A CONFORMALLY INVARIANT METRIC ON RIEMANN SURFACES
ASSOCIATED WITH INTEGRABLE HOLOMORPHIC QUADRATIC
DIFFERENTIALS

TOSHIYUKI SUGAWA

ABSTRACT. In this paper, we define a conformally invariant (pseudo-)metric on all Rie-
mann surfaces in terms of integrable holomorphic quadratic differentials and analyze it.
This metric is closely related to an extremal problem on the surface. As a result, we
have a kind of reproducing formula for integrable quadratic differentials. Furthermore,
we establish a new characterization of boundedness of geometry of hyperbolic Riemann
surfaces in terms of invariant metrics.

1. INTRODUCTION

Throughtout this paper, R denotes a hyperbolic Riemann surface with hyperbolic met-
ric pr = pr(z)|dz| of constant negative Gaussian curvature —4.
For integers m and n, let w be a differential (m, n)-form on R, namely, w is a section of

the line bundle £$™ @ Kin, where K denotes the canonical bundle over R. For a local
coordinate z = «a(p) from an open set U, of R onto an open set V, of C, we will write
w = wa(z)dz™dz" on U,, where w, is a function on V,. Recall that the transition relation
wp(w)(w)™(w)"* = wa(z), where w = foa™'(z) and w' = dw/dz. An (m,0)-form will
be just called an m-form. Traditionally, a 2-form is called a quadratic differential. If no
confusion will occur, we sometimes omit the suffix indicating the local coordinate.

We also note that in the case m = n = 1/2 the above definition still has meaning because
we can well define (w')"/?(w’)/? as |w'| and the positivity of coefficients is preserved by
the change of local coordinates. We will write |dz| instead of dz'/2dz'/2. A positive (or
non-negative) (1/2,1/2)-form on R will be called a (conformal) metric (or pseudo-metric)
on R.

We recall that a non-negative (1,1)-form w = w(z)|dz|* can be regarded as an area
element on the surface under the identification |dz|?> = dx A dy, where z = = + iy.

Let f : R — R’ be a holomorphic map. Then we can define the pullback of an (m,n)-
form w on R’ by f, which will be denoted by f*w, by

(f*w)a(2) = ws(w) (W)™ @")",

where o and 3 are local coordinates of R and R, respectively, such that f(U,) C Uz and
w=Lfofoa ' (2).
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We consider the following vector spaces of differentials on R :

Q(R) = {w = w(z)dz; holomorphic 1-form on R, [|w||3 = // |w(2)|*dzdy < oo},
R

A(R) = {p = ¢(2)d2*; holomorphic 2-form on R, [|¢]|; = // lo(2)|dedy < oo},
R

B(R) = {¢ = ¢(2)d2*; holomorphic 2-form on R, |||l = sup pz’|e|(p) < oc}.
PER

The spaces A(R) and B(R) are important in Teichmiiller theory and are sometimes
called the Bers spaces. A hyperbolic Riemann surface will be called non-exceptional
if dim A(R) > 0. Note that an exceptional one is conformally equivalent to a thrice
punctured sphere.

We now define two invariant pseudo-metrics by and qr by using the above spaces. We
set

br.a(z) = sup{|wa(2)|;w € Q(R) with |lw|]2 < /7} and
Gra(z) = sup{lpa(2)|'/% ¢ € A(R) with [|e], < 7}

for each local coordinate z = a(p) of R.

The first one is known to be expressed by br(z) = \/TKg(z,z) where Kg(z, w)dzdw
is the Bergman kernel of R. The second one is new as far as the author knows. These
pseudo-metrics satisfy the following fundamental properties.

Lemma 1.1 ([20]). The metrics bg and qr are continuous, normalized, conformally in-
variant and monotonic. More precisely,
1. br and qr are continuous and logbr and log qr are subharmonic or identically —oo,
2. for the unit disk D = {|z] < 1} we have bp(2) = qn(2) = 1/(1 — |2]?),
3. for a biholomorphic map f : R — R' we have f*bp = bg and f*qr = qgr, and
4. for a subdomain Ry of R we have bp, > br and qr, > qr.

The first property follows from a certain compactness property of closed balls of Q(R)
and A(R). The second property is a consequence of the mean value property of holomor-
phic functions (see the calculation at the end of Section 2). The other properties can be
directly seen.

The next result is one of motivations for the present work.

Proposition 1.2 ([20]). We have
br < qr < hg,
where hp denotes the Hahn metric on R.

The Hahn metric hg = hgro(2)|dz| is conformally invariant and defined by
hira(z) = inf (o ) (O)]

where the infimum is taken over all injective holomorphic maps f from the unit disk D
into R with f(0) = a~'(z). A systematic treatment of the Hahn metric can be found in
[12]. We just recall here a few useful facts.



Lemma 1.3 (Minda [12]). The Hahn metric is comparable with the quasi-hyperbolic met-
ric for a plane domain. Precisely, the following inequality holds for a proper subdomain
Q of C:

1 1

oo = Meld) < 55

where 0 (z) = min{|z — al;a € 0Q}.

Denote by tr(p) the injectivity radius of R at the point p. In other words, 2ix(p) =
inf, f7 p(z)|dz|, where the infimum is taken over all smooth closed curves «y passing through

p which are not contractible in R. Then we have the following result.

Lemma 1.4 (Gotoh [4]).

coth ¢ h
r < R < coth tp.
4 PR

We will need also the following.

Lemma 1.5 (Minda [12]). Let f : R — R be a holomorphic covering map. Then hg <
f*hr holds.

