mail address: sugawa@math.sci.hiroshima-u.ac.jp