Proof of Proposition 1.2. For each w € Q(R) with ||w||]2 < /7, the square w®w belongs to
A(R) and satisfies [|[w®w||; = ||w||? < 7. Therefore, we have |w(2)| = |w®w(2)|'/? < qr(2),
which implies bg(2) < gr(2). The inequality gg < hg follows from properties 2,3 and 4 in
Lemma 1.1 (see [20]). O

For a planar Riemann surface R, it is known that b = 0 if and only if R does not carry
the Green function (i.e., R € Og). Furthermore, a puncture is removable with respect
to square integrable holormophic 1-forms, and hence we have br_{p,1 = bg for any point
po € R. In contrast, we have the following.

Lemma 1.6. For a non-exceptional hyperbolic Riemann surface R, we have qr(p) > 0
for each point p of R. For a proper subdomain Ry of R, the metric bg, is not identically
equal to br on Ry.

Proof. When R is planar, R can be embedded in the complex plane C. Then R omits
at least three points, say a,b and ¢, in the plane because R is non-exceptional. Thus the
holomorphic quadratic differential dz?/(z — a)(z — b)(z — ¢) on R is integrable and has
no zeros there. When R is not planar, the space Q(R) has positive dimension. In this
case, Virtanen’s theorem (see [18, p. 43]) tells us that bz(p) > 0 at each point p € R. By
Proposition 1.2 we have the conclusion in this case, too. O

Another motivation comes from the relation between the Bers spaces A(R) and B(R).
Once upon a time, it had been conjectured that A(R) C B(R) for all Riemann surfaces.
This was easily proved in the case that R is of finite type. Lehner is the first person who
gave a sufficient condition for this inclusion relation to be valid for Riemann surfaces of
inifinite topological type (see [7]). Later, Pommerenke [16] disproved the conjecture by
showing that there exists a holomorphic 1-form w on R which is hyperbolically bounded,
i.e., pp'lw| is bounded, but is not square integrable on R for some Riemann surface R.



(Recently, more geometric constructions for counterexamples were given by Ohsawa [15]
and Matsuzaki [10].)

Finally, Niebur and Sheingorn [13] gave a complete answer to this problem: A(R) C
B(R) if and only if \*(R) > 0, where A*(R) denotes the infimum of hyperbolic lengths of
those simple closed curves in R which are homotopic to neither a point nor a puncture.
We will say that a Riemann surface R with the property A*(R) > 0 is of Lehner type.
If the infimum A(R) of hyperbolic lengths of simple closed curves in R which are not
homotopic to any point is positive, then R is said to be of bounded geometry. Since
2infycpr Lr(p) = A(R), this property is equivalent to the condition that the (hyperbolic)
injectivity radius has a positive lower bound on R.

Note that A(R) = 0 if R has a puncture and A(R) = A\*(R) otherwise. We have the

following characterization of boundedness of geometry in terms of invariant metrics.

Proposition 1.7 (cf. [19]). A hyperbolic Riemann surface R is of bounded geometry, i.e.,
A(R) > 0 if and only if the Hahn metric is comparable with the Poincaré metric:

h
sup — (p) < +o00.
pER PR
In this paper, we provide a new characterization of boundedness of geometry as in the
following.

Theorem 1.8. A hyperbolic Riemann surface R is of bounded geometry, i.e., A(R) > 0
if and only iof

h
H(R) := sup —=(p) < +oc.
peR 4R
Note that there is no order relation between pg and gg in general (see the remark made
at the end of Section 3). We will give a proof of this in Section 5 with a more concrete

estimate (Theorem 5.1).
If A(R) C B(R), we set

k(R) = sup{||¢|lec; ¢ € A(R) with [Jp|l; < 7}.

Note that k(R) < 400 by the closed graph theorem. If A(R) is not contained in B(R),
we set k(R) = +00. Recently, Matsuzaki [9] obtained a concrete estimate of this quantity:

2)\*1(3) < k(R) < min {%,CQ} ,

where ¢; and ¢y, are positive absolute constants. The following result will enable us
to deduce a refinement of Matsuzaki’s result in the sence that the ratio ¢g/pr may be
regarded as a localization of the global quantity x(R). In fact, as an application, we
reproduce Matsuzaki’s inequality with concrete constants (Theorem 4.6) in Section 4.

(1.1)

Proposition 1.9. We have the relation

5(R) = sup (q—R(p>)2 .

peER \ PR



Proof. Setting Ay(R) = {p € A(R); ||¢|l1 < 7}, we calculate

K(R)= sup |l¢ll = sup suppy’lel(p) =sup sup pi’lel(p )—SuppR an(p).-
pEAQ(R) pEAo(R) PER PER peAp(R) PER

O

In particular, we have the following characterization of Riemann surfaces of Lehner
type, which should be compared with Proposition 1.7 and Theorem 1.8.

Corollary 1.10. A hyperbolic Riemann surface R is of Lehner type, i.e., N*(R) > 0 if
and only if the metric qr is dominated by the Poincaré metric pgr, that is,

sup L2 (p) < +o.

pER PR

We now briefly explain the structure of the present paper. In Section 2, we consider an
extremal problem in connection with our metric ¢z to obtain a reproducing formula for
A(R). Section 3 will be devoted to a preliminary investigation of ¢g for doubly connected
domains R. Using the results in Section 3, we deduce upper and lower estimates of qg
around a short geodesic and a puncture in Section 4. In Section 5, we will prove the char-
acterization theorem (Theorem 1.8) for boundedness of geometry (equivalently, uniform
perfectness of the “boundary”) as was promised. We will provide a lower estimate of qp
in terms of the (logarithmic) capacity metric for R ¢ O¢ in Section 6. Section 7 will treat
the connection with the usual kernel function for A(R).

2. EXTREMAL PROBLEM FOR QUADRATIC DIFFERENTIALS

Which quadratic differential does attain the supremum in the definition of the metric
qr’? By definition, we see

(21) QR,a(ZO)2: sup Regpa(ZO)a
0EAN(R)

where Ag(R) = {¢ € A(R);||¢|li < 7}. The extremal problem to find a differential
¢ € Ap(R) attaining the supremum in (2.1) has a unique solution and leads to a kind of
reproducing formula for integrable holomorphic quadratic differentials on R.

Theorem 2.1. Let z = a(p) be a local coordinate of a non-exceptional Riemann surface
R. For each point zy € V,, there exists a unique p € A(R) such that

QR,a(ZO)2 = pal20)-

Furthermore, ||p|l1 = 7 and the following formula holds:

(2.2) Ylzo) = L2 // (4 € A(R)).

Conversely, if a non-zero element ¢ in A(R) satisfies relation (2.2), then wo/||¢|1 is a
solution of the extremal problem (2.1).

Proof. We omit the suffix a below. Take a sequence ¢,, in Ag(R) such that Re ¢, (29) —
qr(70)? as n — oo. Since Ag(R) is a normal family, we may assume that the sequence ¢,



converges to a holomorphic quadratic differential ¢ uniformly on each compact subset of
R. Recalling Lemma 1.6, we can see

(2.3) qr(20)* = Rep(20) = ¢(20) > 0.
Fatou’s lemma yields
el < lim [Jenlls < .
n—o0

In fact, ||p[|1 = 7 because of the extremality of ¢. Thus we have shown the existence of
an extremal differential .

Next we prove equality (2.2). Let ¢ € A(R) be linearly independent of ¢ over the real
field and consider the function f(t) = |j¢ + t¢||; of t € R. Then the extremality of ¢
implies the inequality

Re (¢(20) + tp(20)) < Re p(2) _ qr(20)?
f(t) - f(0) ™
Since || + ty] — |¢|| < |t]|¢| and since |a + tb| = |a| + t|a|Re (b/a) + o(t) as t - 0 in R
for complex numbers a and b, Lebesgue’s dominated convergence theorem produces

f(t) = f(0) + tRe //R %w + o(t)

as t — 0. Hence we have

qr(20)? +tRe)(z) < an(0)” <7r +tRe //R %1/} + o(t)>

™

as t — 0. Since ¢ may take both signs, this inequality forces

Re(z) = 7 qn(z0) Re //R ot/ 0.

This equality also holds for ey instead of 1, so we can eliminate the symbol “Re” from
this equality. Thus (2.2) is now established.

Finally, we show the uniqueness of the extremal differential ¢. Suppose that ¢, € Ay(R)
is also an extremal differential at zg, i.e., qr(20)?> = ©1(20). Then, applying ¢ = ¢; to

(2.2), we obtain
)2
qr(20)* = ¢1(20) = o) pe // M%'
R ¥

T
We now estimate

WzRe// M%S‘// M%‘S// lo1| < .
R ¥ R ¥ R

Therefore, equalities hold above and the argument of || /¢ must be identically 0, which
implies that ¢/ is a positive constant. Thus ¢; = ¢ and the uniqueness is now proved.
The latter part of the theorem is trivial. O

Remark. The extremal differential ¢ above depends on the choice of the local coordinate
«. To be more precise, we write ¢ = 3. If we take another local coordinate § around



po = a (29), then we have

Bu(zo) W (20) _  az
SOR U],(ZO) SOR )

where w(z) = o a~"'(z). In other words, the extremal differential at p can be written as

dz
SOR(ra p) = (pR,a,ﬁ(Ca Z)dc2%7

where ( = a(r) ,z = f(p) and ¢r.s(C, 2) = w%i((). This means that ¢ is a section

of the line bundle K£%? X (K% ® Kr) over R x R, where X stands for the external tensor
product.

It is convenient to record the following translation formula under the notation in the
above remark.

Lemma 2.2. Let D and D’ be plane domains and F : D — D' be a conformal map.
Then we have

2 F'(2)

F'(z)

In the case that R is the unit disk D with the canonical coordinate a(z) = z, from the
mean value property of integrable holomorphic functions on D :

10 =1 [[ fGraaa,

it follows that ¢ = 1 is the extremal quadratic differential at the origin. By Lemma 2.2,
we see that

v (F(C), F(2))F'(C) = ¢p(¢, 2).

_ (=P
SOD(CVZ) - (1 _ 2C)4 :

Therefore, we have a reproducing formula for A(D) by (2.2):

3. ESTIMATE ON ANNULUS

In this section, we deduce an estimate of g, (w) for a round annulus A = A, = {w €
Cr<|w|<1/r}for0<r<l.

Theorem 3.1. For the annulus A = {w;r < |w| < 1/r}, we have the estimate

Qi(w) < ga(w)® < Qa(w), r < |w| < 1/r,
where

Qﬂ@:max{(ﬁ)i <|w|2r_ r2>2’ 4|w|2110g1/r’ 2|w|(f—r2)’ 2|w|3(g—7"2)}

and Qs is determined by the relations Qa(1/w)|w| % = Qo(w) and

(QQ2(w) = max {

1 1
2|w[*(log s +r|w| = 1)’ 2w[?(log % + ol 1) }



for |lw| < 1. We also have Q2(w) < 9Q (w) for w € A.

Before proceeding to the proof, we make several observations. Recall that the pullback
4* by the automorphism j(z) = 1/z of A is defined by j*P(w) = P(1/w)|w|* for a (1,1)-
form P = P(w)|dw|?> on A. We denote by Py, P, P5, Py and Ps the five functions in the
above definition of (); in the order of appearance, which are all regarded as (1, 1)-forms
on A. Note that j*P, = P, j*P; = P35 and j*P, = Ps. In particular, we know that
Q1, Q- and ¢2 are all invariant under the pullback by the analytic involution j. Setting
m(t) = —logt +t — 1 for t > 0, we have the expression

1/2|w|?*m(|w|/T) if r < |w| <y

1/2|w*>m(r|w)) if ro < |w| <1

1/2|w*m(r/|w]) if 1 < |w| <1/r

1/2|w*>m(1/r|w)) if 1/rg < |w| < 1/r,

where ry = 2(log1/r)/(1/r — r). Note that roy = t/sinht if we set r = e~! and that
r < rp < 1. We also remark that |w| < ry if and only if P3(w) < Ps(w). Observe that

the function m(t) is convex and takes its minimum at ¢ = 1. For fixed ¢, € (0,1) and
t1 € (1,400), the following estimates will be useful later:

Qa(w) =

1 > log — fi <

(3.1) m(t)_logl/tg 0g - or 0 <t <t,
1—t)?

(3.2) m(t) > ( 5 ) fortg <t <1,
t—1)?

(3.3) m(t) > ( 57 ) for 1 <t <t;, and

1
(3.4) m(t) > @t for 1 < t.
1

Taking w = 1, we have the following

Corollary 3.2. For A = {r < |w| < 1/r}, we have

a G R S (e !
BN T2 "4log1/r = s — 2(—logr+r—1)

Proof of Theorem 3.1.  First, we show the inequality @Q; < ¢3. Since Dy, = {|z| <
1/r} D A, the monotonicity of the metric ¢ implies Ppy,, = qo, < qa in A Namely,

P! = r/(1=r2w|?) < qa. We next consider the differential ¢, (w)dw? = widw? on A for
an integer j. By definition, we have 7|p;(w)|/]|¢;lli < ga(w)?. An easy calculation shows
that ||¢_2|[; = 4rlog1/r and ||p_1]|s = 27 (1/r — r). Thus we have Py < ¢% and P, < ¢2.
The other inequalities P, < ¢3 and Ps < ¢2 follow from the invariance observed above.

Secondly, we show the inequality ¢ < @Q». Let o(w)dw? be any element of A(A). Take
w € A and fix it. By the symmetry, we may assume |w| < 1. Let s and ¢ be any numbers
such that r < s < |w| <t < 1/r. Cauchy’s integral formula then implies

oy = [ g - L SO g 4 g ().

N 271 [¢l=t C— w 271 I¢|=s C— w




We calculate

1 21 t2|g0(t6i9)|
———td#.
|0 (w) /0

<o
27 t— |wl

Integrating both sides of |¢y(w)|(t — |w|)/t* < OQW lo(te®)|tdf with respect to t from |w|
to 1/r, we obtain
1/r

1 2w 0 1
— "Ntdodt = — d&dn.
potwnrla < 5o [ [T eeenpasn = o ff e

Similarly, we have

1
(i) < oo [ fe©lsan

™

Combining these two inequalities, we see

p(u)] < o) + ()] < 5-max{ s s el

2m rlwl)” m(jwl|/r)
max{1/m(r|w|),1/m(|w|/r)}, which is nothing

The last inequality yields |w|?qy(w)? <
but the desired one.

Finally, we show Q(w) < 9Qi(w). We assume |w| < 1 as well. First we show
1/2|w]?m(r|w|) < 9Q1(w). When r|w| > 1/2, by (3.2) we have

1 (1 —r2|w|?)? 1\’
< =(1+4—) <o.

2|wPm(rfw])Pi(w) = r*w*(1 = r|w])? rlwl

When r|w| < 1/2, by (3.1) we have

1 2log1/r 2log2-log1/r 2log?2

= < <
20wPm(rlw])Ps(w) — m(rlw]) = m(1/2)log1/rlw| = m(1/2)
So we have shown 1/2|w|*m(r|w|) < 9Q;(w) for r < |w| < 1.

(

1
2

=717---<9.

Next we prove 1/2w[*m(jw|/r) < 9Q:(w). When |w|/r > 2, by (3.4) we obtain
1 < 2|w]*(1 — r?) 2 < 2
2|wlPm(jwl/r)Ps(w) — r 2wlPm(2)]wl/r = m(2)
On the other hand, when |w|/r < 2, by (3.3), we have
1 2(Jw]? —r?)? :2<1+L>2<8<9.
20wlPm(|wl/r)Py(w) = r2|w]?(jw|/r = 1)? |w]
Hence, we see 1/2|w|*m(|w]/r) < 9Q,(w) for r < |w| < 1. Now the proof is complete. [

=6.51---<9.

IN

We have also an estimate on the punctured disk D* = D—{0} in a similar way as above.
Note that the function we(w) is always holomorphic in the unit disk for each p € A(D*).

Theorem 3.3. We have Q1 (w) < gp- (w)? < Q2(w) for w € D*, where

1 1 1
Q1 (w) = max{(1 "y 2|w|} and  Qy(w) = 2w|2(Jw| -t =1 —log|w| 1)’

In particular, qp (w)? = 1;2’5'1) asw — 0. Furthermore, Qo(w) < 8Q1(w) holds for w € D*.

Corollary 3.4. The metric qr is incomplete at a puncture of R.



Proof. Suppose that + : D* — R is an injective holomorphic map such that the induced
map ¢, : w1 (D*, x) — 7 (R, %) is injective. Therefore, the puncture of D* corresponds to a
puncture of R. Let o : (0,1/2] — D* be the curve defined by vo(t) = ¢. Then v = v 0
is a proper map from (0,1/2] into R.

The monotonicity of ¢ (Lemma 1.1) implies t*¢gr < gp-. Thus we have

1/2
/qR = / L'qr < / o (2)|dz] < const./ t Y24t < oo.
0

O

Remark. From the estimates in this section, we know that there is no natural order
relation between gp and pg. Actually, by Corollary 3.2, we see that

0 () (ogl/rf 1
~ ~ 109 —
pa, ()2 r—1+1logl/r &
as r — 0+ . On the other hand, since pp-(w) = 1/2]w]|log(1/|w|), we see that

qD*(w)2Nw 0} ’U]2:0
o~ log1/lw)? = o(1)

as w — 0.

4. ESTIMATE ON A COLLAR

As is well recognized, the presence of short geodesics has a significant effect on the
geometry of the unit ball of the Banach space A(R) (see, for example, McMullen [11] or
Ohsawa [14]). In this section, we estimate the magnitude of gr on the collar of a short
geodesic in R by utilizing the analysis made in the preceeding section.

Let v be a simple closed geodesic of R with hyperbolic length . We now take a holo-
morphic universal covering u : H — R of R with the covering transformation go(z) = e*z
covering the geodesic 7, where H deontes the upper half plane {z € C;Im z > 0}. We
denote by G the covering transformation group of v and by G| the subgroup of G gener-
ated by go. Note that G is a torsion-free discrete subgroup of Aut (H) = PSL(2,R). The
angular region Hy = {z € H; |arg(z/i)| < 0} for 0 < § < 7/2 is invariant under the action
of Gy. The covering map Fy(z) = exp(wil~'log(z/i)) maps Hy onto the annulus A(f) =
{exp(—70/0) < |w| < exp(nf/¢)} and corresponds to the quotient map Hy — Hy/Gy.
For abbreviation, we write r = exp(—n?/2() and A = A(r/2) = {r < Jw| < 1/r}. The
induced covering f, : A — R determined by u = f, o Ej is called the annular covering of
R associated with .

If Hy is precisely invariant under Gy in G, equivalently, if the map f, is injective in
A(#), the image C,(0) = fy( (0)) is called the collar of v with angle 6. For the collar
Cy(0), the map a,, := f ' : C,(0) — A(f) is served as a local coordinate of R, which will
be called the canonical coordlnate for «v. The collar lemma is an important tool for our
aim. The proof can be found, for example, in [1].

Lemma 4.1 (The collar lemma). A simple closed geodesic of length ¢ has a collar of
angle 0, where 6 is determined by tanfsinh ¢ = 1.

10



Since arctan(sinh(z)) is concave, the function arctan(sinh(x))/z is monotonically de-
creasing in x > 0. In particular, we have 1 > arctan(sinh(x))/z, and hence 7/2 — 6 =
arctan(sinh(¢)) < ¢, where 6 is the angle in the statement of Lemma 4.1. Therefore,
A(0) D A == A(0,) = {e"r < |w| < 1/e™r}, where 0, = 7/2 — {. We now have the

following weak version of the collar lemma.

Corollary 4.2. Let f, : A = {r < |w| < 1/r} — R be the annular covering of R
associated with a simple closed geodesic v with length { < 7/2, where r = exp(—n2/2().
Then f, is injective in Ay = {e"r < |w| < 1/e"r}.

Set Ay = A(fy) = {e*™r < |w| < 1/e*™r} for a simple closed geodesic v with length
¢ < /4, where 03 = m/2—2¢. The next result will be used to control quadratic differentials
on the collar C,(65).

Lemma 4.3. Let v be a simple closed geodesic with length ¢ < w/8 = 0.3926... in R.
Then

qa, (w)* < (w € Ay).

~ 167|w|?

Proof. By the symmetry, we may assume e*"r < |w| < 1, where r = exp(—7?/2(). Under
the notation in Theorem 3.1, we obtain 2|w|?qy, (w)? < 2|w[?Q2(w) = 1/ min{m(e™r|w|),
m(|w|/e™r)}. Noting e™r|w| < e™r <1 and 1 < e™ < |w|/e"r, we have

w2 ™ (r+1)m aBr—1) 7% _ 8w
4.1 T > ry> ——r—-—1>— — = > — 2> —
(4.1) - m(emrw]) = m(e™r) 20 " -2 8¢ 8¢ 3¢~ 3
and m(Jw|/e™r) > m(e™) = 18.999 - - - > 87 /3. Hence we see |w|?qy, (w)? > 3/167|w|>. O

We also need a “puncture version” of the collar lemma, which is a consequence of the
Shimizu-Leutbecher lemma (see, for example, [8, II.C.5]). Let v be a simple short loop
around a puncture in R. We take a holomorphic universal covering v : D — R such that
the covering transformation group G of u contains the parabolic element gy(z) = z + 1
which covers 7. Note that the domain H(k) = {z € H;Im 2z > k} is invariant under g, for
k> 0. Set D* (k) = Ey(H(k)) = {0 < |w| < e7™}  where Ey(z) = exp(2miz). Moreover
we set D% = D*(1) and Dy = D*(v/2). We denote by f, : D* = D*(0) — R the annular
covering associated with v, namely, u = f, o Ej.

Lemma 4.4. Let v be a simple loop corresponding to a puncture of R. Then the annular
covering fy : D" — R is injective in Dy .

The biholomorphic map a, = (f,) "' : f,(D}) — D} will be called the canonical coordi-
nate of R around the puncture corresponding to ~.
The next lemma is a variant of “thick-thin decomposition”.

Lemma 4.5. Let ¢y = i10g2 = 0.17328.... If a point p in R has injectivity radius
Lr(p) < €0, then p is contained in either f,(As) for a simple closed geodesic v of length
less than ©/8 or f,(D%) for a simple loop v corresponding to a puncture.

Proof. Let v, be a non-contractible closed curve passing through p which minimizes the
hyperbolic length, i.e., fw pr = 2tgr(p). It is easily verified that v, is simple. First we
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consider the case that 7, has a freely homotopic simple closed geodesic 7 of length (. By
assumption, we note that £ < 2.z(p) < 2g9 < 7/8. The hyperbolic distance d between ite'

and ite??+2¢ where t > 0, satisfies tanh d = 1/\/1 +cos2f/sinh® 0. If 7/2—20 < |0] < 7/2
we have cosf < sin(2¢). So, we have cosf/sinh ¢ < sin(2¢)/sinh¢ < 2¢/¢ = 2. Thus
d > arctanh(1/4/5) > arctanh(1/3) = 25;, which means that if a closed curve passing
through a point in the outside of f,(Ay) = f,(A(7/2 —2()) is freely homotopic to v, then
its length is necessarily at least 2¢¢. Hence p € f,(Ay) in this case.

Since the hyperbolic distance d between ik and ik + 1, where 0 < k < /2 satisfies d =
arctanh(1/v/1 4+ 4k2) > arctanh(1/3) = 2¢,, the case that v, corresponds to a puncture
can be handled in the same manner as above. O

As an application of our metric gg, now we are ready to prove the following theorem,
which is a more concrete form of Matsuzaki’s result. Note that we can read more detailed
information on the relationship between A(R) and B(R) from our proof presented below.
Recall also the fact that 1/2A*(R) < k(R) from (1.1).

Theorem 4.6.
k(R) < max {%,34} :

Proof. By Proposition 1.9, we have only to show that (qr/pr)? < max{6/\*(R),34}.
Consider the function F' = qp/pr on R. Let p € R be arbitrary. If tg(p) > gy =
arctanh(1/3)/2, by Proposition 1.2 and Lemma 1.4, we have F(p) < (hg/pr)(p) <
coth 1z(p) < cothey = 3 + 2v/2. Note here that (3 4 2v/2)? = 33.970 - - - < 34.

Otherwise, by virtue of Lemma 4.5, we have the following two cases:
e Case 1: p € f,(Ay) for a simple closed geodesic v with length { < 7 /8.

Let w be a point in Ay with f,(w) = p. We may assume |w| < 1 and write log |w| =
—n6/l, where 0 < 6 < 7/2 — 2(. Note that (f,)*pr(w) = pa(w) = £/27w|w|cosf. By
Theorem 3.1, we obtain

2 o n (w)?> _ 2m? { cos® 6 cos? 0 }

< ——ma )
= paw)? = Y Unlerrlw]) m([w]/er)

First, we see cos®>f0/m(e™r|lw|) < 1/m(e™r) < 3¢/mx* from (4.1). Second, by (3.4),
m(|w|/e™r) > m(e™)|w|/e*™r holds, and hence

F(p)

2 21
cos“ 6 e o

(e S men©

Since the function e™/% cosx is monotonically increasing in 0 < z < 7/2 — 2/, we have
cos? 0/m(|w]/e™r) < sin®(2¢)/m(e™) < 402 /m(e™). Hence, we have

Fp)? < 2m? ma 3¢ 4¢* ma 6 8
—— max{ —,———— ¢ = max§ —, ———— ¢ .

Pr="p 72" m(e™) ¢ m(er)

We note here 87%/m(e™) = 4.1558 . . ..

e Case 2: p € f,(D3) for a simple closed curve v around a puncture.

12



Let w be a point in D} with f,(w) = p. Note that 0 < |w| < e 2V?" and that frpr(w) =
po- (w) = 1/2|w]|log(1/|w]). We now use Theorem 3.3 to show

s ()" @hwlloglu)® __2(log ]
2 < | = (2 1 2 4m 2w < — .
= o yp — ClOHOB D (T0) S o o (4 )~ (/e

The inequality m(1/e?"|w|) > e 2V27m(e2V2- D7) /|w] follows from (3.4), and then

262" w|(log |w])
m(62(\/§fl)7r))

F(p)

F(p)* <

We can easily check that the function z(logz)? is monotonically increasing in 0 < z <
e 2V27(< e72), so we have
167>

F(p)! < ———— =15.957....
(p)” < m(€2(\/§—1)7r)

Summing up these estimates, we obtain the desired inequality. O

We next concentrate on the lower estimate of g near . To this end, we use the Peters-
son series for 7. An estimate similar to ours was given by Wolpert [21]. Another approach
appealing to Ahlfors’ trick can be found in [10]. We provide an estimate independently
for the sake of explicitness.

We denote by A(H,G) the Banach space of those holomorphic automorphic 2-forms
¢ = (2)dz? on H for a torsion-free Fuchsian group G which are integrable on H/G,
namely, ¢(g(2))g'(2)* = ¢(z) for all g € G and ||¢||ama) = [[, [¢(2)|dzdy < 400, where
w is a fundamental domain for G with Area(0w) = 0. Note that A(H, G) is naturally
isomorphic to the Banach space A(H/G) via the pullback by the canonical projection
H— H/G.

Let v be a simple closed curve of length /¢ on R. Choose a Fuchsian group G uniformizing
R in such a way that the element go(2) = €22 in G covers . Under the above notation
and normalization, the Petersson series ¢, € A(R) for v is defined by

[ oy = Oap\a¥o,

where g = dz*/z* and O¢,\ ¢ denotes the relative Poincaré series operator for Go\G (see
[6] for details), namely, for ¢ € A(H, Gy)

Oanar = D (pog)l¢)
gEGO\G
where the summation is taken over all representatives of right cosets of Gy in G. Note
that [|Ocy\cellame) < [lella@an)- Since |lpoll amao) = 2L, we have ||y [|ar) < 2.

Let o be the (1,1)-form |go| and set 1 = Ogo\aro = deGo\Gg o = ko + 1, where
g* 1o = (o © g)|d')?- Let w be a fundamental domain for G such that Hy, N W C w, where
W={zeHe" <|z| <e'}. Noting [[_g*uo = ff ) Ho and (go)*po = po, we calculate

[, =[]y 1o = 2nL. On the other hand, we have ffw fo > [[g, ~w Ho = 461 €. Hence,
1

[, < 2(m —20,)0 = 407, Set vpg = —(¢/7)*dw?® /w?, then we directly see Ejt)y = ¢q

If we write fX, = o + 91, then we have ||t | 4(a,) < ffHean p < 402,
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Now we assume that ¢ is sufficiently small, for example, say ¢ < 7/8. By Lemma 4.3,
we obtain , ,
g, (w) 3 5 3¢
< T 4=
||¢1||A(A1) = 1672|w|? Am2|w|?

|1 (w)] <
for w € Ay. Thus,

™

300(0)| 2 Woon)| = o ()| 2 g

for w € A;. Recalling the fact [|o,[lary < 27f, we obtain ggra,(w)* = fiqr(w)® >
| £y (w)|/loyllacry > €/87*|w|*. Thus we have shown the following estimate, which
may be served for the future use.

Proposition 4.7. For a simple closed geodesic v with length £ < 7 /8, we have f*qr(w)* >
(/82 |w|? for w € Ay.

5. A CHARACTERIZATION OF BOUNDEDNESS OF GEOMETRY
We can now obtain the following estimate, from which we can deduce Theorem 1.8.

Theorem 5.1. Let R be a non-exceptional hyperbolic Riemann surface and denote by
H(R) the supremum of the function hg/qr on R. Then, there exrists an absolute constant

C such that

ﬁ < CH(R).

On the other hand, if A(R) > 0 we have
H(R) < K(AMR)) < 400,
where K(\(R)) is a positive constant depending only on A(R).

Proof. First, we prove the first inequality. Suppose that R has a puncture and let y
be a simple loop around the puncture. By Lemma 4.4 and Theorem 3.3, we then have
frar(w)? < qo; (w)? ~ 1/Jw] as w — 0. On the other hand, from Lemmas 1.3 and 1.5, we
can deduce f*hg(w) > hp- (w) ~ 1/|w| as w — 0 Thus we have (qr/hz)(fy(w))* = O(Jw])
as w — 0, which implies H(R) = +o00. Hence, we conclude that R has no punctures if
H(R) < +0oo0.

Next, let v be a simple closed geodesic with length ¢ < 7/8. Then, by Corollaries
4.2 and 3.2, frqr(1) < qa, (1) < 1/2m(e™r). Using (4.1), we have m(e™r) > 7*/3(.
Moreover, we get f*hp(1) > ha(1) > 1/4(1 —7) > 1/4(1 — e *7), and then frhg(1)* >
1/16(1 — e™*™)? > 3/167. So, now we can see (hp/qr)(f,(1))? > 7/8(. Hence, we have
1/A(R) < max{8H(R)?/m,8/n}. Noting that hr/qr > 1 always holds by Proposition 1.2,
we conclude that 1/A(R) < CH(R)? with C = 8/7 = 2.5464. . ..

Now we show the latter part. Suppose that, for a positive number A, there are no
constants K (\) which satisfy the property in the statement above. Then there exist a
sequence of Riemann surfaces R, with A(R,) > A and a sequence of points p, € R,, (n =
1,2,...) such that

hr,

(pn) — +o00
qr.,
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as n — oo. Let G}, be a Fuchsian group acting on D such that D/G,, = R, and u,,(0) = py,
where u, : D — D/G = R is the natural projection. Now we can use the following result
due to Chabauty [2] (see also [5]).

Lemma 5.2. Let G,, be a sequence of Fuchsian groups acting on D. If there ezists a
neighborhood V' of the identity element id in the Lie group AutD = PSL(2,R) such that
VNG, = {id} for all n. Then there exists a subsequence Gy, which converges geometrically
to a discrete subgroup G of AutD.

Here we say that G, geometrically converges to G if the following two conditions are
satisfied:

1. For each v € G there exists a sequence of elements v, € G, such that v, — v as
n — oo.
2. If v, € G, converges to an element v of AutD, then v € G.

We return to our situation. By this lemma, we may assume that G, geometrically
converges to some Fuchsian group G. Note also that G is torsion-free by assumption.
Now let R = D/G and p = u(0), where v : D — R is the natural projection. As is
easily seen, A(R) > A, in particular, R is non-exceptional. Therefore, by Lemma 1.1, we
can find a ¢ € A(R) which does not vanish at the point p. Then, by the surjectivity of
the Poincaré series operator (see, for example, [6]), there exists a ¢ € A(D) such that
u*p = Og1p. We may assume that |||l am) = 7. Set @, = O¢, 1) and choose ¢, € A(R,)
so that ¢, = u’p, for n = 1,2,.... Then, by [11, Proposition A.2.4], ¢, tend to ¢
uniformly on each compact set in D as n — co. Since, $(0) # 0, we have |$,(0)] > ¢, for
sufficiently large n, where ¢ is a positive constant. Noting ||¢,||a(r,) < [|[¥|lam) = 7, we
obtain u}qg, (0)? > |$,(0)| > ¢ for sufficiently large n. On the other hand, by Lemma 1.5,
urhg, (0) > u’pr,(0) coth(\)/4 = coth(\)/4. Thus we have arrived at the contradiction
(hr, /qr,)(Pn)? < coth?()\)/16¢, for n large enough. O

Remark. As Proposition 4.7 suggests, we may state the conjecture: H(R)?> <
C max{A(R)~!',1} for some absolute constant C. The only one obstacle to employ the
same method as above is the presence of the case that R, tends to the exceptional Rie-
mann surface, say, C — {0, 1}. This might be overcome by a refinement of estimate of ¢,
when Proposition 4.7 would be of use.

6. A LOWER ESTIMATE OF qr IN TERMS OF THE LOGARITHMIC CAPACITY

It seems quite hard to control the metric gz from below in general. In this section, we
propose a lower estimate of gz by using the Poincaré metric pg and the capacity metric
cr in the case that R ¢ Og, i.e., R carries the Green function. Throughout this section,
we always assume that R ¢ Og.

We denote by cp the capacity metric (or the logarithmic capacity) of R; precisely,
letting a be a local coordinate of R, the metric cg is defined by the relation

Gr(p,po) = —log|a(p) — a(p)| —log cr,a(20) + o(1)

as p — po, where zy = a(py) and Gg(p, py) is the Green function of R with pole at py.
Classically, —log cg is called the Robin constant.
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Our result is as follows.

Theorem 6.1. For R ¢ Og, the inequality q% > prcr holds.

Proof. Fix py € R and take a holomorphic universal covering v : D — R from the unit
disk D with covering transformation group G so that u(0) = po. Note that G is a Fuchsian
group of convergence type. In particular, the Blaschke product

- 9(0)] = — g(0)
B(z) = gegf_l{l} —9(0)1—5(0):

converges in D. Also note that u*cg(0) = B(0) (see [17]). Set ¢ = O¢B. Then we have
©(0) = B(0) = u*cg(0) = u*pr(0)u*cr(0). Since ||¢[|ama) < [|Bllawy < 7, we obtain
u*qr(0)* > |p(0)] = u*pr(0)u*cr(0), which means ¢% > prcr at po. O

7. RELATIONSHIP WITH THE KERNEL FUNCTION FOR A(R)

We explain the magnitude of qr can be described approximately by the usual kernel
function for A(R). First, we recall necessary definitions. Let (¢, ¢) g be the natural pairing
between A(R) and B(R), namely,

/ / w2 [ / pr(C) 2 (YO dedn

for ¢ € A(R) and ¢ € B(R). (The extra factor 3/ is only for convention.)
Set Kp((,2) = (1 — z() 4 for (,z € D. Let G be a torsion-free Fuchsian group acting
on the unit disk D with D/G = R. Then we set

2) = Kp(g(¢),2)d'(¢)"
geG
for z and ¢ € D. We denote by u the canonical projection D — D/G = R and define the

kernel function Kp(r,p) as a section of the line bundle K£%* X K?Z over R x R which is
determined by

(U X U)*KR(C,Z) = F(Ca Z)
for ¢,z € D. In other words, Kr(u(¢),u(2))u'(¢)*u'(2)? = F((, 2) holds locally.

Proposition 7.1 ([6] or [3]). The kernel function Kg(r,p) is holomorphic in r and anti-
holomorphic in p and satisfies the following properties.

1. Kg(r,p) = Kg(p,r),

2. | KrCop)lacry = [[ p |Kr(C, p)|dédn < wpr(p)?, where ¢ = & + in,
3. Kr(,p) = Kr(¢,p)dC? € B(R) for each fized p € R, and

4. o(p) = (¢, Kgr(-,p))r for each ¢ € A(R).

We set pur(p) = | Kr(-, p)||B(r) = SuP,cr pr(r) 2| Kr(r, p)|. Then, from the above prop-
erties, it can be deduced that up = pg(z)|dz|* is a (1,1)-form on R and the next result
follows.

Theorem 7.2. The inequality pp < q% < 3ug is valid on R for an arbitrary non-
exceptional hyperbolic Riemann surface R.
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Proof. By property 2 above, we immediately have pg(p) < ¢%(p). On the other hand, by
property 4, we have |p(p)| < %/LR(]D)HQOHA(R). This implies qr(p)? < 3ur(p). O

Setting M(R) = sup,cr(tir/p%)(p), we have the following

Corollary 7.3.

N =

@

10.

11.

12.
13.

14.

15.

16.

17.

18.
19.

20.

21

M(R) < 7r(R) < 3M(R).
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